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PREFACE. 


Thj^  present  Work  wajs  originally  intended  a^  a  Supple- 
ment to  ^  Translation  of  an  Elementary  Treatise,  on  the 
Differential  and  Integral  Calciilu8«  from  the  French  of 
Lacroix,  which  was  published  in  1816  :  in  the  course  of  ft9 
progress^  however,  it  was  thought  proper  to  enlarge  the  plan, 
and  to  make  it  a  collection  of  Examples  illustrative  of  all  the 
more  important  analytical  applications  of  the  Difierential  and 
Integral  Calculus,  without  any  particular  reference  to  tile 
work  in  question. 

The  principal  object  of  this  undertaking  is  to  remedy 
a  defect^  which  exists  in  a  jjteater  or  less  degree,  in  nearly 
all  the  foreign  works  on  this  part  of  analysis,  in  which  the 
theory  is  most  frequently  exhibited  in  its  most  general  form, 
without  the  illustration  which  particular  examples  are  cal- 
culated to  afibrd :  the  student  is  consequently  bewildered  in 
the  generality  of  the  relations  which  are  presented  to  his 
mind,  and  he  ekher  rests  contented  with  m  vague  and  im* 
perfect  eomprefaension  of  the  si^bject,  or  abandons  a  study 
vhkk  becomes  repulsive  and  fatiguing  from  its  obsouriity  and 
dificai%. 

The  works  of  Euler,  however,  form  a  distinguished  ex- 
ception to  this  observation,  as  they  every  where  alfound  with 
the  tfUoott  ftrlncfls  of  illustration;  his  two  great  wosks  on 
ilus  sobfcct,  the  iutitutiana  Caladi  D^ftrmtiMUif"  wA  «h^ 
hfiikuAnes  Calculi  Iniegralisy  are  remarkable  both  for  the 
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number  and  the  elegance  of  their  Examples^  which  have 
been  borrowed  with  little  scruple  or  acknowledgement  by 
succeeding  authors  :  but  rich  and  various  as  are  the  stores 
which  they  contain,  they  cannot  be  considered  such,  as  ta 
render  the  present  Work  unnecessary ;  for  not  to  mention 
their  bulk  and  rarity,  and  the  numerous  additions  to  the 
science  made  since  their  publication  by  Lagrange  and  other 
analysts,  they  contain  much  that  is  unnecessary,  at  least,  to 
a  student,  and  much  that  is  capable  of  being  exhibited  in 
a  better  form. 

Whatever  has  been  borrowed  from  other  authors,  has 
been  generally  acknowledged,  and  a  very  slight  inspection  of 
this  work  would  shew  the  great  extent  of  our  obligations » 
we  say  generally,  for  we  have  omitted,  for  the  most  part,  any 
reference  to  examples  taken  from  the  great  work  of  Lacroix, 
and  in  some  other  cases  when  the  authors  from  whom  they 
were  taken,  were  not  considered  worth  consulting :  our 
object  being  to  enable  the  student  to  refer  to  the  original 
authors,  whenever  he  may  find  any  difiiculty  in  the  solution 
of  a  problem,  or  may  be  anxious  to  obtain  more  complete 
information  on  the  subject  of  it. 

There  are  several  portions  of  this  Work,  particularly  of 
the  first  part  of  it,  which  upon  more  mature  consideration, 
we  should  wish  to  see  omitted  or  abridged,  as  useless  or 
redundant ;  we  refer  more  particularly  to  the  examples  con- 
nected with  Maclaurin's  theorem,  and  the  developement  of 
functions. 

» 

The  integrals  have  been  taken  almost  entirely  from  the 
IniigraUtfiln^  or  TtAhs  rf  Ifiitgral  FermuUy  of  Meyer  Hirscb, 
of  Berlin,  a  work  remarkable  for  its  extent,  accuracy,  and 
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elegance.  The  utility  of  this  portion  of  the  Work,  might 
have  been  materially  increased,  if  some  notice  of  the  method 
as  well  as  the  formulae  of  solution,  had  accompanied  each 
class  of  integrals. 

The  same  anxiety  for  compression,  induced  us  to  omit 
all  notice  of  the  important  subject  of  Definite  Integrals  :  if 
ever  this  Work  should  be  honoured  by  a  second  edition,  we 
hope  to  be  able  to  supply  these  defects,  which  we  cannot  but 
consider  as  very  considerable. 

There  is  one  subject,  for  the  omission  of  which  we  need 
make  no  apology,  as  the  Work  has  already  been  performed  by 
a  gentleman  incomparably  better  calculated  to  do  justice  to  it, 
than  ourselves  ;  we  mean  the  Calculus  of  Variations :  as  the 
learned  and  interesting  treatise  of  Professor  Woodhouse 
upon  this  subject,  which  has  long  been  before  the  Public, 
is  accompanied  by  a  collection  of  excellent  examples,  it 
would  have  been  useless  as  well  as  impertinent  in  us,  to  have 
attempted  to  add  to  their  number. 
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ON  THE   DIFFERENTIATION   OF   ALGEBRAICAL 
FUNCTIONS   OF   ONE   VARIABU. 

Art.  10.  (1).  Let  u^ax^-^baf^+ex+e  :  its  dtftrai* 
tial,  or  dussSax^dx+2bxdX'¥cdx. 

Art.  11-17.   («).    Let  ussx  il+x). 
d«=:(l+2x)  dx. 

<3).    Let  u^x*(a  +  x)\ 

' du^iSa-k-Sx)  (fl+x)  a:*  dx. 

(4).    Let  » = (tf +x)»  (6+*r* 

(5)?    Let  «;=(l+j?*)»  (1  +x)*. 

rf«=  {4+6*  +  10a:»l(I+x»)»(l+x)»rfx. 
(6).    Let  M ST  (1+x)  (1  +x*). 

(7).    Let  1/ = {a+x)  (*  +  ;tf)  (r+ x), 


2 

(8).     Let  «=(2-x)  (3-jr)  (4-jc). 
(9).    Let'  1/  =s  j:»  (« +x)»  (*  -  jc/. 
(10).    Let  « =(fl  +  *  ajT  («'+*'  J^^r . 

(1 1).     Let  tt  zz{a  +  *  orT  («'+*'  i«^"0"^  (^"+*"  ^'Y^' 
+(i»V  +  «''n")  «*'>"«-' ■^*"-i  +  («»  +  m'n'  +  m"n") 


*  The  differentiation  of  complicated  functions  is  sometimes 
l>endered  much  easier  by  means  of  the  following  theorems. 

(1),    Let  tt=r*,  where  57  =/(«)  :  we  readily  find 
du^^  -'•ra dv* 

V 

(2).    Let  u^v^ .  r^  .  ^3  •  •  .  .  i7»  :  io  this  case»  we  have 

J             Crfri    .  dv^      dv^  ^   dv^^ 

duzsu  i ="{ '+  Sec,  +  — =-  >. 

(3).     Let  u  =    1  •'^g  *   f  ' '  '  ;*  :  in  this  case  also^  we  find 

These   theorems  were  first   given    by   Maclanrin    in   his 
Fluxions,  Arts.  715.  and  717. 


(12).  Let  a  =  -. 

X 


,  adx 

du  =  — 

x^ 


(13).  Let  tt  = 


tf  • 


du  = 


(«-x)»- 
Sadx 


(14).  Let  If  = 


du  zz 


1+x 
dx 


(15).  Let  « =     ' 


»• 


l+x 

^         (l-x»)Jx 
(l+x*)«  • 

(16).  Lettt=:lt5. 

3-i-x 

^         (j-g)^ 
(17).  Let«=i±l* 

1— X* 

J.,        4xdx 
au  =: 


(1-x^ 


(18).  Let  tt  =     ^    . 

(l+xy 

/  (H-x)r+l' 


(19). 


'-«=^- 


"•=(4=^  ('+'>'' 


-  }  j!'+4j?*-4x*-1  }  dx 
(x*-a*+lf  • 


(22). 


Let«  =  5=:i±i. 

2(a«-l)ix 


(«S).  Lettt=rr- 


du  = 


2xi 


(24).  Let  ti  =  (a+x)l. 


tfu». 


2  (fl+x)* ' 


(«5>         I*t«  =  ^. 


rf«=     «''' 


8(1-*)** 


(86).  Let  u  s  (a+t  x+c  x*^, 

A..-  idx+2cxdx 
S(a+bx+ex*^' 
Leibnitz.  Eput.  ad  Oldenburg.  Jun.  21,  1677. 

(«7).  Let  «  =  (a-6  A  +f  rf)l. 

8a:*(a-6xl+frf)t* 
(«8).  Let  u  =  (l+«)  v'  (1  -*). 

(«9).  Let .»  =  ( 1  -x)^  ( 1  +x«). 

(80).  Let  «  s  ^(1  ~;r)  v^(l+«»X 

a>/(I-«).v/(l+*»)' 
(81).  Let  « =    ^^/      .. 


(l-j«JI* 


(82).  Let  tt  e 


(l-x)»* 


^  (2-£)£* 

«(l-»)l 
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(35).  Let«  =  ^(|l^.) 

.  dx 

(34).  Let«  =  ^-j^. 


<{t(=: 


(1  -*«)T. 


;  • 


(35). 


Let  «  =  i^^<i±4. 

du  = 


(l-x)^{l-x*) 


(36). 


Let  ttsSi-^ i. 


J  —tfldx 

du  IS 


««V' («»-*«)* 


(38).  Let  fi  s 7:?L . 

,     _  {  x-^^ja^—x^  ]^dx 

multiplybg  numerator  and  denominator  by  {  x—^^a^^x^  \  \ 


(39).    Let  «  = 


*  +  v/(l+x*)' 


(40X    Let  tt  s .\/(i+^|)-x 


</« 


-2</x 


\/(l+x*){v/(»+^)+x|«' 


(41).     T^  «->/('+ J)+4/a-T) 

v/(I+a?)-v/(T:^)* 


rf  M -i -r-=-i£__    _  ''^ 


F-a^       ^* 


(42).     Let  «  =  ^/(^+x«)  +  ^a-a:a^ 

v'(l+x«)-^(l_a«)* 


du 


(43).     Let  «  =  ('»  +  ^T+<^J«)* 

(«'+*'j+^i«)l  • 

« 

^^  -  («»+^)(a^-J«)rfAf 

(«  -x)l  (*-x)l  ^  (a+x)  v^  (i+ J)  •    . 
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a+x       /  /l^+x*\ 
(45).    Let  «  «=  5+^  V  V^^^y- 


duss^ 


— (*  +  x.)*  (flH**)*  \/  (*'+*^ 


(46).    Let  tt  ss 


(*»+x')* 


<Iu  = 


_  J  3x*  +  x»~6x-44-»fl+3j)v/(l-^l*<^^ 


(47).     Let«=v^'l'-V'(*-V'(^-**^^^* 

.•  Let  «=x/  1  *+%/  {  »+v/  ^  *+^*- '"  '"'^•*""  ^  • 

ax 


(48) 


du  ^±' 


v^O+i) 


(49).«  Let  tt  a -^ 


1  + 


*  "^T+  8ic.  in  infinitum. 


dtt  =  ± 


xdx 


v/c^-^-i) 


•  See  Wood's  Algebra,  Arts.  374,  375. 


(50). 


I         y(l-x)   +        X      i  • 
I  V(l-x)   +  X        5 


On  successive  Differentiations. 

Art.  18.    (l).    Let  tt  =axS. 
The  difierendal  coefficients  are* 

(2).     Let  «  =s  i+r  (x— «)» 

a  ^r 

j-j  =  «  («- 1)  r(af-/i)»-ai 


rfar* 


=5  ii(n-  1)...  -S  .2.  l.r. 


(S).    Let  tt  =  <i  x^+ai  ofl+a^  oc^+a^  x+a^. 
3^  «  4tf  a^+3iiijr«+2tfajr+^,5 


10     ' 

iJt  B  4  .  3  ax^+S  .  2  a*  x+2  •  1 .  ^y^  > 

%^  =  4  .  3  •  2  a  x+3  .  2  .  1  .^4 ; 
dx3 


(♦)• 

Let  tc 

_  1 

d  X 

1 

d^u 
dx* 

^.  1 

d^u 

dx^ 

1 

3.2. 

1 

f 

&c. 

=  &c. 

. 

d'u^.     .s.  n  (w-1)  ....3.8.1 

(5).    Let»=^. 

du  ^  ^    2a^x 
Tx^       (fl«+j«)« ' 

d^u  ^  24fl^x— gjo^JT^ 

<i*tt  _  8*<^— g40a*a:*+lg0a*J* 
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7?"= (?+3? " 

Enler.     ImtiMbna  CalcuU  D^erentiaRs.    Pars  I.   Cap.  V. 
Art.  177. 

(6).  Let  u^ifl^bx-^e  sfl)^ :  to  find  an  exprestton  for 
^  u 

Assume 

p  ^a^hX'\'C7^^   and  ^  'Sih-^^cxi  . 

it  IS  obvious  (Art.  2 1  andNoteB)  that  J^ ,  is  the  coefficient 

of  — - — ,  in  the  derelopement  of 

\p  -¥  j/dx  -f  cdofl  I': 
consequently 

jp  =  r  (r-l)  ....(.-«+!);.-/•  J 1 +^^A-^j.jS 

n(»-  l)(«~g)(i»^8)        £V  + 
1 .  a  .  (r  -  n  +  1)  (r  —  n  +  2)  *  T'" 

«(»— 1)....(«--5) ff£?4.&c^        f-^ 

This  expression  may  be  put  under  a  more  conrenient 
form,  in  which  p  will  only  appear  as  a  factor  common  to 
all  its  terms. 

Assume 

#=:4ar  —  3*=  4pc  —  ^*: 

this  assumption  gives  us 

(p+f/dx+edx^Yzz 
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The  deyelopement  of  this  expression  will  give  us, 

|^=2r  (2r-l)...<2r-«  +  l)(^)V— {l  + 

r       n(n>-l)     ^     r(r--3)      n(n— l)(n— g)(n-$)        €« 
T'2r(2r-l)y«       l.£     '  ^r^^r--  l)(2r— 2)(2r-3)  *?^ 

^r(r--l)(r>2)        n(n-^l), (n-5)_^^g^^|   ^^^ 


1.2.3  2  r  (2  r—  1) (2  r— 5)    // 

This  series  will  terminate  after  — hi  or  -  "^  -   terms. 

2  2  ' 

ajccording  as  n  is  an  even  or  an  odd  number* 

^  2  r  ]be  a  positive  whole  number  less  than  n,  and  of 
the  form  2m+\,  the  formula  just  given  becomes  =-»' 
and  is  therefore  not  applicable  to  the  determination  of  the 

Cf*  Urn 

expression  for  -- — ,   without  some  previous  modification 

(Art.  62)*     In  this  case,  we  shall  find^  when  2  rzz^m+l, 
<?»«_(— ]y.n(n-l) {m+2)(2m+l)(2m-l) 8  .  1 

{n—2  m—9)  (n—^m—S)      e 
2.2  .(w  +  2)  '/« 


(w-'2 m— 2)  (n— 2  m-^S) (n— 2  yw~5)      ^  _ 

"*■  22  .  2  .  3  .  («i+2)  (m+a)  '~'  "p* 

23.  2  .  3  .  4  .  (w  4- 2)  (w+3)  (iw+4)       'y^        ^'^ 
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This  series  trill  terminate  after  ILzlH  or  ""^""^ 

2  2 

termSj  according  as  n  is  an  even  or  an  odd  number. 

The  foimulse  (<i)  and  (^),  were  first  pren  by  Lagrange 
in  the  Mimmru  dt  f  Academe  de  Berlin  for  1772. 

(7).    Let  us:(a+ixy:  by  the  formula  (a),  we  get 
j^=r  (r-1) (r-«+l)  6-  (a+ixy-\        (1), 

Also,  by  the  second  formula  (^),  we  find 
jp  =  2r(2r-l) (2r-n+l)  (|)%+*xy— 

5l--    _»(«-')    ,.»•(>— 1)        «(«-l)(n-2)(n-3) 
i        1     2r(2r-l)       1.2     *  2r(2r- l)(2r-2)(2r-3) 

-*«•}  (2). 

From  these  two  results,  it  appears  that 
r(r-l) /.-».+,)-2'-(2>-l)-    •^•(ar-n+O 

<^_r       n(«-l)       r(r^l)        « («-l)(n-2)(it~3) 
t        1  *  2r(2r— 1)        1.2'  2r(2»— l)(2r— 2)(2r— 3) 

-  &c.}  (3). 

If  n^Tt  we  hare 

^_8ii(2n-l)....(n+l)  C j_     n («- 1) 

1.2.3 »        I        1.2(2»-1) 

»(w--l)(w-2)(«-3)  n(n-l) (»-g) 

l.2,2».(2«-l)(2n-S)''j.2.3.2'.(2»-J)(2n-8)(2«ls) 

+  &c.  J  (4). 


and 
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Since 

^  1.2  1.2.3 

8n(an- 1). . . .(«+!)_ ,»  .    «  .   /»(n~l)\». 
I .« .3 n    .  V    1.2/ 

the  last  result  may  be  put  under  the  followiog  curious 
fonxij 

l+n+"^»-^)+«(''-^)^"-^>+8u;. 
n(n— 1)  w(n-l)(n— 2)(n— S)     ^ 

i.2.(2n-i)     i.a.a^.can-ixen-s)'" 

w(»-i)    -    -  (»-g) +  &C.      (5). 

1  . 2  .  S  .  £3  .  (2  «  -  1)  (2  n— 3)  (2  n— 5)  ^  \ 

(8).     Let  usz(cx^:  by  the  formula  (a),  we  find 


=r(r-l). . . .  (r-n-i-  l)2*^x*''— 1 1  + 


n(n-l)       1         n(w-l)(w-~2)(n-3)      2.+ 
l(r-»+l)*  2«     1.2.(r-n+l)r-«+2)'  2* 

1.2  .  d  .  (r-n+l)(r-n+2)  •  i^+^J         ^'^' 
Also,  by  the  formula  (3),  we  have 


ComeqpeaAf,  by  equating  these  two  results,  we  get 

* 

tr(8r-l) (2r-tt+l)=r(r-l) (r— n+l)2»|  1  + 

«(«-^)       1  ^  .  n(B-l)(n-2)(«-8)        1  ^.       ■>,., 
1  (r^n+ 1)  •  ^^1.2.(r-»+i)(r-«  +  2)  "  5i+'"-  5  ^*^ 

If  we  make  r=n,  we  get 

a  n(2  n- 1)  . . . .  (n^-1)  w^-n     1 

1.2 n.2"        "~  1*      *2»''" 

i».(ii-l)C»-2)(n-S)    j_^n  (»-!)....(«- 5)     i 

l.».2«  '2*  1»,2».S» ?  +  **=• 

(9>    Let  «=-____:  by  fonnula  (6),  we  obtun 


thu     1  '.2 


g na^i,  .  1     n(«-l) 


1  .  3    «(n-l)(n-2)(«-8)     1.3.5     « (n- 1)  ....  (n-g) 
8.4*       l.9.S.4,.t*         «.4.6  •  1  .«.S.4.5.6.a< 

>         (l-a«)»  +  4     t    *2«         3      + 
—l n(n-l)(«-2)(n-3)  ■  ,     V 

Euler.  Zurt.  CaU.  D^,  Pars.  I.  Cap.  V.  Art.  177, 
iriiere  this  expression  is  found  by  induction :  Lagrange, 
Minmint  4e  tAead.  it  BerBn.  1772 :  Lacioix,  Trmti  iu 
Ctlpd.  iXf,  a  Littr.   Chap.  I.   Art.  37. 
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(10>    Let  u«y/(l+jr*):  by  foimula  {c\  we  get 
j^y,,(-iy  *n(it-l)  ....  g,  1  >J*-*f  ^      (fi-£)(n-3) 

In  this  ca8e»  n  must  not  be  less  than  2. 

(11).  Let  us(l-x^'^;  by  the  same  fbrmula)  we 
find 

^^  23(l-:r«)— *  *• 

(n-6)(n--7)        (n-6)  (n-7)  (>i-8)  (n-9)  .   j^    ) 
2  .  2  .  4  .  2«  2«  .  2  .  3  .  4  .  5  «*  *  > 

In  this  case^  n  must  not  be  less  than  6. 

(12).  Let  tiss(2x— x')! :  in  a  similar  manneri  we 
get 

*  J*  u_(— 1)*  .  n(n-l) ..3.3.1  (l-^xy-^^  J  i  4. 

7? 2«(l-:f«)«-f  1     "^ 

(n--4)(ii-5)     ,  (n-4)(n-5)(n-6)(n-7)    .    o.^  > 
2.2.3(l-^x)»  2«.2.S.3.4(l-x)*        "^         i 

In  this  case,  n  must  not  be  less  than  4.  The  ex- 
pressions for  the  other  values  of  n  may  be  found  by  formula 
{a)  or  (*). 

(13).    Let  ua-  ,  >v  ■  by  formula  {b),  we  obtam 
—  -  (•*-iy>2.3......(n+r)j;''  C        n(n-l) 
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n(n—x)(n-i)(n-'3)       n(«-l)  ....(n-5)^  ^     \ 
2.3.4.S.**  2.3  ....  7  .x^       +«€•  ^ 

(See  ExampJe  5). 

(14).    Let  tiss- : — 3-y:  by  formula  (b\  we  find 

S    n(n-iy     fl     V  +  ^"^    n(w~l)(n-2)(n-3)/     g     y 
S  .  4   \ii+2  x/      2.4*         3.4.5.6  Va+2x/ 

2.4.6'    3.4.5.6.7.8    \^i+2x/  ■*■         5 


<^  • 


(15).    Let  tt=— ^i— :  in  this  case 

1  —  JT 

* 

^«*           2             J             '      .1    </"«     /.  •  (1  -a-)* . 

— .  = ^,  and  consequently -—; =2 .^^  ^     <  : 

therefore,  by  formula  {a)j 

d^u  ^  2.2.3 n 


Since 

£m  _        1 

dx  ~  (l-3*)t* 


we  have 


^_i  1 

ifj_  '(l-j*)! 

c 
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and  therefore,  by  formula  (6), 
d-tt  _3.*  ....  («  +  l)J— ^  f  ,^3    (n-l)(«"2)^ 

3.5     (w-1)  (n-g)  (w-3)  («-*).  fc^    I 
3  .,*  ■  8.4.5.6a*  *    > 

Assume 

by  a  process  somewhat  similar  to  that  employed  in  deducing 
formuh  (a),  we  shall  get 

^  _  r  (r- 1)  . .  . .  (r— n+1)  »>/-*  Cj_ 

t  »  /(/+!)  n(n-l)  ^ 

.T*(r-n+l)'  ].«      '(r-ii+l)(r~n  +  2) 

/y  +  l)(r-4:2)    J n(n-^l)(^^<2) ^  \j 

1.2.3  (r-n  + 1) (r-n+2)  (r^n+S)  y  ^ 

This  series  eridently  terminates  after  (n  + 1)  terms. 

This  formula  may  likewise  be  put  under  the  following 
form: 

r  If  1  . 'r(r>-l)  nin-Y)  1^  _  ' 

.      1V+I»-1'7        1.2     *  (r'+ii->l)(r'+«-2)' ^ 

r(r-lUr-2)  ,iC;»-l)(ii-2)  Ix&r^r.^ 

1.2.S        •  (r^+«^l)(/  +  ;,-2)(r+,i-3)  '  /»  +*^-^  W- 
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If  r  be   a  positive   whole    number   less  than   n^    the 
formula  id)  will  become 

da*  /"  +  »-- 

L         l*(«--r+l)  1.2     '      («-r+l)(«..r  +  2) 

1.2.S        •        (;,-,-+l)(«^r+2)(«-r+3) 


-I-&C 


•}  (/)> 


This  series  will  terminate  after  (r-f  1)  terms. 

(18).    Let  u  =  \/  (- 1 :  by  formula  (J),  we  get 

^u_(^lY'^^.l.l.S...^2fi''3)S  n         /1+T\ 

i/a:*"*    fi".(l+x)"-*v^(l-x)     1        (2»~S) 'Vi-t/ 

1  .8  ii(ii-l)  {i±£\^ 

1.2'  (2ii— S)(2i»-5)'  vi-ar/ 

i»-3)(2i»-5)(2ii-7)     Vl-x/  > 


1.8.5     _ 
J  •  2  .  3  *  (2 


(19).    Let  1^  «  £+£)>  .  i^    formula  (df)»  we  find 

(J-x)* 

3j?"    2*(l+x)— f(l-ar)4.    V       1  *  (2 n- 5)  *  Vl-*^ 

.5.7  »(n- 1)  /iifV. 

''"1.2'  (2n-5)(2ii— 7)*  Vl-xX 

^■79  ft(n-l)(n-2)  /"l+fV+kc  ^ 

1.2.8'  (2n-5)(«n-7)(2n-9)*  \l-x/  "^      *  > 
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1  1  V 

same  formula  will  give  us 

dx»        2»Cl-a:)*^(l-x2)     1       (2«-l)*  VI -a:/ 

"^1.2  '(2«-l){2«-3)*  Vl-a;/ 

1  .8  >5  n(n-l)(n-2)  /L±£y+ &c  j 

1.2.3'  (2»-l)(2n-8)(2w-6)'  Vl-x/  "^       '  i 

(2I),    Let  w  =  ^^'*"^Ca'  ^7  foraiula  (/),  we  find 

( 1  —  xp  • 

d*«    n(n-l)(»-9)  .4  .  5 »C,.3     n+1     /1+Jr\ 

daf"  {l-^xY  +  ^  X        1     n-2     Vl-x/ 

3  .2     (fm-l)(n  +  2)     /JL+f\*  . 
1.2*  (»-.2)(«-l)*  M-jt/ 


■H)(n4-2)(n4-3)     /l  +  j:\3-) 
(n— 2)(n— 1)»      '  Vl-x/  5 


3.2.1     (w+l)(»  +  2)(n  +  3) 
1  .  2.3 


In  this  case  n  must  not  be  less  than  4. 


(22).    Let  u  ss  7^— i; — ^ :  by  the  same  formula*  we 
^  (3+4x)io       ^ 

get 

d:"it_(-iyn(»-l)(n--2)(n-3)10.  11 (w  +  5)3^4*-'* 

d;r»  ■  ■  (8  +  4r)*  +  « 

li.4.t.(!L±^.(i±i^)  + 

(.  3     (»-3)     \3  +  45x/ 

g     /4y     (It  4- 6)  (n  4- 7)     /£+8_£\«_ 
\3/   '  (n-3)(n- 2)     \3  +  4.x/ 
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/4\4    (n+6)  (w+7)  (n+8)  (n+9)     /2  +  3x\*7 
V5/   •     (n-S)(n-2)(n-l)n         V3  +  4x/  J* 

It  is  evident  that  n  must  not  be  less  than  5. 

It  is  possible  to  construct  formulae  for  the  n^  difierential 
coefficients  of  functions  much  more  complicated  than  any  we 
have  yet  given : '  of  this  kind  are  the  functions 

(a-^bx+cjfly        J     (a+b  x+c  x^+d  x^Y 
(y+yx  +  ^x«r  ^       {a+Vx  +  c'x*+dx3f' 

The  preceding  examples^  however,  are  sufficient  for  the 
exercise  of  the  student,  and  it  is  unnecessary  to  embarraai 
him  with  the  investigation  and  application  of  the  formulae 
corresponding  to  these  cases,  which  are  of  great  extent  and 
very  little  simplicity. 

Art.  19.  The  theorem  which  is  deduced  in  this  article, 
was  first  given  by  Maclaurin  in  his  Fluxions,  Art.  751 :  it  is 
of  considerable  use  in  the  develc^ement  of  functions,  though 
it  does  not  always  enable  us  to  discover  the  general  term  of 
the  resulting  series.  The  reader  will  find  other  examples 
under  Arts.  36.  and  37. 

(1).     Let  u  =:  {a  +  xy^:    In  this  case 
l7;=tfS,  I7i=3tf«,  t7,=S.2fl,  t/'3=3.2.1.,   1/4=0,  8cc. 

Consequently 

tt=4|3+Sfl«-+S.2— +  3.2.1.— £L.. 
1  1.2  1.2.S 

(2).    Let  «  =  (1  4:  x)& :    In  this  case 
&c«  therefore 


I 
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**"       2*1     ?'T:«'^23'  1.2,3^  £4    •1.2.3.4'*" 

^' V^ ^! 8cc. 

2*  1.2.3.4.5 

(8).    Let  u  ss :  the  same  process  gives  us 

1  —X 
U=l+~  +  1.3.~+l.2.S ^+1.2.3.4.     ^^ 


1  1.2  1.2.S  1.2.3.4 

(4).     Let  uss(a+ix+i:3fl)^  :  by  means  of  the  fonnulae 
given  under  the  preceding  articles^  we  get 

sT?  1.2.3.4"^ 

=^        2»"?  '1.2.3.4.5  S 

the  genenl  term  being 

__  (-iy.n(n-l)  ....  2.1  .i"-'(4gg-*«) 
•  2"+»tf"-* 

C         («-2)(«-3)    (ilfzif). 
(n-  2)  (n— 3)  («— 4)  (n-S)     (4gf-^*)* 

(«~e)(«>-S)....(«-7)     (4ag-^*)»  .  ,..  7         JT" 
jj.g.   8V4*  Pl        ■*■**'•  }l.2.3...«- 

It  is  evident  that  it  must  not  be  less  than  3. 
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(5).     Let  tt  as  (fl»  +  a*x  -  j:*)i  : 

Newton.    Ephtola  ad  Oldenburg.  Jan.  26^  1676. 

«.-.!     X       4        X*    .4.9         x»         4.9.14         i* 


5     1     5*a     l.«     5*a**  1.2.3       5*  a'     *  1.2.S.4 

^4  .9  .  14  .  19-1>2.3.4  .  5  .5^  x* 

5*  ^  1.2.3.4.5 

the  general  term  being 

.«  (  -  l)*-^|l.4  ....  (5n  -  6)  - 

{ft  —  4i^ 

— J — .1.4 (5»-26)n(w-l)(n-2)(«~S)5*  + 

^ ' ^^     "^^  .1.4....  (5n-46) n(«.-l)  . . . .  («-.7)  58  _ 

(«— 12)  (n— 13)  (n-  14) 

'^-^^^^ i^.l.4...(i«~66)n(ii-l)...(n-li)3i« 

+  &C.  I  X— ^ . 

Newton    «  i)^   ^/»a«^W  ^^r  JBquationes  numero  terminorum 
if^mtasr     1669. 

tf  =  l+(fl  +  6)jl  +  S.(3*«  +  2fl*-fl«)_il_4. 

*-^  ^1 .2.8.4 


5.3.  3(5^  +  3*2^.^^84.^) 


X 


6 


1  . 2  .  3  .4 .5.6 
7  .  5  .  3  .  3  (5  .  7*^  +  5  .  4*'a  -2  .  3  .  i«fl«+4*a3  _  5^) 

i. 2. 3. 4. 5. 6. 7.  8  ■*'^" 
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the  general  term  being 

=  |l  .3....(2«-l)*»+l,3....(2ii-S)n.i.i— ^fl- 

1.3 (2  7i-.5)n(n— O.Lli.*'— *fl*  + 

1.3....  (2n-7)n(n-l)(n-2).ll-Lllft— »fl»-  &c. 
...+(-iyi.n.l.8...(2n-5)*/i»-i+(-l)*  +  */i*1.3...(2«-3)> 


a:*» 


2* .  1  .  2 n 


(7).    Let  tf  =  i?-±^ :   by  means  of  Exam.  20,  Art.  17, 

we  get 

tt=l+7j:+56-i-^  +  378— ^+3096 — -fl—  + 

1.2  1.2.3  1 .2 . 3.4 

27720 ^-T-^  +  271440 ^^^      ,     ^  +  &c. 

1  .2.3.4.5  1.2.3.4.5.6 

the  general  term  being 

=  4.5 n  {  n  (n  —  1)  (»  -  2)  +  3  (n  +  1)  n  (n  -  i)  + 

3(n  +  2)(ii+l)n  +  (n  +  3)(»  +  2)(n  +  l)|. 

(8).    Let  M  —  — 5 5- :  it  is  evident  that  die  theorem 

we  are  now  exemplifying,  is  not  directly  applicable  to  the 
deyelopement  of  this  function,  since  u  becomes  infinite,  when 
drssO :  a  very  simple  artifice,  however,  will  remove  this 
difliculty.     Assume 

J  1 
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expand  ti^  in  the  ordinary  manner,  and  we  shaU  get 

I  .5.5 


£3 


1  +x 

(9).     Let  u=-- — :  in  this  case,   u  being  muki- 

plied  by  x,  we  get 

_         _     1 +x     . 

(I  -  x)i^ 

if  we  develope  u^f  as  in  the  preceding  examples,  we  find 

u^h  s  i  +  11  +  130.  —  +  1650  .      ^  ^  + 
X  x^  1.2  1.2.S 

xS 
22440 =-- +  &c. 

the  general  term  being 

10.  11 (n  +  8)(2n+9) 


—  1 


1  .2.3 n 


(10)*    Let  u  be  an  implicit  function  of  x,  determined  by 
the  equation 

«•  —  xu  —  tf  =0  : 

we  shall  readily  find 

4    flTT 

and  therefore 

_^y^lx_^l  x«^l«.3  X*         ^ 

"^ *  * ^  ^  +  2  •  I  *  4;75  •  rra ^ 4t7S •  172X4  * 
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43^*-     "1.2.3.4.5.6^       44^        "1.2.3 8 

±  &c. 

This  double  series  expresses  the  two  values  of  u,  which 
are  contained  in  the  given  quadratic  equation. 

This  however  is  not  the  only  form  in  which  this  develope- 
ment  may  be  eflfected  :  by  considering  v  as  a  function  of  a, 
we  shall  find 

1     a         1  .  e      fl2      ^    1 . 8 . 2«         ^ 


fl4 

+ 

• 

J . 

^2  .  3 

.4 

^|2 

1 

.s 

02 

X     I  T^       1 .2  x^  1.2.3 

1  .  3  .  5  .  23 

or 

1/1.1.2       /|2  1  .  S  .  22         a^        .    „ 

M  =  —   -  .    -    +  5-  . — .   ^ --r  +  &C. 

XI  X-^  1.2  X^  1.2.3^ 

The  first  series  results  from  considering  Uq  as  equal  to  x^ 
and  the  second  from  considering  Uq  as  equal  to  0,  it  being 
evidently  susceptible  of  both  those  values. 

(11).  Let  u  be  an  implicit  function  of  or,  determined  by 
the  equation 

u^  -  X  tt  — «  1  =  0. 
In  this  case,  we  find 

Uo=l,  C7,=i,  U^j=0,  1^,=  ^.  ^*=^»  &«• 


and  therefore 


.X         x^        X* 


3*       3 
The  other  two  values  of  iij  are 


X  x^         X*  « 

M  =  a  +  _.  ~  _  +  ^i &c,  (2). 

3  a        8^        3' « 
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and 

4/    .^    <*2    _L      

8  a*  S*  3'  a* 


•     o  ^«  q4  q5  «2 


where  a  =  -^+\/(-?)  and  a^  =  ""^""^^^^^  which 

are  two  cube  roots  of  unity. 

If  the  equation  which  determined  u  had  been 

we  should  find 

X  x^  x^ 

a  series  which  evidently  admits  of  three  values,  arising  froQi 
the  successive  substitution  of  the  three  cube  roots  of  a. 

This  theorem,  however,  is  not  very  readily  applicable  to 
the  developement  of  implicit  functions,  and  its  use  for  that 
purpose  is  entirely  superseded  by  the  more  general  theorem 
of  Lagrange :  we  have  given  the  two  preceding  examples 
merely  as  introductory  to  those  which  will  be  given  in  illus- 
tration of  the  theorem  to  which  we  have  just  alluded.  See 
Note  E.  and  Examples  to  it. 

Art.  21,22.  The  series,  which  is  the  subject  of  these 
Articles,  was  first .  given  by  Brook  Taylor  in  his  Method  of 
Increments,  published  in  1715:  he  does  not  appear  to  have 
been  aware  of  its  importance,  but  dismisses  it  without  remark 
in  a  Corollary  to  the  Proposition  from  which  it  is  deduced. 
The  use  of  this  theorem  in  the  developement  of  functions 
is  nearly  superseded  by  the  theorem  we  have  just  been  con- 
sidering, and  by  other  methods  of  greater  generality :  we  shall 
put  down  however  ^  few  examples  of  its  application,  in  addi- 
tion to  the  one  which  is  given  by  our  author,  particularly  as 
they  sometimes  lead  to  curious  results :  the  student  is  re- 
ferred to  Art.  37.  for  other  instances  involring  transcendental 
functions. 
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(1).    Let  uzz(a^xy:  in  this  case 
T—  as  n  (fl  +  *)"- "S  T-j  =:  «  (n  -  1)  (tf  +  xy-*, 

^  =  n  (n  -  1)  (n  -  S)(a  +  xy-%  &c. 
and  therefore 

+n(n-l)(»~2)(ii  +  x)— '_^+  &c. 
If  we  make  As  —  x,  we  shall  get 

X  1  •  ^ 

^        ^l        1      Va  +  x/         1.2         Va  +  jy 

n(«-l)(n-g)     /x  y  I 

or 

(a+x)-=a- { 1  - "  c_£_v^^^^ /~y  - 

C.        1     Vfl  +  x/        1  .2      V^  +  x/ 

1.2.3  Va+x/  5 

By  a  similar  process^  we  shall  find 
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If  we  put  ^  in  the  place  of  a,  and  —  in  the  place  of  n, 
we  shad  find 

K+x)^=Ji  +  l-.  (_£_)  +  l.:^.(    '    y  + 

or  making  x  negative 

— i.2.s.«i — vttt;;  +  *«•  J       <*^ 

These  series  converge  with  great  rapidity  when  ^  is  very 
large  compared  with  x,  and  consequently  furnish  formulae 
sufficiently  convenient  for  computing  the  roots  of  numbers. 

Thus,  suppose  it  was  required  to  extract  the  square  root 
of  50 :  in  this  case  ass7,  xs  I,  and  therefore 

^^     ^        la     50     8     50*     8.6     50»  5 

collecting  together  the  four  first  terms^  we  find 

v/ (50)  =  7. 07 10675, 

which  is  accurate  to  6  places  of  decimals. 

Again^  suppose  it  was  required  to  extract  the  cube  root 
of  750  :  we  shull  find 

^  =  9,   and  x  =z  21 : 


9 


SO 

consequently 


.1.2.3      \750y  3 


S^ .  1  . 2  . 3     \750 

the  addition   of   the  four  first  terms  of  this   series  gives 

^(750)  =  9  .  085592S911,  nearly, 
a  result,  which  is  accurate  to  6  places  of  decimals. 

This  subject,  however,  is  foreign  to  our  present  design, 
and  we  have  merely  mentioned  the  preceding  method  of  ap- 
proximating to  the  roots  of  numbers  as  an  incidental  use  of 
the  series  which  we  had  investigated.  The  reader  will  find 
other  and  more  convenient  formulae  for  this  purpose,  in 
Euler's  Imtitutiofus  Cole.  Differentialis^  Pars.  II,  Arts.  237, 
238  and  240. 

The  preceding  formulae  were  deduced  from  the  general 
series  of  Taylor,  by  making  As=  —  x :  as  it  will  be  frequently 
very  convenient  to  make  this  hypothesis,  it  maybe  worth 
while  to  remark  the  form  which  that  series  assumes  in  con- 
sequence of  it.    Since 

•'  3x     1     dx«     l.£    dx^     1.2.3 

+  &C.  (a). 

if  we  make  A  =  —  :r,  we  shall  get 

dx     I       dofl      1.2 
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(2).    Let  Mr=^{fl  +  6x  +  ra:8}:  byfonnulaOS),  and 
Aose  given  under.  Art.  18,  we  shall  get 

2     s/{a  +  ix  +  cx^\ 
(i^-4iac)x^      _         3  (i^'^4!ac){i+,^cx)x^ 


1.2.22'}^+^a:+^x«}f     1.2.3.23*  .. 

-^  ~ —  8cc. 

1  . 2.3.4. 24{fl+i^+^a:2}-T 
Multiplying  the  whole  equation  by 

\/  \  a  +  bx  +  cx^  I 


we  shall  get 

s/  {  a+ix+cx^  ]  -4.L+  ^— JL  .     (^-^4^r)x> 

\/^C'  2       1.2.2'     {a+6x+cx«| 

Elder  List.  Cak.  Dif.  Pars.  II.   Art.  77. 

(3).    Let  u  rs  -i  .  :  by  means  of  Ex.  9,  Art.  18, 

and  formula  (/?),  we  get 

^(l_x«)=l fi-   +  (^^+')     ^   _ 

3(8j»-t-8x)        a?»      .  3(8  3r*+24a*+3)  x* 

(!-**)»     •  1.2.8"*"         ( 1  -x«)*  i  .  2  :  3 .4  ""  ^' 

The  student  will  find  other  exemplifications  of  this  fonnuh 
under  Arts.  36  and  37. 
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On  the  Differentiation  of  Transcendental 

Functions. 

Art.  so,  31.    (1).    Let  u=log.  {  x+v'Cr*— 0  I  • 

dx 


du 


•J  (x«-  1) 


(2 


.)    Let  u  =  log. I y-1 ij. 


du  s 


(3).    Let  u  =  log.  {  X  s/  (- l)+v/  (1  -*^)  1  • 

»^  =  — r-5 — re* 
(4).     Let  w  =  log.  {x^/(-l)-^/(l-J^)}. 


du  = 


^{x*^iy 


(5).     Let  tt  =  log.  {  s/ (l+x«)+  V  (1  -1^  }  . 

dx  dx 

dtf  =  - —  — 


X  Xv'(l-X*)* 

(6).    Lctu  =  log.|i±£j. 

2dx 


dtf 


(7).    Let  u 


du 


.  log  ii4(^i±lt:l\ 

adx 


*   ■»  • 


<•>•  >- •  - '°« l^^^i^ } 


Jtf  a 


2  X  dx 


(x«-2)y/(a<-l)' 


«>•  ■-  — »« {:4^^^} 


<{«=: 


(10).    LetK 


(«x«-l)v/(i-*«)' 


'^7^''^«{ 


2VW 


*>/(r)+V(fl+*x+rj«)|. 


£{tt  8 


<2dr 


^  (fl  +  *!•  +  r  Jf*) 


.    (Art.  162). 


(II).    Letu  = 


y/'C^  - ^i«)  '     *^  I v^(*+fl)- v^(*-fl)  X  5 


litf  = 


^+4^-  <N***^- 


(12).    Let  u  =  s^if. 

itc  =  x*""*tf'rfT{x  log  il  +  «  J 

(IS).    Let  i«  =  6''(x-l). 
du  =  €*  X  dx. 
Ettler.    /«//.  C^.  Dj^.    Pan  I.  Art.  19a 

E 
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(14).    Let  «  =  €'(x«-.  2a:  +  2). 
duzz^'ofldX'        Id. 

(15).    Let  M  =  €'(jr3^3j:«+6x-6). 
du'=.^  ofldx*        Id. 


(16).    Let  tf  = 


du  = 


(17>    Let  u  = 


1+x 

€'  X  dx 
(l+x)«' 


e'x 


(Art.  191). 


1-x 


(18).    Let  u  =  X  log  or. 

£2tt  =  dx  {  log  JT+l  {  . 

Euler.     last.  Ca/c.  Djf.  Pars  I.  Art.  185. 

(19).    Let  M  =  X*  log  X  -  £1. 

m 

du  =:»ix"— 1  logx.dx.    Id. 
(20).    Let  M  =  X*  (log  x)". 

rfu=x-— »(logx)«-"M«logx+ni<ix.    /rf. 

(21).    Letu  =  ^li!?Sf)!^fli?«^  +  £i 

4  8  S«' 

<i  U  =  X^  €?  X  (log  X)*. 

(22).    Let  tf  =  log  log  X  =  log  *x. 

dx 


du  = 


X  log^  X  * 
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(^).    Let  u  =  log'  X* 

J  dx 

X  log  JP  .  log*  X  .  log*  X  •  log*  * 

(24).    Let  ti  =  X  logf  X. 

dx 


du  =:  ilx  log'x  + 


log  X 
(Uy    Let  «  =  €'  log  X. 

d  tf  =:  €*  rfx  ^  -  +  log  X  ^  • 
(«6).    Let  i«  =2  €  "<*  '. 

(27).    Let  «  =  x»c»<«'. 

iiti  =  (n+l)x*-»«'««  "dx. 


(28).    Let  tf  = 


duzz 


2g'dx 


(29).     Let  M  =  log  {^] 


J  -      %^dx 


(30).    Let  ti  =  «  .  ' 

du  as  §    e'dx. 

Art.  dS|  SS.    (31).    Let  tf  =:  sin  2  x. 
i2tf  =:  2cos  2ixdx. 


1 
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(82). 

Let  u  =  (sin  xy. 

J  tt  =:  n  (sin  x)"— '  cos  xdx. 

(38). 

Let  u  s  cos  X  sin  2  x. 

■ 

du  Bs(cosxco8  2x  +  cos  8x;dx. 

(84). 

Let  tt  5=  (tan  jp)». 

^     _n(tan  x)»— »  rfx 
(cos  x)« 

(85). 

Let  u  8s  log  «in  x. 

du  s=  cot  x.ilx. 

(36). 

Let«-logv/(;+'!°0- 
^   V    \  l-sin  x/ 

rfas    ^*   .    (Art.  208) 
cosx 

(37). 

'-•-'»«  v/(4i^> 

dx 
duz:^  JLL, .    (Art.  208), 
sm  X 

(88). 

IV.  „^^        sin  X.  cosx 

^^•*     5             2 

di«  B  (sin  x)*<2x. 

(89). 

Y  ^             sin  n  X 
l^^  ^-  -n — sT  • 

(sm  x)* 

« 

,         —  n  sin  (n-  1)  x  .  <2x 

(sinxy'  +  » 

(40). 

-   ^           sin  nx 

(cos  x)* 

,         ficos(n--  Dxrfx 

(cosx)»  +  * 
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(41X    Let  tt  =  «*"'  • 

du  ss  €*••  cossdx. 

(4«),    Let  »  =  log  {  cos  x+\/ (- 1)  •  sin  X  I . 
i2us  +  dx^{^l) 

(43).    Let  u  ss  log  {  cos  x—  <i/  (  —  1)  sin  x  }  • 
duss  ^dx  ^/(— 1). 

(44).    Letii^tog  Ji±^^I=i>i?!Ll|. 

<ltt8sfidx  V(-l). 
(45).    Let  ttalog  {  1  -  ^/ (l-€""a?7)|  . 

tf  «    *»*  COS  X dx 


duss 


fi(sinx)«v'(l-*~'*°^  I  1— V^(l  -  «    "^l 
Elder.    Inst.  Catc.  Biff.  Pars  I,  Art.  S07. 

>  as  log  COS  X. 

a  tf  =  — ^  ^    .V        83  tan  X .  a  x« 

(47).    Let  tt  =  cos  (log i). 

di«8 —   sin  f^  log  ..J. 

(48).    Let  tf  8s  cos  (sin  x)=:cos  sin  x. 
du:z  --  dx  cos  x  •  sin  sin  x. 
=  —  Jx  cos  X  •  sin*  X. 
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(49)*    Let  u  =  sin  sin  sin  x  r:  sin^  x. 

du  zz  dx  cos  X  cos  sin  x  cos  sin^  x. 
(50).    Let  u  =  sin  tan  x. 

J  dx 

au  =— ^  cos  tan  a*. 

(cos  XJ^ 

(51)«    Let  tf  =  cos  log  sin  jr. 

du  =  —  <{x  cot  X  sin  log  sin  x. 

1— a** 
(52).    Let  tt  =:  sin  -  1  - — — ,    or  in  other  words,   let 

u  =  arc  I  whose  sine  r:     "  —  | 

Make ,  =  t? ; 

1+1*         ' 

consequently, 

du^        rfv  2dx 


>/(l-t;«)  l+x« 

Euler.     Iftst.  Cak.  Diff.   Pars  I,  Art.  207. 

(5S).     Let  II  «  sin  -  1  ^/(izf ^, 


(54).    Let  »«  sin  -  *         ^ 


dti 


a/(1+«*)* 


.«• 


l+x' 
(55).    Let  tt  =  cos  ""  ^  (4  x3  —  3  *)• 

cfu  as  — — . 

v/(l-a«) 


S9 


{S6).    Let  II  s  C0S.-1  (3« afi  -  ^Q  «♦+  18  x«  -  1). 

—  6dx 


du  ss 


(67).    Let  u 


du  s 


(58).    Let  u 


du  s 


5  Jx 


J  +«•' 


(59).    Let  u  s  sec 


—  1 


1 


du  s 


—  2  Jx 


V(1--x«)* 


(60).    Let  ti 


^tan-^  Wn+x>}-l 


<2ll   8 


Jx 


2(1+^:*)* 


(61).    Let  u  e  tan-»  |  \/  (l  +x«)  -  x  |  , 
•,  —  dx 


""-«(l+x«)- 

(02). 

>/     {««-*«} 

J                <Ix 

du  ta 

tf  +  ^  COS  X  ' 

(63). 

T.fkt  fi  ~*                         for 

s/(-»«-  *«)  *" 

rf«-     *** 

a+icosx* 

COS 


.«i  5^4- /I  COS  xl 
C  a  +  3  cos  X  3 


(Note  Jf). 


_i  Csin  X  v/(/i^— fcg)-) 
c     6  +  ^1  cos  X     5 


(Note  JC). 
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(64).   Let  u«  7(?=^*«*        l>/(^+*)V(l+cosx)5 


dt*=r — f£ —     (No^je). 

(65).    Let  ««€■*»"'*. 


(66).    Let  tt  S3  log  $in~*  j:. 


(67).    Let  M  =  V  (1  —  x«)  sin—*  ar. 

^         X  sin*  "*"  ^  J?  ^ 

d  U  =.d  X  <  1 7^ s:  (  . 

(68).    Let«=:y^log^Y-^^^3^;+3tan    »i_i^^.^. 

-  rf  X 

.       /\/(l+a4)  +  Xv/2\       .       ,    xv/2 
(69).    Letu  =  log(>^^      ^_1^  ^    ;+sm-i-YJ^> 

4v^2x^e?x 
'^"  =  (l-^*)%/(l+0- 

(70).    Let  1*  =  ^  €  X*  sin  X  cos*"*  x  ?  *. 

Jtfs  {6*'x»  sinx  cos-*x  }  ^~%  x»-«rfx  |  {  €'(x-.l)  + 

n  (1  -log  X)  —  log  8in  X  —  log  cos""^  x  j  sin  x  cos""*  x  +  x 

sin  X       «  7 

J  cog  «  C08-1  *-^(i_jt4)  J    J  • 
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Arts.  56,  37.  and  Note  D.  In  additIon*to  die  example^ 
given  by  our  author  of  the  application  of  Maclaurin's  theorem 
to  the  deyelopement  of  transcendental  functions,  we  subjoin 
the  following,  which  may  serve  as  good  exercises  for  the 
student,  in  the  various  processes  of  differentiation. 

(1).    II  r:  (cos  j:)" 

nx*   .       ,^         ^v         x^ 


=  1 +  n  (8  n  —  2) 


1.2  1  .  2.3.4 

n(105n»-420n«  +  588»-272)  ^     J^ j-  -  &c. 

The  general  term  of  this  series 

«"-l.l.2 (2i»)l 

!L(2zi2  .  (n-4)»«+"^"-^>("-^>  .  (rt-6)*-  +  &c.  }  J  (1). 

the   number    of    terms    being    limited    to    -  or  — — - , 
according  as  n  is  an  even  or  odd  number. 
Or  under  another  form,  it  is 


1  .2.. (2  m) 


x**       C(m-lr-n)  2iii(2m-l)    rr 
l.«..(2«i)l        m  1.2  "^ 

(m— 2-2n)    2i|f(2iw-l)(2w-2)(2m-S)     „ 
Iff  1.2-3.4 

,(«— 3— 3n)    2»i(2f»- 1)  .. ..  (2III-5)     ,^  «_. 

+ ^ 1.2.3.4.5:6 ^^--^  ^  ^''• 

^■(^ly     M-(^-l)n}      2m(2m~l)     ^^  _^ 

IW  1.2 

(-ir.«.i^o}-  (2). 
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where  Uof  tTj,  U^ l/g^,  are  the  values  of 

"'?^»3P'    •  •  •  T;^.*  ^«»  *«»• 

This  formula  may  be  exhibited  under  a  form  still  moTe 
convenient  for  calculation^  if  we  make  «w  a^  ^14^  . . .  •  Of « 
respectively^  equal  to 


U2              U4              .                  t/"e-. 
1.2'    1  .  £  .  3  .  4'  1.2 (2  wi) 


or  the  several  coefficients  of  x  in  the  series  :  this  assumption 
gives  us  die  general  term 


2  1 . 2  • » .  4 


,        (i»— S— Sn)  A^  . 

1.2.8.4.5.6      **    * 


1.2 (2«i-2)      '    *     1.2 (2«i)*    ">• 

.  (3). 


(2).    ti  =:  sec  ^  =  (cos  x) 


—  1 


-       jr2  ^      5a^      ^  61  x^  lSS5  jfi 

—  It": — ::;+  : — :; — ;: — r  + 


1  .2     1.2.34     1  .2. S. 4. 5. 6^1. 2.3. 4. 5.6,7. 8 

,      50521x^0      ^   2702765  xi«    ,   -.' 
4-         I  +         '       +  8tc. 

1.2....  10         1. 2.. ..12  ^ 

Hiis  series  was  first  giv^i  by  James  Gregory^  in  a  letter 
to  Oldenburghy  in  l67l  :  See  Cwnmercium  JSpistolicum 
Johanms  Collins  et  aliorum  de  Jlnafysi  promota. 

The  general  term  of  this  series  is 

_     (-ir2x*-     i  j.^  _  ^.^  +  5^m  _  7.-,  ^  j^c. I : 
1  .  2  • . . .  (2  w)  C.  i 


I 
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or. 


_2*»  +  V£*-f I        .       I  _JL_  J.  *.    1 

or^  from  the  formula  (3),  m  the  last  example^  we  find  it 

C  1  -2         1.2.3.4        1.2.3.4.5.6 

-«&c + LziT^ ,    (-ir-^'^o  ] 

1.2  ....(2«i^fi)        1.2...,  {2m)y' 
(3).    tt  =  log  sec  X  =  —  log  cos  x. 

1.2     1;2.S.4     1  .2.3.4,5.6     1.2....  8  "*" 

128x62xi*>    .   - 

+  &c. 


1.2 10 

James  Gregoty,  Letter  to  Oldenhtrgh-    16?  1. 

The  general  term  of  this  series  Is 
orj  under  another  form> 


^^  «  l    1.2 


'^~'"r2.8.4  "•— *  + 


("»-«) —fe.       ^     c-ir . « 


•  ^ft»— 6*"8cc 


s 


1.2.3.4.5.6      "•  1    2  ....  (2W-.2) 

(-ir+t 


2.1.2 (2  iw 


rT)} 


(4).  Let  u  =r  (sin  xf :  it  is  evident  from  tl^e  series  for 
sin  X  (Art.  SB\  that  the  first  term  of  this  developement  will 
involye  **,  or  that  the  first  n  terms  of  the  series  of  valu^ 
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Uq,  U^ t/»—  1  will  be  severally  equal  to  nothing  :  it  will 

therefore  render  the  operation  much  easier,  if  we  assume 

and  then  develope  w'  in  the  ordinary  way :  we  shall  thus  get 

1^  =s  tr  X  ss  jT + •    —  ■      ■  ■■    : — r  — 

1.2.3  3  1.2  .3.4^.5 

n  (35  n«  -  42«  +  16)           J*  +  ^         . 
3*  1.2 7 

w  (175  ffi  -  420  n^  +  404  n  -  144)  3?*  +  ^        _  g^^ 

The  general  term  of  this  series  is 

=      ("O^J^"*"*"       5n''  +  *"*  -  n(»  -  2)»  +  *«  + 
2"*-"*      1  .2 (n  +  2iii)l.  ^ 

!Li!LlL)(«.-4)'-^'"-"<7/j;"-^>(«-6)'-H»-  +  8cc.j; 

the   series  being  restricted  to  -  or  ^ — —  terms,   according 
as  n  is  an  even  or  an  odd  number* 
Or,  under  another  form, 

x»  +  *"  r(m— 1 -w)  (W--2-2/2) 

==-^1    1.2.3      •^••*-^-"-"l.2.3.4.5   •^'^  +  ^— * 


,(-ir{l-(^-l)n}      ^        ^       i^ir.mn  "> 

+     1.2  ....(2111^1)     '    *+2"*'r.2....(2mTI)"'*V 

(5).     Let  M  ==  cosec  x  =:  (sin  o:)^^:     consequently   by 
means  of  the  preceding  example,  we  obtain 
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li  ^  -    + 


X         1.2. S  1.2.3.4.5.6  1-2 9 

+  ».2....ia  +  ^'=- 

The  general  term  of  this  series 

CI. 23      1  .2.3.4,  S"^!. 2. 3. 4. 5. 6. 7 

1  .2....(2»i-l)        I  .2.... (2  m+ 1)5* 
(6).    u  =  (tan  j:)*. 

^  1.8.3^        +    1.2. 3. 4. 5. 6*^ 

I 

2«n(35n«+147n+124)      ^^ 
^  1.2.8  ....9 

^2^X11  n{  175iiS+ 1470n«  + 3509 w  + 2286  I 
the  general  term  is 

V 

=  «.  +  «»  a:" +'* 

^^  +  «    2  y(«+2»-2)  g«(n+2m-4,) 

"»B  i      l.«.S      *•+«—«      1.2.3.4.5  * 

2*(n+2w— 6) 

<•»  +  «»—«  +  ■  J    2 .  4.4.2.I— «  —  &c. 

^(-iy2^— ♦(n+g)  (-ir  +  ^2*— »n-) 

1.2  ....  (2«-])  •"•*-+  l.«  ....(2i«+l)}- 
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(7).    Let  u  =  cot  X  •=;  (tanx)-^:    by  the  preceding 
example^  we  get 

5        1.2.S*  1.2.3.4.5.6'  1.2 9 


1.2 10        1.2 12 

See  Art.  411.    ^Appendix.  ^ 

(8).    a  CB  (sin  xY  (cos  jry, 

(3i»  +  n)     ^.^      {5(9m^+n<)+80CT(n-l)^2n}^^4 
"■  1.2.3  3.1.5^.3.4.5- 

-  \  35  (n^  +  27  m^)  -  42  (n«  +  45  w^)  +  16  (n  +  68  m) 

+  {  175  («*  +  81  /»4)  -  420  (n8  +  135  nfi) 

+  4  (101  ffi  +  1984  m^  -  144  (»  +  255  m) 

+  2100 (««  +  9m«)  urn  —  1260  (7  »  +  33m)  m  « 

+  9450 m^n*  +  23640m»  \       ^"1    ^  -  8u:. 

l.<«  ....  9X3X5 

The  law  of  derivation  of  this  series  admits  of  no  very 
simple  expression:  it  may  be  indirectly  exhibited  in  the 
following  manner :  let 

<eos  Jf)^  =  1  4-  tfa  a;*  +  ijr^ar*  +  . . . , . .  +  ^g, . a:»'+&c. 
and 

(sinir)»riuc*+«tJr»+3+a4jf+*+ +  0,^  .«-+»i'+8lc. 

then  the  general  term  of  the  series 
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+  8": +<^°t,-«  +  «»„f  . 

(9).    i«=:v^|««  +  fia*CD8a'  +  *«| 

«(«+*)^i--.^i-.il-+l£<fi::f±tf)        ** 

t       0.  +  6)'     l.a^        (S+^i  1.2.3. 

_ab{d*—\ltfib-{-2\ifil^-  lla^+^)  j* 

(a  +  *y  '  1.2.8.4.5.6"^ 


4 


I*««>.«o 


+  &C. 


The  general  term  of  this  series 


■^^•'-—■^"^•-—■^'""'"•i.i...''.  (.»-.)!• 

(10).    asco$— *x 
.«     ,     1        «*  1.3  «» 


2  2     1.2.3  2«    '  1  .2. 3,4. 5 

1.3.5        «T         lis. 5. 7         x» 


—  &c. 


a»       i.a...,r         P      *  1.2. ...9 
(11).   «  =  ««•• 

t      i.«   i.«.s.4    1.2.S.4.5.6    i.a....  k 

6556«*>  1S0849J"        g^  > 


1  .2 10       1.2 12 
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The  general  term  of  this  series  is 


-"•  ^«m^ 


""  2  i«l"""^      TTSTS         1  .  2  .  S  .  4  .  5 


&c. 


+ 


(-ir+1^0 


1.2 (2  iw 


^,}- 


(12).        1*   =1  € 


tin  f 


x^  8x^ 8  3:^  3  J^ 

"■    ■'■^'*'T72     1.2. 3.  4.""  1.2. 3. 4-. 5     1.2.3.466 

56  xf        .       217  dP**       ^        36  a:^ 


1.2... .7        l»2,,.,o        l*-*....!! 

2959  x^^ 


1.2 10 

The  general  term  of  this  series  is 


—  &c, 


"«  I  """^      1.2      1.2.3.4     1.2.3.4.5.6  3 


(13).    ««€** 


-I 


■*"*7"'ra     1.2.8     1.2. S. 4     1.2.8.4.5 

188  J*         .        847x1^         .        4004  a«  ^^^   1 

1  .2  ....  6         1-2  ....7         1.2.. ..8  5 

The  general  term  is 
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+ ^ I 

1.2 (m— 1)5 


€' 


(14).     u  =: 

cos  s 


=  l+j'  +  - — -  +  +  ^    ^    ^    ^  + 


1  «  2       1  .2.3       1.2.3  .4       1.2.3.4.5 


152 J^        .        624arT          -      3472j«       ^  . 
.f  — +  - — -.  +  «c. 


1>«««*«6  1.2....T  l.a*.*«Q 

The  general  term  is 

^  S  fsLZi-    ^--*     +  8ic +  (-l)"^    '^  ^  — 1 — )  . 

1.1.2      1.2.3.4  1.2 m     l.2...m)^ 

orj  (if  m  :=  2r  4- 1)9 


•H-l 


I  1.2        1.2.S.4  l.« («— 0 

' ? 1. 

I«2«...m3 

(15).    u«^(l+0- 
1  j»  ^128  a*         .967    __il_ 

■•■?■  1.2.3.4.5   IT'i.a.... 6    4'  '1.2. ...7 

4^        1.2, ...o  ^ 
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The  general  term  of  this  series 

4   •     aT-      1    *.     1       J    2 (m— 1)3 

(16),    Let  tt  =- —  :    in  this  case,    t/J,*  ^xy    ^^  &c- 

become  severally  equal  to  -,  and  require  a  very  tedious  and 

embarrassing  reduction,    in  order  to  determine  them:  the 
following  method  is  much  more  simple-     Since 

«=^= £ = 1 1-+8CC. 

1.2  I .2     1.2.3 

by  the  method  of  indeterminate  coefficients  (Note  D\  we 
get 

1  .  1       X*        1  or*  1  3fi 

U=l X+-     -     — —  —    . I--C—     .    y. 

2  6     1.2     30     1.2.3.4   ,42     1.2.3.4.5.6 


ofi         ^5  x^^  691  x« 


SO  '  1 .  2 8     66     1.2 10     2730     1-2 12 

T           x^4        _S617            x^^           43867            j« 
^6*1.2 14      510  "  1.2 16       798    "l.2 18 


174611  x^         ^854513 


■■■■  ^, 


330        1.2 20  138        1.2 22 


236364091  x^^  .8553103  x^ 

+ 


2730  1.2 24  6  1.2 26 
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«S749461029           a?»           8615841276005             :t» 
870           '  1  •« 28              14322           '  1.2... 

.  SO 

8480253  1453387           x^ 

5440             '  1  .2  ..  32    '    "^ 

The  general  term  being 

=  tf,«X»*. 

--.r«-y^«-  — -     ^-—4      .o,^               ,                    ^1 

-I-  «o  |, 

1.2....  ^ fft y 


The  coefficients  of 

1  .2'    1.2.3.4*   1  .2.3.4.5    6'      ^' 

are  the  celebrated  numbers  of  Bernouilli :    See  Art.  408. 
AfpendiX' 

It  may  be  proper  to  observe,  that  in  the  determination  of 
many  of  the  preceding  series^  the  theorem  of  Maclaurin 
becomes  practically  inapplicable,  in  consequence  of  the 
excessive  complication  of  the  expressions  for  the  differential 
coefficients :  we  have  therefore  been  sometimes  obliged  to 
have  recourse  to  other  and  more  expeditious  methods  which 
the  Differential  Calculus  affords  us,  and  which  will  be  fully  * 
exemplified  in  Art.  45- 

We  shall  put  down  a  few  examples  of  the  use  of 
Taylor's  Series  in  the  developement  of  transcendental  func- 
tionsy  to  which  we  referred  in  Arts.  21,  22. 

(1).    Let  u  s  log.  x:  the  general  series  gives  us, 

,      ,      z^     ,  A       A*     .    A3         A*      , 

Iog(»+i)=logx+j-2^+.5^-^+&c. 


ft2 

or. 


If  we  put  a  +  x  in  the  place  of  x,  and  make  hssx,  this 
series  .becomes 

log  (£+i£)=4_-i  (_^y+i  (-f_y_&c.(2). 

^  Xn+x  /     fl+x    2     Vtf  +  x/      8  \a+x/  ^  ' 

Bj  making  h^—x^  as  in  formula  (3)|  page  SO,  and  re- 
ducing, we  get 

If  we  add  these  two  series  together^  we  find 

teg.  (l±l£)  ==  2 {_^ +  !.(_£_)» 
^  \     a    J         la+x    S     \«   +  x/ 

Oti  putting  ^  in  the  place  of  x,  it  becomes 

+  5(2^)*  +  *"}  <*)• 

a  series  which  is  also  given  in  Art.  £9* 

(2).     Let  11  s  sin  « :  then 

Mn(x  +  A)=:sinx(  1 + —  +  8ic.  ) 

^        '  V        i.£       1.2.S.4        1 .2.8.4.6.6  ^  '^   / 
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(A*  A*  \ 

1.2.3        1.2.3.4.5  / 

»  sin  X  cos  h  +  cos  x  sin  h, 

(3).    Let  f»  =  tan  2? :  by  making  sin  r  =  jt^  we  shall  get, 
by  means  of  Example  16j  Art.  18^ 

.      ,     ,    ,  V       ^          .         1         A   .     2  sin  x     A* 
tan  (x  +  A)  =  tan  x  +  7- .  -  + 


(cos  x)*    1       (cos.  x)*    1,2 
^/6-4(cosx)*\        #      .     .      /24-8(cosx)*\        A* 

+  I  ; 7-^  I  .  +  Sm  X(  ; —TT-^  J 

V    (cosx/     /    1.2.3  V      (cosx)*     /     1.2.3.4 

^  /120  -  1 20  (cos  xy  +  J  6  (cos  x)*\  A» 

N  (cos  x/  'x  '  I.2.S.4.5 

+  sin  rC^^  "^  480(cos x)*  +  32  (cos.  xy\  *• 

V  (cosxy  /  *  1.2.3.4.5.6 

^  /5040-6720(cosxy +  2036(cosxy~64(co8xy\         t^ 
^  (cos  x/  / 1.2.3.4.5.6.7 

+  &c. 


(4).    Let  »  =  sin-*x;  by  means  of  Ex.  9,  Art.  18,  we 
find 

•m-»(x  +  A)  =  sin-"'x  -f      /         .*  + 


^/(l-x•)•l       (i..^.)»'l.2 


^  (1  +  2x«)       ff      ^  3x(3  +  2i«)         A« 


(1~X*)J     I.e. 3  (l-x»)*       1.2.3.4 

8(3  +24x*  +  8x*)  A* 

(1  — x^)*  *  1.2.3.4.5 

15x(l5  +40x*+  8x*)  ff 

(1  -  x*)r  '  I  .2.3.4.5.6 
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80(5  +  90  ar*  +  120  ar«  + 16  x^  K 


(1  -  x')?  1.3.3.4.56.7 

+  &c. 
Euler.  /«//.  Calc^  Diff.    Pars  II.   Art.  83. 

(5).    Let  t«  =  tan  — *  jf;  by  means  of  Ex.  13,  Art.  18, 
we  get 

tan-'(T  +  A)  =  tan->..  +   j-i^.^  -^j-^ 

2(8x'--i)     y 

"*"(!+  ^V    '  1.2.3 

_2.3.4(A-'-jr)         A^  2.8.4  (5x^-1  Or' +1)  » 

(l+3:«y     '1.2.3.4  (I  +  ar')*  *  1.2.3.4.5 


6 


_  g.3.4.53;(6jr*  — gpJ*  +  6)  * 

""  (1   +  a')*  '1.2.3.4.5.6 

2.3.4. 5. 6(7  j^-35j:<  4-21  x*— 1)  h^ ^ 

(1  +  x*y  '  1.2.3.4.5.6.7  "" 

Euler  by  a  particular  artifice,  has  effected  the  de- 
▼elopement  of  tan~*  (x  +  A),  in  a  very  remarkable  series, 
from  which  some  very  curious  and  beautiful  results  are 
deducible :  if  we  assume 

u  =  tan""*  X  =*■  —  %y  we  have 

2 

•  X  =  tan  II  =  cot.  jj;, 

and 

du  1  /  •      NO  dz 

-r—  = =  (sm  s)'  =  — r-  . 

dx        I  +  x'       ^         ^  rfx 

By  di£Ferentiatingy  we  get 

-r-r  =  ^-  sm  2  z  =  —  (sm  z)'  sm  2  z. 
ax        ux 
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Also 


*V=-4^{Mnzco8z  sin2z  +  (sin  «)•  cos  2  n  } 


1  .^.dx*  dx 

s  —  -5—  sin  z  sin  3  z  =  (sin  z)*  sin  3  z, 
d  z 

=  —  (sin.  z)*  sm  4  z. 


1 .2.3.^21^ 


d^  u 

—— =-;  s=  (sin  zY  sin  5  z,  and  so  on. 

1.2.S.4.dz*       ^        ^ 

Consequently^ 

A  A* 

tan*"*(x+A)aB  tan""*x  +  8in2sinz. (sin  z)*  sin  2  ;^.  — 

1  2 

+  (sin  zy  sin 8  z .  -•—  (sin  z)*  sin  4  z . --.  +  (sin.  z)*  sin  5 z  .-- 
—  &c.  (1). 

If  in  this  series,  we  make  A  =  ---  x,  we  find 

w  X  X* 

ten"^*«  &  ::  -  z  =s  -«inz  sinz  +  — 8in2z(8m  zY 
+  -^  sin  S  z  (sin  zY  ^ 

o 

+  —  sin  4  z  (sin  z)*  +  &c.  (2), 


cos  z 
Since  a:=cot  z=  ^. —  9  this  series  fives  us 

sm  z 

«-  1 

-  3s  z  +  sin.  z  cos  z  4-  ;:  sin  2  z  (cos  z)* 

4-  ;  sin  3  z  (cos  z)*  ^  &c.  (3). 
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If   in  series  (l\  we  make  h  =  —  ^x,  we  shall  get, 
since  tan""'(—  x)  =  —  tan~"'x, 

£  tan""*  J?  =  —  sin  z  sin  z  + sin  9,  z  (sin  z)* 

1  2 

+  ZJL  sin  S  z  (sin  z)»  +  8cc.  (4). 


By  substituting  cot  z  for  x^  this  series  gives  us 

ir  2  2* 

-  =z  +  sin  z  cos  z  +  J  sin  2  z (cos  z)*  +  -^ sin  3  z  (cos  zY 

+  —  sin  4  z  (cos  z)*  +  &c.  (6). 

4 


By  making  z  s  ^,  we  get 
»       1        2       2       2*       2»       2*       2*       2*         2*       o 

2  =  i:  +  5 -^  i  -  i" "  6- -  7  •"  9  •"  10  +  n  -  *^- 

By  subtracting  series  (3)  and  (5)  from  each  other,  we 
find 

0  =  ^?lzJ}  sin  z  cosz  +  (LzJ)  sin  2z  (cos  «)• 
1  2 

X 

4-  ^?l=i^  sin  3z  (cos  z)»  +  i!lr±^  sin  4z (cos  z)*  +  8u:.  (6). 
3  4 

If  m  senes  (1),  we  make  h  =  — ^ r—  «  — i-  — 

l-or  smzco8  2z: 

and  therefore  tan"-*  (x+A)  =  tan  — '( — ^j  =  2tan""*x, 

we  shall  get 

—  >     —       S  ^^^  ^  ^^^  ^  +  ^'"  ^^ (cos  »)*  .   sin3g(coszy 
tan      X  (.  l.cos2«       2.(co8  2«)»         3(cos2«)» 

+  ilLii(^  +  &c.}  (7). 

4(C08  2z)*  > 


In  the  ^flie  manner  bf  making  h  a  ^  ^*  ^    ^^      ^  « 

,  and  .'.  tan""*(x  +  A)  =  Stan  —  'x, 


sin  z  (  L  +  2  cos  2  z) 
we  shall  get 


fi  tan  — 'xea—  y   g  sin  z  cos  z         2*      sin  2  2?  (€06  i^ 
*"       C.  J  (l+2cosea)       ^'(l    +2cos2zy 

g    sin3z(coS^y       2^  sin  4  z  (cos  .y  7  3^ 

3     (I  +2cos2»)»  ^  4    (1  +2cos2z)*  *         3  ^^ 

If  we  make  A=  —  (x  +- )si y- — ,   ind  there- 

V      x/         cos  z  am  z 

fore 

tan— (x+A)=:tan-Y-l)«-tan""  -=-5  +  tan-'r, 

the  same  series  wrll  give  as, 

tr         s«i2       .     sin^s      .     sin  5z  sin4z    .»     ,^. 


«    .Keosif      2(eo*zy      3(cos«)^      4(eo»z)* 

By  differentiating  this  series  and  striking  out  the  common 
factors,  we  shall  fiind 

a-n-S22^+  pll  +  S2L11  +&C    (10). 

COS  z        (cos  2)*  (cos  zf 

In  a  simflar  manner,  by  differentiating  series  (S),  we  find 

0  =  1  +  cos  2  z  +  cos  z  cos  S  z  +  (cos  zy  cos  4  z 

+  (cos  zy  cos  5  z  +  &c.  (11). 

If  in  series  (I),  we  make  h  zz  ^  >/(l  +x*>s  —  ^- — , 

sin  z 

and  dierefore. 
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tan—  {«--v^l+**)}  "-  s«an~*-. 
(Ex.61.  Art.  31.) 

we  shall  get 

s=l  +  r«»»  z  +  -  sin  22:  +  -  am  3«  +  7  sin4j;r  +  &c-  (11). 
2212  3  4 

Alsoj  since  (Note  D.  p.  630.) 

z  11 

i-  as  sin  z  —  ;:  sin  2  ;r  +  -  sin  S  z  —  &c. 

2  2  3 

by  adding  this  series  to  the  former,  we  get 

-  =s  sin  2  +  -  sin  3  ;r  +  -r  sin  5  jT  +  8cc.        (12), 
4  8  5 

Euler.    Imt.  Cole.  Diff.  Pars.  H.  Art.  57  . .  93. 

(6).  Let  tt  =:  (Ipg  tan)'*'x,  or  let  u  be  an  arc,  the 
logarithm  of  whose  tangent  is  x :  consequently,  x slog  tan  u, 
and  therefore  by  the  general  series 

/I      ^    \— 1/     .   L\           •   rin  2u    h    .   sin  2  u  cos  2  u     *• 
(logtan)-«(Jf +  *)  =  «  +  — g— "J  + 2 5-5 

.sin2ticos4tt     #    .wn2tt,^^^        •   ^'«    ^    v       ** 
+■  .- — -+ — 2— (cos6ii— 8m2tism4ii) 


2  1.2.3         2     ^  'l.2,S.4 

sin2tt.       o  «•«      '^x        A* 
(cos  8  tf  -  2  sm  2  tt  sm  6  ti) 


1.2.3.4.5 


sin  2 1£ 
+ {  cos  10t(-7  sin2tf  sin  8tf  —  2(sin2tt)*  cos  6u  \  • 

V  ,   sin2tf    c         ,^  ,«    .    ^ 

+  — T —    {  cos  12  u  —  18  sm  2u  cos  10 u 


1 .2.3.4.5.6 


-.  20(sin  2tf)*  cos8u  }  —JL +  &c. 

1  •«••••  T 
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.    Eulcr.    Inst.  Cole.  D^.  Pars.  II.  Art.  100. 

(7)-    Let  tt  ss  c*  sin  flx :  by  formula  (3),  p.  30,  we  get 
0  =  «' sin  «x  J  1  -  or  +  (1  -  n')jfl  -  (I  -  3  n«):j-^ 

+  (1  -.6n« +fi») — — (1  -  10n»+5n*) — ^ —  +  &c.| 

^  M.2.S.4     ^  1.2.3.4.5  > 

C  X*  x^ 

—  €*  C08  nx  inx  — Sn  — -  +  n(S  ^  n*) 

l  1.2  ^  ^1.2. 

-  n(4  —  4  n*)  ■-  ^^     +n(5  -  lOn* +n*) — ^^^ &c.| 

M.2.3.4      ^  1.2.3.4.5  3 

consequently, 

nap-2« +n(3  -  »•) — ^^— ;.  —  &c. 

1,2         ^  ^  1  .  2.3 

l-,+  (I-«.)^-^~(l-8».)^-^+&c. 
Eoler.    K  Art.  101|  102. 


3 


On  Series  Jhr  the  Calculation  of  Logarithms. 

The  8erie8  of  Mercator  in  Art.  28)  for  a  logarithm  in 
terms  of  the  number  corresponding  to  it,  or 

(1).  log  (i+ii)«u~^  +  ?"?■*■?"■*'''• 

is  of  no  practical  use  in  the  calculation  of  logarithms,  since 
it  evidently  becomes  dirergent,  when  u  exceeds  unity.  This 
defect,  however,  is  partially  removed  in  the  series  given  in 
Art.  29,  or 
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which  was  deduced  f|K>m  thQ  former  by  the  cejebreted 
James  Gregory*;  since  in  this  case,  if  we  assume     ■    i  equal 

to  a  whole  number,  u  is  always  a  proper  fraction,  and  the 
series  is  conrergent,  though  not  widi  sufficient  rapidity  for 
the  purposes  of  calculation,  when  the  number  whose 
logarithm  is  requirpdy  becomes  considerable.  We  must 
dierefore  direct  our  principal  attention  to  such  transforma- 
tions of  this  series,  as  enable  us  to  calculate  the  logarithms  of 
numbers,  by  means  of  the  logarithms  of  other  numbers  which 

precede  them.     Thus^  if  we  assume^      T  ■■  s;;  -^  ,  and  there- 

l  —  It       n 

r  III— W 

fore,  u  =  — ; — ,  we  get 
m+n 

^n  Im  +  n    3\m+n^      5\m+n/  ) 


or, 


logmsslogn  +  2  < +  -( 1  +-  (--— )  +&'C.  5 

If  m  SB  /I  +  1 9  we  find, 

(4).    log  (n  +  1)  =  log  n  +  (  — L^  +  1  . 1 

^^  ^  ^  i2n  +  1        3   (2n+  1)» 

a  series  which  enables  us  to  calculate  the  logarithms  of 
numbers  by  means  of  those  which  immediately  precede 
them. 

In  investigating  transformations  of  the  series  (3),  it  is 
most  convenient  to  assume  m  and  n  such  functions  of  any 
whole  number  (x),  as  are  resolvable  into  simple  factors,  and 
whose  difference  i»  ~  n  is  either  unity  or  some « constant 
number* 


■*^ 


*  ExercUationcs  Geotudricw,  1670. 
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Thus,  let  »  as  -^ :  an  hypothesis  which  gives 

(5).    log.(x  +  I)  =  2log.  «•  -  log.  (X  -  1)  -  2  {j~-^ 

^3    (2  J*-  \y     5    (2  Jr--  !)•  ^         5  • 

80  great  is  the  convergency  of  this  series^  that  if  we  assume 
X  =  100,  the  two  first  terms  will  give  a  result  which  is 
accurate  to  fourteen  places  of  decimals.  >•=  •  /  a'+  r,  ^  t#  l^J 

Let  !li  =  ^t^"  +  g=(^-^)(^-;)(^+''+?;  Aerefore      '   '^  '*' 
n      r^+px—q     {x+aXx+bX'f—a—l) 

(6).log(x+fl+*)=  j  Iog.(*+«)+log(»+*)+log(x-a-*)  \ 

-  { log  (x-.)+ log  (.-*)}  +2{jji-^+2(j^y 

If  0  =  3  =  1,  this  formula  give*  us 
(7).  log  (x+2)  =  {  « log  (X  +  O+log  (x-3)  I  -  2  log  (X- 1 ) 

<.x»-3x^3  Vx»-3x/        5    Vc»-3x/  3 

The  following  formulae  may  be  deduced  in  a  •imilar 
manner. 

(8).    log(x  +  S)  =  jlogCx  +  4)+log(x  +  S)  +  log(x  -  S) 

+  log(x-  4>j 

-    i2logx  +  log(x-4)|   +2[-—^ 


7« 


*  I  C?^r&T7i)"  +  **•}  • 


185z*  +  S004x 
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I£  X  ss  100,  the  first  term  of  this  series  is  accurate  to 
15  places  of  decimals. 

(d).    Log  (s+6)  =:  {  2  log  (j:-|-5)  +  S  log  x  }  - 
{ log  (x-l)  +  log  (a?  +  2)  +log  (X  +S)]  - 

C 18 1/ 18 \  7 

'  1j:^+10x«  +  25j:'-18"*"3\x*+10j»+25j:«-18/   +  ^- > 

(10).   Log  (r  +  lO)  s  }  log  (x+9)+log  (x+7)+log  (x-  10) 
log(r— 4)  +  log(x-2)}  -  nog(«+4)  +  log(x+2)  + 

log(x^7)  +  log(x-9)I+2{j^     ^^ 
1/  5040  V  +  8U:,? 

(11).     Ix>g(x  +  8)=  {2log(x+7)  +  2logJ?  + 
2log(x-7)|  -  {bg(a?-8)  +  log(x  +  8)  +  log(x-5)  + 

log  (.  +  5)+log  (.-^8)  I -.£  {^,3^^-^^^ 

i  (^ !^2___  Y  +  &c  } 

3  Vj:*— 98  a:*  +  «401  z*- 7200/   ^        > 

If  X  =:  100,  the  first  term  of  this  series  has  no  significant 
figure  among   the    first  8  places  of  decimals. 

It  is  unnecessary  to  explain  the  uses  of  many  of  the  pre- 
ceding formulae,  in  abridging  the  laborious  task  of  calculating 
tables  of  logarithms.  This  object  howeTer,  is  now  become  one 
of  speculative  rather  than  of  practical  importance,  as  tables 
were  calculated  of  sufficient  extent  and  accuracy  for  most  of 
the  purposes  for  which  they  are  required,  at  a  period  when 
none  of  the  expedients  furnished  by  analysis,  were  known* 
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The  series,  which  have  been  enumerated,  are  adapted  for 
the  calculation  of  Napierian  logarithms  only,  and  it  is  of 
great  importance  to  determine  the  constant  quantity  by  which 
they  must  be  multiplied  in  order  to  give  the  logarithms  in 
ordinary  use.    It  appears  from  Art.  24,  that  if  ^  be  the  base 

of  the  system  of  logarithms,  this  constant  multiplier  is  t  » 
"where 

^         ^  2  3  4 

=  log  a  to  base  €. 

This  series,  however,  is  not  convergent,  though  a  very  simple 
transformation  will  make  it  so :  since 

log  y/a  =  -  log  a,  and  therefore  log  a  =:  i»  log  \/a. 
tn 

i 

we  have  log  a  a= 

=  A :  it  is  evident  that  this  series,  by  increasing  the  value  of 
»,  maybe  made  to  converge  with,  any  required  degree  of 
rapidity. 

Thus,  if  a  =  10,  and  mzzZ^,  we  have 

^10  =  1  .  00000,00000,00002,04510,63891,20519,4 : 

and  since,  in  this  case,  the  second  term  of  the  series  for  A:, 
has  no  significant  figure  among  the  first  28  places  of  de- 
cimals, we  may  assume 


loglO=A  =  l.{lO«*'-l}. 


But        ^  «  .  00000,00000,00000,888 1 7>84 197|00 124,2 


M 


and  therefore 


1  ^  .<^S8817^4)9?>00>g4,a 
=z.  4(342944819032518. 


On  Series  Jar  the  Rectificaiion  of  the  Circle. 

Art.  37.    The  series  for  the  arc  (jf)»  in  terms  of  the 
sine  (x),  or 


1.2.3        1.2.3.4.5        1.2.3.4.5.6.7 

■^    1.2.. ..9+^^- 

as  well  as  the  series  for  the  sine  and  cosine  in  terms  of  the 
aic  ksdf,  were  first  given  bjr  Newton,  in  a  paper  entitled 
**  Anakfsis  per  JEquationes  nutnero  terminorum  infinitas^  This 
paper'  was  connsumcated,  by  CoBms,  eke  Secretary  of  the 
Hoyat'  Society,  in  the  yeav  \6G/9ff  to  James  Gregory,  who  itt 
1671  discovered  the  series  for  the  arc  (^)  in  term»ofi  the 
tangent  (u)*,  or 

II*      i«*      t*^  .  « 

The  first  series  is  convergent  for  all  the  values,  which  x 

admits  of,  and  very  rapidly  so,  when  jr  =r  ^  ,,  and  thenfisB» 

2 

^=:3(f :  it  was  dins  that  Newton  calculated  the  circumference 


Cammercittm  Epikt}l%cum. 
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of  a  circley  whose  diameter  is  unity,  to  16  places  of  deci-^ 
mals* :  the  coefficients  of  this  series,  howeyer,  are  not  of  a 
form  the  most  convenient  for  calculation,  and  other  series 
enable  us  to  approximate  to  this  value  with  much  greater 
rapidity. 

The  law  of  Gregory's  series  is  remarkable  for  its  sim* 
plicity,  though  amongst  the  values  y  and  u,  which  have  a 
known  relation  to  each  other,  there  is  only  one  which  makes 
the  series  sufficiently  convergent  to  be  of  much  practical  use 
in  the  rectification  of  the  circle.  For  it  would  require  the 
calculation  of  5000000000  terms  of  this  series,  when  u  as  ], 
to  find  the  length  of  the  arc  of  45^  which  corresponds  to  it, 
to  20  places  of  decimals  j  an  operation  which  could  not 
be  completed  by  an  ordinary  calculator  in  less  than  1000 
years  t*     By  supposing,  however,  ^sSO^,  and  therefore  u^ 

a  series  which  converges  with  a  rapidity  so  considerable,  that 
the  aggregation  of  18  terms  will  give  a  result  which  is  accu- 
rate to  10  places  of  decimals. 

It  vras  by  help  of  this  series  that  the  laborious  Abraham 
Sharp  calculated  the  value  of  ir  to  74  places  of  decimals, 
a  labour  of  appalling  extent,  and  requiring  the  aggregation  of 
150  terms  of  the  series  and  the  extraction  of  y/S  to  76  de- 
cimal places.  To  extend  this  approldmation  to  100  places  of 
decimals,  would  require  the  calculation  of  9,10  terms  of  the 
series,  a  work  merely  within  the  limits  of  human  industry. 
This  however  was  effected  by  Machin,  most  probably  by 
means  of  the  expedient  which  is  explained  by  our  author* 
In  order  to  effect  this  prodigious  approximation,  it  would  be 
necessary  to  calculate  140  terms  of  the  first  of  the  two  series 

•  Eputola  posterior  Newtoni  ad  Oldenlmrgh.  1676. 

t  »• 


h 
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for  ^  and  about  46  oi  the  second  :  an  operation  by  no  means 
60  difficult  as  that  undertakc^n  and  executed  by  $haipj  since 
the  powers  of  -  are  finite  decimals,  and  no  square  root  is 

involved. 

The  only  notice  of  the  discovery  of  Machin's  fbrmvla  i» 
contained  in  Jones's  Synopsis  Falmariorum  M^fAiSios^  a  book 
little  known,  which  yras  published  in  1706.  It  was  after* 
wards  noticed  and  fully  explained  in  an  appendix  to  a  <*  DU^ 
sertatkn  on  the  Use  of  the  Negative  Sign  in  AtgAra^*  by  Baron 
Maseres. 

Euler,  who  left  no  part  of  Analysis  unexplored,  in  a 
Paper  in  the  Petersburgh  Acts  for  1744,  on  the  4ifierent 
modes  of  'approximating  to  the  length  of  the  circumference 
of  a  circle,  not  only  gave  Machines  formula,  but  also  ex<- 
plained  a  mode  of  finding  an  infinite  number  of  similar 
formulae.    Thus  assuming 

1  X  i' 

tan  (a  +  ^)  =  --  9  tan  0  =  - ,  tan  b  ss  ^^ 

e  y  y 

we  have 

tan^'i.  =  tan-*  5  +  tan-'  ^; 

^  y  i 

and  since  tan  a  =  tan  (a  +  6  —  6),  we  get, 

J[^  i y 

an  indeterminate  equation^  admitting  of  an  infinite  number 
of  solutions. 

Thus,  if  «  =5  1^  ^  «B  -  ,  and  therefore  ^  ss  ^  ,  we  find 

tan—'  1  «  ?  =  tan—'  1  -h  tan-*  -  * 
4  %  3 
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/'i__L  + J ?_+&c 

_  )5       S.2»*6.2»       7.2^ 

~^2-_!_  +  _! L.  +  8CC. 

S       3 .  S»      5 . 3»      7.3' 
By  the  aggregation  of  318  terms  of  the  first  series  and 
200  of  die  second,  the  value  of  -«  might  be  determined  to 

900  phces  of  decimals* 

Bf  a  continuation  of  this  process,  we  shall  be  enabled  to 
deduce  the  following  general  formula, 

tan-«  f  z=  tan--' 5i:Jl.+ tan^' .^Lli.  +  tan-' J^^r:^ 
+  tan-'  ^'"^•■+  ....  +tan-'  ^»^^*-'    +  tan-'  .i  . 

^^,+  1  'm-i^.+I  '» 

X 

Bj  making  -  =  1,    we  may   readily  verify  the  following 
equations: 

'        (1.)    r=:tan-'i+tan-'i+tan-'i  +tan->j. 

(2).     -  =  £  tan-'  I  +  tan-'  I . 
4  8  7 

(3).    ^«8tan-'i+2tan-'-i* 

(4).    7  «2tan-'l+2ton-'2+tin-'i. 
4  5  "7 

16).    *«5tan-'i~tan-'i.  +  taii-*JL, 
^  ^     4  5  70  99 

(6).    ^«tan-'i+tan-'i+tan-' i+tan— JL 
^"^      4  fi  8  18^  32 

1  1 

+  tan—'  —  +  tan— •  -^+  &c.  in  infinituw, 
50  72  -y  » 
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where  the  denominators  of  the  tangents  are  the  doubles  of 
the  squares  of  the  natural  numbers. 

(7).     r  =  tan-i  +  tan-l  +  tan-.^+tan-l- 

+  tan  —  *  -r-  +  tan""'  — -  +  &«  in  infimtum ; 

the  general  form  of  the  denominators  of  the  tangents  being 
2"-  1. 

(8).    ^«tan-'3  —  «tan"-'  — +  2tan-»  -^ 
^  ^     4  2  14^  2786 

-tan-*  ^ 


10812186007 


(9).    ^  =  Stan-'-i-_tan-' Stan""'-- 


4  10  239  1030 


+  8  tan  —  ' 4  tan-'  * 


538580  75893 1 1 1 509788795 


(10).    Tan-' -  =tan-' . 


a  ^(a  +  3)  +  l 


tan-'  . rrz TT^ — 7  +  tan-'  . 


(a  +  *)(a  +  2*)+l  (a  +  23)(a  +  Sft)+l 

+  tan""'  . ; --rr-^ ^  ,.  .  ,  +  8lc.  in  infinitum** 

^  (a  +  3  3)(fl  +  4*)  +  l  -^ 


♦  Euler,  "  Dc  progressianibus  arcutmi  circularium  quorum 
tangentes  secundum  ccrtam  legem  proctduru.*'  Novi  Commentarii 
Petropol,  Tom.  IX.   1764. 
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If  ve  assume  a  and  h  in  such  a  manner,  that  h  may  be  a 
cHtisor  of  a*  + 19  this  formula  will  furnish  the  sums  of  series 
of  inverse  tangents  whose  numerators  are  severally  equal  to 
unity.  These  equations  and  series  may  be  multiplied  to  any 
extent,  though  such  of  them  alone  are  useful  in  approximating 
to  the  circumference  of  a  circle^  as  are  restricted  to  a  few 
terms  and  consist  of  tangents  whose  numerators  are  equal 
to  unity. 

The  general  formula  which  we  have  given  from  Euler 
is  not  the  best  adapted  to  the  discovery  pf  the  formulas 
which  possess  these  properties ;  investigations  of  this  kind 
more  properly  belong  to  the  solution  of  the  following 
problem.    Supposing 

-  ^  tan-' -i  +  i»,  tan-* -i^  +  tfa  tan-' —  +  &c.r=0, 

X  Xj  x^ 

to  find  the  coefficients  a^  a^^  a^y  a^  &c.,  when  the  denomi- 
nators Xy  oTp  x^  &c.  are  whole  numbers  :  a  solution  of  this 
problem,  and  a  more  elaborate  discussion  of  the  properties  of 
series  of  inverse  tangents  will  be  found  in  the  third. and  last 
part  of  this  Work. 

.  .  Before  the  discovery  of  these  series,  an  approximation 
was  made  to  the  value  of  ir,  by  calculating  the  lengths  of  the 
circumferences  of  an  inscribed  and  circumscribed  regular 
polygon,  of  the  same  number  of  sides,  one  being  less  and  the 
other  greater  than  the  circumference  of  the  circle.  Thus 
Archimedes  by  means  of  polygons  of  96  sides,  the  circum- 
ference of  the  inscribed  polygon  being 

=  96  -•  {  «-  ^(2+  v^(2+  n/(2+  v'S)  }  , 
and  of  the  circumscribed 

_  IQg  sJ  {g-^/(g+v/(g4-^/(g^^fv/B)| 

found  ir  =:  —  ,  a  result  which  is  too  great  by  nearly  -— 
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of  the  diameter.    Peter  Metius  by  t  rimilaur  process  obtnned 

855 

«^—  for  an  approximate  value  of  «-,  a  remarkable  result  and 

which  is  accurate  to  5  places  of  decimals.  Vieta  extended 
this  s^proximation,  hj  the  same  method,  to  10  places  of 
decimals,  which  number  was  increased  to  35,  hj  Ludolph 
▼an  Ceulen ;  a  labour  of  vast  extent,  when  the  means  are 
considered,  and  of  which  he  was  so  proud,  that  he  directed, 
after  the  example  of  Archimedes,  that  the  numbers  should 
be  engraved  upon  his  tomb.  De  Lagny  by  an  unknown 
process,  but  most  probably  by  means  of  Machines  formula, 
found  the  value  of  w  to  If  7  placcfs  of  decimals,  and  some 
notion  of  the  prodigious  accuracy  of  this  determinadon  may 
be  formed  from  the  following  hypothesis.  If  the  diameter  of 
the  Universe  be  100000000000  times  the  distance  of  the  Sun 
from  the  Eardi,  and  it  a  distance  which  is  lOQpOQpOQPOO 
times  this  diameter  be  divided  into  parts,  each  of  which  is 
the  100000000000^  part  of  an  inch  $  if  a  circle  be  described 
whose  diameter  is  100000000000  times  that  distance  re- 
peated lOOOOOOOOOOO  times  as  often  as  each  of  those  parts 
of  an  indi  is  contained  in  it :  dien  the  error  in  the  circum- 
ference of  this  circle  as  calculated  from  this  approximation,  wiU 
be  less  than  the  lOOOOOOOOOOO*^  part  of  the  lOOOOOOOOOOO^ 
part  of  an  inch. 


On  the  Differentiation  of  Equations  of  two  Vari" 
ables,  and  the  Elimination  of  their  Constants. 


Abt.  38.-— 44*    (1).  Let  the  primitive  equation  be 

The  diffinrential  equation  of  the  first  order,  arising  from 
the  eliminadon  of  a,  is 


71 

The  differential  equsitioQ  of  the  first  order^  which  arises 
from  the  elimination  of  i,  is 

p-  +  «0. 
ax 

Lagrofige.    Calad  des  Fanctions.  Lee.  12. 
(S).    Let  the  primidve  equation  be 

The  elimination  of  a,  gives  us 

Id 

(3).     Let  the  primitiye  equation  be 

x«..2ay-.tf*-isO.  (a). 

The  elimination  of  a,  gives  us 

« 

pL^(y+$»-i)^yp-xa.o.  09). 

dx  .  ^  ax 


and  that  of  by 


X  —  a^^O.  (7). 

ax 


Again^  by  eliminating  b  from  (/d),  or  a  from  (7),  we  get 
the  differential  equation  of  the  second  order^ 


U 


(4).    Let  the  primitive  equation  be 
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By  the  elimination  of  a,  we  get 

(xg~b3*)p  +  bx3~  n*  =0  OS). 

where  17  =  -^. 

ax 

The  elimination  of  b,  gives  us  > 

xy  +  ^y  —  (a:*  +  fljrj^)/?  =  0.  (7)- 

Again,  by  eliminating  b  from  {fi\  or  a  from  (7)^  we  get 

or,  {xp-^yfzzO,  (I). 

The  primitive  equation  being  homogeneous,  the  values  of 
yixe  mx  and  n^  Xy  where  m  and  mf  are  constant  quantities  :  it 

is  obvious  therefore  that  -^  =  0,  and  that  consequently 

the  original  equation  (a)  admits  not  of  a  derivative  equadon 
of  the  second  order. 

(5).    Let  the  primitive  equation  be 

ax*if-\'bxy*'\-x*+^  as  0. 

B]r  eliminaring  a,  we  get 
(ijr^y'  +  SXy*  -x*)/;  -  bxi/^-\-x^y  -2y*.=  0.      (/3). 

Also,  by  eliminating  6,  we  get 

(x3f*~tfyj:»-2j:*)/>+flxY  +  2ya^-y=0.         (7). 

If  we  eliminate  *  from  (/^,  or  a  from  (7),  we  shall  find 
after  proper  reductions 

(^p-3f)  i  (^  +y)  i^p-yY-^Syx^p  (x-y)  }  =0.      (5). 

This  equation  is  verified  by  making  xp-^yssQ,  in  the 
same  manner  as  in  the  preceding  example. 
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(6).    Let  the  primitiTe  equation  be 


••~» 


,    i^-Jf)^       ^c  (Art.  255). 

The    dififerentiation   of   this  equation   leads  us  to  the 
homogeneous  equation^ 

(7).    Let  the  primitire  equation  be 

(j^+jr)  (^  +  log  x)^x  €7.  (Note  N). 

By  eliminatbg  r,  we  get 

^ydff-^yUx^ix+y)U-^'dx. 

(8).    Let  the  primitive  equation  be 

^cy  +  c*-3*=Q.  (Art.  255). 

The  elimination  of  Cy  gives  us 

X  dy^y  dx  sadx  y/(j«  +y). 

(9).    Let  the  primitive  equation  be 

y  =  x€'*'.  (NoteJV). 

By  a  similar  process  we  get 

xdy  -^ydx  ajf  (log  X  -  Ipgjr)  dx. 

(10).    Let  the  primitive  equation  be 

^  -  ^«""''  —  tf  =  0.  (Art.  267). 

The  elimination  of  r,  gives  us  r 

^^  +  8 ^•^ dx  St  Sas^dx,  (fi). 
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Again,  by  eliminating  a  from  (/3),  we  get 

xd^tf  ■{•  (3  J*  —  2)  dydx  =  0.  (7). 

(11).     Let  the  primitiye  equation  be 

(^  -  ^)«  -  fl«  x»  =  0.  (Art.  268), 

By  eliminating  r,  we  get 

(12).    Let  the  primitive  equation  be 

^y  eliminating  Cy  we  get 

(1  +/;-)Cy-/)--.fl*=:0.  (fi). 

Again,  by  eliminating  tf  from  (fi\  we  find 

^l±^---  =  0;  (.). 

where  ^  =  --i^ . 


On  the  Use  of  Differentiation  in  eliminating  Irra^ 
tional  and  Transcendental  Functions  from  EquU'^ 
iions,  and  also  in  the  Devehpement  of  Functions^ 

m 

Abt.  45.    (1).    Let  u  ss  (a"  +:c*)'^;  by  differentiating 
this  equation,  we  get 

.   ,  ^muxdx 

du  =z  ■; 

n  \  a"  +  j7'  { 
an  ezpreasion  which  is  free  from  radical  quantities. 
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(2).    Let  ii  =  log  v-<^]og  t/ +t/' :  in  this  case, 
au:z 7-  +  dv  : 

V  V 

an  equation  in  which  no  transcendental  quantity  appears* 
(3).    Let  u  s  ■  ^    _^ :   this  gives  us 

and  therefore 

du 


dx  = 


1  — !<• 
Euler.  Inst.  Calc.  Dif.  Pars.  L  Art.  294. 

(4).     Lcttt=:.log|^^-^ij — 1 5    therefore, 
du_  ^-  €-' 

X    ■"    6*    +    €-'' 


„       du  +  dx        jrt %^^Sd^  +  d^\ 

«     =  -5 — ^— r-j  aod  2x  =  log  <  -j — —-jr  i 
du  —dx  tdu  -  dxy 


fioan  which  we  get,  since  J  x  is  constant, 
djp*  =  cPii  +  du* 

Id 


X 

(5).    Let  u  =  fl  sin"'  - 


,  adx 

du  = ,    ,      ,  : 
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(6).    Let  u  =  tan-^'jt 

du  =: 


l+x* 


(7).    Let  u  sss  cos  •» :  we  hence  get 

X 

x*du  =:  (udx  -  xdu)^  \  I  —  u'l  . 
U 

(8).     Let  u  =i  m  tan  X -{-n  coi  X  I 

after  two  diiFerentiatioD8»  we  get 

d'w  +  udx^  =  0. 
Id 

(9).    Let  u  =  €»  cos  V : 

by  eliminating  €%*  we  get 

du  ss^  {  l+cotv  \  dv: 

and  by  difierentiating  again  and   eliminating  the  circular 
functions^  we  find 

Qdv*  (udv  —  du)'hd^v  (dvr-du)  =  0. 

(10).    Let  u  = — J-,  where  n  and  n,  are  any.  numbert 
whatever,  rational  or  irrational. 

By  the  same  process  as  aboye,  we  find 

t  du  /        dv  dv  \ 

This  equation  (^,  is  useful  in  the  developement  of  some 
rather  complicated  functions. 
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Thus,  suppose 

Assume 

M  =  ilo  +  J,  ap  +  ^,  J^*  +  ^,  J*  +  &c. 

It  is  obvious  that  ^^  ss  ~-^   and  by   performing  the 


n 
a 


operations  indicated  in  the  difierential  equation  (/^,  we  shall 
get  the  following  equations  for  the  determination  of  A^f  A^ 
A^  Sic, 

—  2  n  a,  ««      3 


-  Sfifl, 


a 


o 


Euler.  //li/.  Calc.  Dff  Pars.  II.  Cap.  Tiii.  Art  £07. 

(11).      LetUas6«^«^«  »^        aB6% 

In  this  case»  we  have 

du         dv 

Assume  u  ss  A.-^A^x-^-A^^  +  A^x^-^iu.i 
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tt  is  obYious^  that  A^^t*  \  also  bf  performing  the  operations 
indicated  in  equation  (fi)^  we  find 

A^-^a^  Ao  ass  0. 
^A^^a^  il,— 2  fl,il,— 3  <!,-<<,— 4^4-4.  =0. 

r 

(12).    Let  tt  =  1 1?  +y/(t?*— 1)  I  • :  this  gives  us 
du ^     ndv 

By  differentiating  this  equation  0^,  we  shall  obtain  another 
equation,  in  which  u  and  its  difierendal  coefficients  do  not 
exceed  the  first  degree  :  or, 

.  du       ^d^u  .  d^u      _  .  . 

dv  dv*      dv* 

Assume 

By  making  ©=0,  in  u,  we  get  «,=  {  \/(-l)  I  %  «d  by 

making  «a=0,  in  -r- ,  we  also  get 

ox 

If  we  perform  the  operadons  indicated  b  equation  (y),        j 
we  shall  get 

*  2.3.4     ' 
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^  _  _  «*(«*- 4)  (n*— 16)  a. 
fi^ .  S  .  4  .  5  .  6 

_  n*  (n'-4)  (n*  -  16)  (n«-36)  a,   g^ 
^ 2. S. 4. 5. 6. 7. 8        * 


and 


_-(n«-l)^. 

*""       «.  S  .4  .5 

_   ,        (n^— l)(n^T-9)(n^-g5)^i     g.^ 
'  ""  2.3.4.5.6.7       ' 

(IS).  Let  11  a=  {  «— ^(tj*—  01*5  by  the  same  process 
as  in  the  preceding  example,  we  shall  obtain  a  differential 
equation  of  the  second  order,  which  is  identical  with  (7). 

Assnme  u  s  a,'  +«,'«+ «,'  v* + a,'  t)» + ««'  t;*  +  &c. 
In  the  same  manner  as  before,  we  shall  get 


<I.'s 


a         •  '  2.3 


n^n-^4)       ,  ^^ii-^l)(n-^9) 

^*  *  2.3.4    •    •  •  2.8.4.5     •^'' 

8u:.  8ic. 

The  two  last  examples  enable  us  to  investigate  the  series 
for  cos  fix  in  terms  of  cos  x.  Thus,  suppose  vscos  x,  wo 
hare,  by  Demoivre's  formula 

cgs  fijp  =  1 1)+  >/(v'- 1)  \  •+  {  «-V(«*-l)  I  f 
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n*(n*—*)(n*-l6).  .7       ,      .     ,,  f        («*-I)  ^   . 

Q  .3  .4.5  y 

Now         a.  +  fl.'=  {v^(-l)|-+  {-v^(-l)}-  = 

J\/(-l)r{l+(-l)"!,    and 

a.  +  a.'=n{  V(-l)|"-M  l+(-iy— }• 

If  n  be  an  odd  number,  a,  +  Ho*  =0. 

If  n  be  an  even  number,  of  the  form  4m,         a^  +  a.*  ss2. 

If  n  be  an  even  number,  of  the  form  4  m  +  2,  a^  +  a,'  ss  «—£. 

If  n  be  an  odd  number,  of  the  form  4  m+  1,  a^  +^1'^^^. 

If  n  be  an  odd  number,  of  the  form  4  m  +  3,  ai  +  a.'  =s  —  2  isr. 

If  n  be  an  even  number,  a,  4-  <7t'  sO. 

There  are,  consequently,  six  different  series  for  cos  n  x 
in  terms  of  cos  x,  corresponding  to  dxferent  values  of  n :  it 
is  possible,  however,  to  include  them  all  under  one  general 
formula:  thus,  since 

{  cos-r±>/(— l)sinx  }  "  =  cos  »a:± >/(-!}  sihnx, 

by  making         ^  «=  ^  »  we  get  cos  xjaO,  sin  x^  J, 
and  therefore 

{.  ±V'(-J)}"=C08^±  ^/(-l)8^Jl!^. 
In  the  same  manner, 

I  ±v^(-  1)  I  l-^cos  (^)»±  v^(-l)  sin  (^)'. 


IT 

2 
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consequentijy 

a.-^-a^  =  2  cos— ^,  and  i7,  +  fl,'  =  2n  cos  (J^-—) 

and  generally, 

eo6  nxsscos  —  <  1 +  — ^ '  v*— &€•  > 

2     C.  2  2.3.4  3 

/ii-l\       C          ire -I)    ,   . 
+  n  cos  I J  IT  <  t?  —  ^ -^  i;'  + 

V    2    >^       C.  2.  S 

(n'-l)(n'-9)^_g^^> 
2.34.5  3 

By  differentiating  this  result,  we  get 

sin  n  X  s=  n  cos  —  sm  x  <  cos  x  —  ^ i  (cos  x  r 

2  (.  2.3^ 

(n«-4)(««-16)  •) 

2.3.4.5  3 

+  COS  ^"~'^'  ste  T  {  1  -  ^^5^=1?  (Cos  r)*  +  ■ 

(n*— !)(«•- 9),         ^      (n*-l)(n*-9)(n'-25),         ^ 
^ ^-^ (cos  x)*  -  i --^ — - — ^r^, i  (cos  xy 

2.3.4         ^  2.3.4.5.6  ^         ^ 

+  &c.| 

Tliese  formulae  readily  furnish  us  with  expressions  for  sin  nx 
and  cos  n  x,  in  terms  of  ascending  powers  of  sin  x :  Thus 

cos  nx  =  (cos  — J  )  1  ""  *r  (^  *)'  + 


|^\sinxy-&c.} 


2 

L 
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+  n  (cos  J^  .  »)*  sin  X  J  1  -  ^^—^  (sin*)'  + 


2 


and 


2.3.4        ^         "^  3 

cos  —  J   cos  J  <  sin  X — --  (sm  xy 

2  /  (.  2.3 

^  ^ L^ ^  (5in  xr  —  &c,  > 

2.3.4.5       ^  3 

.    /       (71-  1)  ^\*   .        C  ,       (n*-  1)  ,  .      V,   . 
+  f  cos  ^^ ^— 1  sin  X  <  1  -  ^ ■■  (sm  a:)'  + 

(n*-l)(w*-9)  .  .      V-     fc     7      . 
^ ^ (sin  a:)*  — &c.  > 

2.3.4         ^  J 

The  same  differential  equation  (y),  may  be  applied  to  the 
developement  of  {  v  +  ^(v*  -  1)  }  ",  in  a  series  of  descending 
powers  of  v :  thus  assuming 

M  =  fl,  r"  +  flf»_ ,  u*~  *  +  a»«.,  I?*""*  +  &c. 

and  performing  the  requisite  operations,  we  shall  find 

nan 


«— .=  - 


2* 


_  w(n^3)g^ 
*        2* .  1  . 2 

2*  .  1  .  2  . 8 

the  coefficients  a»— 1>  a*— 39  a*— 5*  &c.  being  sererally  equal 
to  nothing : 

It  yet  remains  to  determine  a^ :  since 
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we  hxve,  by  dividing  by  »", 
making  -  =  0,  we  get 

m 

and  the  series  becomes 

{  V  +  v/(«'  -  1)  }  •  =  (2t?)"-»  (2  v)— •  + 

!l^(2„)-4  -  n(n-4)(i»-5)  e^.g,,^ 

1.2  1.2.3         ^     ^        ^ 

Again,  since 

^ire  hare 

{«-v'(B«-l)}-«    {tj  +  v^(i;*-l)}  — 

=  (2t>)— +  n  (2«)-  — +^-^2±22  (2»)— « 
^«(n  +  4)(n  +  5)^g^^ .^g^^ 

1  •  2  •  S 

consequently,  if  vsscos^,  we  have 

2  co8nx=(2v)''-n(2v)— •  +  ^  ^^"*^\2t?)»--'-8cc. 

1  •  2 

+  J(«»)— +  n(2»)-»—  +  "^""^^^a  «)-»-*+  &c.| 

If  n  be  a  whole  number,  all  the  terms  of  the  first  of  these 

(n        X'** 
-*  +  1  )    and  the 

—.1 
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and  the  (n+l)%  when  n  is  an  odd  numbeir:  the  Temain-vv 
ing  terms  are  severally  equal  to  the  terms  of  the  second 
series,  but  with  contrary  signs,  and  must  therefore  mutually 
destroy  each  other.  The  series  for  cos  nx  will  in  this  case 
consist  of  the  positive  powers  of  v  only. 

By  difierentiating  the  series  for  cos  n  x,  we  get   . 
sin  nr=sin  x<  (2t?)*"**  — (n— SXgT?)"—*  + 

1.2  ^     ^    ^  1.^.3  ^ 


} 


+  Sec 


This  series  is  a)so  finite  and  restricted  to  the  positive 
powers  of  v,  when  n  is  a  whole  number. 

The  two  last  series  express  cos  n x  and  sin  nx  in  terms 
of  descending  power$  of  cos  x :  the  corresponding  series  in 
terms  of  the  descending  powers  of  sin  x  are 

1  fl  fr  C 

COS  n  X  =  -  cos  —  <  (2  sin  a:)*—  «  (2  sin  x)*"~' 

+  li.^:^  (2  sin  X)— *- &c.| 

+  sin  -^  cos  X  <(i  sin  t)»— *  — (n-2)  (9.  sin  jr)*— » 

+  ^-- — p^- — i(2  sin  x)»-*  -  &c.  f 
and 

sin  n  a:  =:  -  sin  —  <  (2  sin  x)*  —  n  (2  sin  x)"—*  + 

i 

n  (n—  S) 


^-^(«8in*)«-«-.&c.J 


8& 

+  cos  —  COS  X  J(2  sin  *>— '-(n-2)  (8  sin  x)— » 

The  two  last  formube  are  restricted  to  positive  and  integral 
values  of  n* 

The  reader  will  find  a  complete  analysis  of  these  series 
in  Lefoffs  10  and  1 1  of  the  Calcul.  des  Ponctions  of  Lagrange. 

(15).     Let  u  zs  €^^   ':   the  difiPerential  equation  of  the 
second  order  which  arises  from  this,  is, 

ax*         ax 

From  which  we  shall  find,  by  a  process    similar    to  that 
employed  in  Examples  13  and  14, 

1.2  1.2.3.4  1  .^.3.4.5.6 

1  .2  ..  8 


In  the  same  manner,  if  we  suppose  u  ^  a^   ',  we  shall 


find 

w-i+(j2L£>lx«  +  (log^^y  {(iog^y+4){  ^ 

""  lis  1.2.3.4 

(iog«)M(iog«yH-4}  {(loggyn-iei  ^        ' 

^  1  .2.3.4.5.6  • 

Cousin.  Ctf/n//.  Diff.  page  131. 

Ex.  (15).    Let  u=(cos  xy ;  this  gives  us 

du 
nn  sm  x+cos  x  -t— =  0.  (/9). 

ax  ^^ 
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Assume,  *  i 

u  =:<io+a,  cos  x  +  ^r,  cos  2j:  +  ff,  cos  3a:  +  8cc. : 

if  we  perform  the  operations  indicated  in  equation  (/S)^  and 
transform  the  products  of  sines  and  cosines,  by  means  of  the 
formula 

sin  p  j:  cos  ^  X  =  -  sin  (p  +  y)  x  +  -  sin  (p—  9)  x, 
we  shall  find 

(cos  xy=:a^<  1  + cos  2x  + z—7 --C0s4ar 

+  t::: ^~~; ^ — -^ r-cos6x+8cc.  > 

(i+o(i-«)a*o      * 

c      (¥) 

+  fl.  <  COS  x  H — -  cos  Sx  + 


— — ~-  cos  5  j:  +  &c.  > 


If  j:  =  0,  we  have 
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1.2.3  ....?. 2*  i.a...  /nzi)2— 


•  "•  +  ._  ,  .     ■  .  a. 


as  ^^  fl^  -f-  jf^  j^. 

Also,  if  X  =  *,  we  have 

(-!)•  =  cos  nir  =  a.{  I  + 1 + 

*    (s+O 
"  Q  -  0        ,     ,    (=^) 


(?)  (?) 


+  &C. 


} 


—  A,a,  —  A,  a,. 


therefore       «,  «  <'+co8«'r)  ^^ j  ^  _  (l-coan^r) 

«(n-l)....  (?  +  i) 

««»     (cosx)«= . ^« l{l+co8n, 

1.2.8  ....  ?.2"  +  ' 

a 
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<  n  \2         /  7 

<  1  + cos  2  ar  +  —zr Z T  cos  4  ic  +  &c.  > 


a*oa*^) 


n  (n- 1  ) V"^^ 


n-  I 


,.,....(1^) 


{  i  —  cos  n  *  I 


.2' 


<  cos  X  H ^7-  cos  3  X    +    —r --J— 


COS  5  X  +  &c. 


} 


This  formula  likewise  gives  us 

«(n-l)  ....  (|-  i) 
(sin  xy  =  — ^ ;  •  n  +  cds  *  »  If 

C              n                                    \2         >'  1 

]  1 COS  2i   +  --^ — 7— -^ 7  cos  4x  -  &c.  J 


2 

„(„-i)...j^^) 


+ ^r-r: — "  1 1  -  cos  mr  j 


..^...-C-i^)-' 


8» 

Ex.  (16).  Let  u  =  (COS  x'f  (ifal  «>*  i  H  ftoretepe  ffais 
expvesaion  in  a  aeries  involTing  (ines  and  cosines  of  x  and 
its  muhiplts. 

Let  0  =  cfs  7  +  ^/(  -r-  1)  sin  ;r,  ai^d  therefore  ^  = 
COS  '— \/(— 1)  sin  jt:  consequently 

AsAume  ^*  V  a  J^nd  u^^^l  +  z^i^^zf  •  fn>?n  vhich 
equation  we  deduce, 

(i-i«)^  as  u'  {  n-m-(n  +  m)2?  { 
dz 

:z,u^  {a-'b9\  7iisBii«-iff  and  3sn«|*f»* 

If  we  aipply  this  difierential  equation  to  Ae  4eteimination 
•f  the  coefficients  of  the  series 

a'  =  1  +^,  jr  +  -rf.z*  +  il,  z*  +  J^a:^  +  &c. 
we  shall  find 

3J,  =  a^.-(6-l)^. 
^J^  =  a-4,-(*-9)  ^„  8C€. 

Alsoj  it  is  erident  from  die  form  of  the  function  u,  that 
if  we  substitute  in  it  -  in  the  place  of  i^,  the  resultmg 

fiuiction  will  he±u,  acfording  as  m  U  sm  mna  or  an  odd 
number. 


90 
In  die  fint  esse,  tberefore 

fit  w 

or,    u  «=  'qr^     {  COS  (ill +n)  jc  +  -i,  cos  (iw  +n— £)1r 

+  ^«cos(i»+n-4)xr+&c.  i 
In  the  second  ca8e» 

^.  v/(  - 1)  (••-  -  jnr;)  + 

•r,    «  = ^srqp: J  8in(m+n)x  + ^»  sin(OT  +  n-2) * 

+  J^  sin  («•♦  «— 4)  X  +  &c. } 
Thus,  if  u  =  tan  X  a  sin  X  (cos  j)"~' :  we  hare 
a  m^,  issO,  J^  ss  —'2,  -<^,  cr  2,  ^,  a=  —  «,  &c. 

•onsequendyi 

tan  r  ^  2  {  sin  2x-8in4r  +  8in  6x— 8cc.  J 

In  the  same  manner,  we  shall  find 

cot  X  a  2  {  sin  2x  +  sin  4x  +  sin  6x  +  &c.  | 

Eukr,    Suindimn  CaktsU  Simmm^  Nov.  Comn^jnt.  Petr^fot. 
1760. 
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Ex.  (17).    Let  t»  =  c*°*' :  diis  gires  ut 

•~  +  tf  un  X  =  0.  (fi) 

dx 

If  we  assume 

«  B  a,  ^  a,  cos  X  +  a.  cos  8t  +  Of  cos  3  or  +  tec. 
we  shall  find,  by  means  of  equation  (fi), 

H^  e     6  O,  —      00 

««  =  lOiig  -     a^,  ftc. 

The  coefficients  ««  and  a^  require  a  separate  determina^ 
sion :  we  shall  find 

,,11.1    1.1      1     . fc 

s  1  .  S66065878680. 

■     a 

s  l.ldOS18£08l70,  Terj nearly. 

Ex.  (18).    Let  tt  =s  c-^':  we  shall  find  as  before 
u  s  ^0  + Ai  s^^  ^  —  a«  cos  2x  ~  a,  sin  Sx  +  0^  cos  4x 
+  a^  sin  5  X  -  ac  cos  6  X  —  ir^  sin  7  »  +  8^- 

the  coefficients  being  the  same  as  in  the  series  in  the  pre* 
cedii^  example. 
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An  example  •£  dw  ap^cadM  ef  4ha  tnetfaod  to  the 
devdopement  of  a  series  of  great  importance  in  Phyucal 
Astronomy  is  pven  in  Mote  M^ 


Lagrange's  Theorem,    (Note  E.) 

Ex.  (I).  Let  1— x>+  fl  JT  =  0 :  to  develepe  yf^xin  terms 
of  Of  when  >^  jr  is  any  given  function  of  the  value  of  x  in  this 
equation. 

If  we  compare  this  equation  with  sB-y+i^  (;jf)«0,  we 
find  z^il,  yssx  and  ^(y)ita«:  by  «neansof  Lagrange's 
series,  or  formula  (2),  page  685,  we  shall  find 

(a).    >^  OP  =:  a:*  = 


—  a 


=  l+„.+^.^a-^ifii±4^«'+&c. 


(*).     ^«  =  »-»=(!- a)r 


(r>    >fr  or  ■>  log  «  £  -Itog  1(1—8) 

=•+1  *?+?+?+*'• 


•  _i 


(d>      l^rjffe*       •=«• 
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ie).     yl^x  zz^n  fi  ^^J  zz  sin  a 

1.2.3^1.2.3.4.5 

and  to  (m  for  any  other  form  of  \lf  x. 

(2).    Let  1  —x+t"  =  0 :  the  same  formula  gures  us 

^  1.2  1.2.3 

«t(n»+5n«  +  g8n  +  44)  > 

1.2.3.4  *^ 

^  I     ^1.2^1.2.3^1.2.3.4 

^I.».8.4.5'^1.2.3.4.5.6  +  ^S 
(3).    Let  x*— 2«  + 1=0 :  £rom  hence  we  dedofee, 

-  ^.fl  I     **    -.«(»+»)  4  »(« 4-4)  (n -I- 3) 
~2"l         1.2«      1.2.2*^^      i  .  2^  3 .  2f 
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^a«5i  w  n(n>-3)    w(n-i)(n-5» 

"*      I  1.2*       1.2.2*        1.2.3.2*^ 


} 


+  &c 


M  n  ^  1 

If  this  series  be  restricted  ^  +  1,  or terms,  accord- 

2  2 

ing  as  n  is  an  even  or  an  odd  number,  we  «hall  hare,  by 

formula  (4), 


^  2-1  1.2*       1.2. 


n(n— 8) 
2* 


-&C.J 


(c).     yfrX  as  log  X  sc  log  1  S  0 


=  •gj  +5;  +  2  .2.2*      TT2T3T? 


+  &.C. 


or,       log  2  =  If  1  + 5_-.+ llA^j  +  Ju:.} 

*  '^  2*1  1  .2. 2*      1  .2.S.2*  * 


(rf).     >^JC  =  «'ase 


»  J,  ^   I  9  .  145         .  4241 

S  C     <  1  +        -r  ■■    +  ■!■■  ■  I  +  ■ 

C.2»1.2.2*       1.2.3.2*       1.2.3.4. 

*     ,  .  1   .       9       .        1*5        .  •. 


n« 
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(4).    Letai*—Sx+6mO:  conaeqnentlf 

S*9  rince  2  is  the  least  root  of  the  equation. 
(5).    Let  a—bx+e «•  =  0 :  the  same  formula  gnet  us 


+  &C. 


} 


a  series  which  is  identical  with  that  arising  from  the  de- 
▼elopemem  of  ^  -  £^lzl2i£),  ^^ch  is  the  least  of  the 
two  roots  of  the  pven  equation. 

We  may  deduce  a  series  which  will  represent  the  other 
▼alue  which  x  admits  of,  bj  modifying  the  form  of  the 
equation :  thus^  if  we  put  it  under  the  form 

c  ex        * 

and  mkke  «  =  -  and  ^  (y)  =  -  Ji.,  we  shall  find 

c  ^  ex 


+  &c 


}. 


which  is  the  derelopemtnt  of  the  second  or  greatest  root  of 
she  equation. 
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It  is  possible  t«  lamit  ihm  inimtB  •£  bodi  Amt  roots  in 
one  series,  involving  the  ascending  powers  of  a  quantity 
admittin|»  of  a  positive  «nd  nfgati;re  sign :  in  order  to  effect 
this,  assume  ti  =  x*,  which  reduces  the  given  equation  to 

consequently,    the    general    formula    gives    us,    if  ^ .  =: 

Vsa/       1.2        Kia/        1.9.3-4      \ia/ 
1.2.3.4.5.6         \2a/ 

.  _a.  C±) +3  5  iH-L  J.  (±  Y_  JLi^  ^  (±)* 


X 


-h  &C 


} 


^c     V   \  c  ^l        l.e^.ar      1.2.S,4    ««.aV 

1.2.S.4.5.6    2«.aV  > 

a  series  which  represents  iUxe  two  roots  of  the  equation  and 
which  may  likewise  be  deduced  from  the  developement  of 
±_  ^  x/(i^-4fltf) 
2c  %c 

It  oa^t  to  be  jnunarked^  iihat:though  there  iilwaiya  ^sis(6 
an  algehrakal  equality  between  tHe  roots  of  the  equation  and 
each  of  the  values  of  this  series,  yet  these  quantities  ^n  only^ 
in  some  cases,  be  considered  as  orithmeHca/fy  equal  i^  for  if  a 
and  c  have  the  same  sign,  the  two  values  of  the  series  assume 
an  imaginary  form,  though  the  roots  diemselve$  may  be 
possible. 
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The  conrerse  of  this,  however,  sometimes  takes  place  in 
series  deduced  by  the  first  method,  or  imaginary  roots  are 
represented  by  series  all  whose  terms  are  real :  thus  suppos* 
ing  X*— x+  1  ssOy  the  formula  gives  us 

I  ■•.■■.    1«4.    1.5,6. 

1.2.3.4  2 

it  ought  however  to  be  observed,  that  this  imaginary  ex* 
pression  gives  the  same  series  with  real  terms,  by  t}ie  ordi- 
nary process  of  developement.  The  reader  will  find  a 
complete  discussion  of  this  curious  subject,  in  a  paper  by 
Lagrange  in  the  <<  M^moires  de  VAcad.  de  Berlin*'  for  1770. 


(6),    Let  X*  — p X  +  jaO :  in  this  case  ;r  =  2  and  0  (y)™ 

P 

X* 

—  :  consequently 
f 

^  /I  l         /?»       1  . 2  \p*       1  . 2  .  3  V 

+  &c.| 

a  series  which  represents  the  least  of  the  three  roots  of  the 
equation. 

Again,  assuming  u  zzx*,  the  equation  becomes  u-^pu^ 
+f  aO,  and  the  same  formula  gives  us 

I  * 

'•^'1^3,      J        8».  1.2.  8  •(-?)• 

IT 
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*^  S*  .  1  .2  .S-4  '(-^)|        S""-  1  -2  ....6*  (-{[)♦ 


■f  &c 


} 


and    since   (  —  ^)i,    admits    of   the    three    values,  -  g*, 
(i±^^)^  ^  ,nd  r  i:L^>)  ^,  this  series  wiU 

furnish  the  developement  of  the  three  roots  of  the  equation. 


(7).    Let  a— *j:+tfx*=i0:  from  which  we  deduce 

"9^ 


a  C  ,  .  fa"-' .  2  .  tf»a"-*  .  2  .  3  .  «»a» 
^  hX  *•  1  .2.«"  ^  1  .2.3. 


•} 


+  &C 


Again,  assuming  :r*  =  t/,  the  equation  becomes 


1 


a^hu^  -^cu  =  0; 


from  which  we  get,  if  >  «  /  - —  IP  , 

C.         na 

1  .  2.««'    «•  1  .2.  3  .»»  '   a»  3 

COS  — —  +  v^(—  1)  «in 1 

4/(3^^ ,  when  we  put  for  X|  the  numbers  1,  2,  S  . .  #», 

we  shall  have  n  difierent  values  of  the  series,  corresponding 
to  the  n  roots  of  the  equation. 
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It  18  evident  that  the  same  method  is  applicable  to  the 
inrestigation  of  a  series  to  represent  the  values  of  all  the  roots 
of  any  equation  whatever :  thus  if  the  equation  be 

by  assuming  u =2*,  it  is  transformed  into 

1            S.           i 
fl  +  *itt» +*,M» +i,U"  + ft^tinO. 

If  we  assume  3  =  1  1» ,  as  before,  and  investigate 

1 
the  series  for  »•  or  x,  Ae  resulting  expression  will  evidently  • 

admit  of  n  values  corresponding  to  the  n  rbots  of  the  given  , 
equation. 

Lagrange,  in  the  Memoir  juft  cited,  ha3  «(plain^  a 
method  of  ascertaining  the  degree  of  convergency  or  diver- 
gency of  these  series  for  4ie  roots  of  an  equation :  but  the 
discussion  of  this  subject  is  foreign  to  our  present  purpose, 
and  the  reader  muat  be  contented  with  this  reference  to 
sources  where  more  com{)lete  information  may  be  obtained. 

(fl)»    Let  X  =:  — :  to  develqpe  i^x  in  terms 

1  +  >/(l  — ^) 


of  ascending  powers  of  e. 
The  roots  of  the  equation 


tt«  -  ?t*+l  =0, 
e 


are and -:  consequently 

'^M  =  l£"  =  X*  =  <  r  c 

ll  +  >/(l-^')5 
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(9).     Lfet  X  =:  '^ —  :  consequently 

l—e  cos  V  ' 


a  (l—e*)— a: -1-6  cos  v.x  =  0* 
Making  z^sa  (1  -^e"),  and  ef^e  cos  v,  we  get 
yl/x^xssa  {  H-e^—(tant;)»e^— (tant?ye^— (tanv)*^*— &c.  { 

>/^a:=:l6gx=:log  ;z;  +  «^  H H 1-&C. 

2         3 

If  it  was  required  to  express  e,  in  terms  of  the  other 
quantities  of  the  equation,  we  must  put  it  in  the  form 

e .(1— «)  =0: 

cos  V  X  cos  t) 

from  which  we  get  by  the  ordinary  formula 

-  -      ^       .   «     (s^n  V)*  a*  ,     (sin  vf 

cos  V       X    (cos  vf       1  .  2  .  x*  (cos  v)* 

flf^ g  .  3  .  (sin  vf   {  5  (cos  vf  \      ^^ 


1  .  2  .  S  .  a:^  (cos  vy 

(10).  Let  M  S5S  n  /  +  c  sin  ti :  comparing  this  expression 
with  formula  (l;,  we  find  z  =  n/,  x  zze,  y  ^u  and  ^  (^)s 
sin  u :  consequently, 

,  .  .       •         .      «•       d  (sin  z)* 

I  .^         dz 

e*  €?•  (sin  2:)*   .   ^ 

^       -  +  &c. 


1.2.3         rf  z* 
=:n/  +  esinn/  +  ■■   .  2  sin  2n/ 

^        5  (3"  sin  Sn/— 3  sinw/) 


1  .  2  •  S  •  2 


. »      » • ,  . 


1  .  2  .  3  .  4  .  2> 
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(4'  sin  4  n  ^—-4  •  2*  •  sin  2  nt) 


1.2.3.4.5.2*  V  1.2      y 

+  &C. 

If  u  represent  the  eccentric  and  n  /  the  mean  anomaly  of 
a  planet,  reckoning  from  the  perihelion^  and  if  e  be  the 
eccentricity  of  the  orbit,  this  series  converges  with  great 
rapidity  for  most  of  the  planetary  bodies,  since  e  is  a  very 
small  quantity.     Laplace  Micanique  CcUsU,  Lib.  II.  Art.  22. 

(ft).    ^u=ii  (1— ecostt) 
=  a  <  (1— e  cos  a)+e*  (sm  z)*  + .  — ^ — ^ 

C  \  ,  2  u  Z 

=  /!<!  +^  — ecosn/  —  -«cos2n/ 
1.         2  2 

(3  cos  3  «/— 3  cos  n 0 

1  .  2  .  2*  ^ 

^  (4* .  cos  4n/— 4  .  2*  .  cos  2fi0 


1  .  2  .  3  .  2» 


^ 7 1  5*  .  cos  5  nt^S  .  3'  •  cos  S  fif 

1  .  2  .  3  .  4  .  2*  V 

5.4  A 
.  cos  nt  I 

1.6  y 


+  * 


— : — — -—-.f  6* .  cos  611/- 6  •4*  •  cos  4 fir 

1  .2.3.4.5.2*V 

+  ^-^  .  2*  .  COS  2  n  A  -  &c.| 


This  series  expresses  the  radius  vector  of  a  planef  s  orbit, 
in  terms  of  the  mean  anomaly,  reckoned  from  the  perihelion. 
Laplace.  Id* 

(11).  Let  «+  -r  «+-r«i  ■; — :;  T":r^  •  "^ — T^  ^  *^^'  —  '^  > 
to  find  an  expression  for  h  in  terms  of  u  and  its  differential 


s    If  we  put  />,  q^  fp  a,  &c.  fear  the  differential  coefficieals 
c£  «,  aod  compare  the  equation  with  «  —  y  +  ^(y)  =  0,  we 

consequently,  by  a  process  similar  to  that  employed  in  the 
Example  given  in  Note  jB,  p.  646,  we  get 


3 


^V  f  71.2.3.4.      ■    > 

See  Lagrange  Resolution  des  Equations  NumeriqueSf  Note  11, 
and  Euler.  Inst.  Calc.  Diff.  Pars.  11.  Art.  232,  where  the 
uses  of  this  reverted  series  in  the  resolution  of  nuhierical 
equations  are  explained- 

Paoli  in  his  Elementi  d*  Algebra^  "Vol.  H.  page  44,  has 
put  this  series  under  a  very  elegant  and  remarkable  form : 

If  ^  =:-_££,     then 
du 

z       J     A.4AA      "^     .   Ad  {Ad  A)     V 

^^^""•^  TT'TTl^       7^       TT2T3  . 

Ad\Ad{AdA)\  ^  .   ^^ 

dx^  '  1  •  2  .  3  .  4 

a  result  which  may  be  very  easily  verified.  Thus  if  «  == 
-^  ^  2  :r*  +  4  a  -  8,  we  shall  find  by  means  of  this  series. 


_  y        1  u 

l2*(x>  -z  +  D'l 
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(»»•  — 1)        «' 


+ 


(a^-*  +  1)    1      2«(x»-x  +  J]P    l.« 

.  (21  a;*  -  12x*  -  6f  +  3)         «»       .    ^    "l 

2*(x^-.  a;  +  ly  1.2.3  5 

If  a  be  a  root  of  the  equation  ^  b  0>  and  x  be  an  approxi- 
mate value  of  a,  we  shall  find 

.1  1  u         (3x«  -  1)        u*        . 

2*Cx»-x+l)     1      2*(r»-x+J)»    1.2 

Thus  if  X  =s  «   and  therefore  i<  s»  — >  — -  ,   we  ehaU  eet 

2  16  ^ 

0  =  -  +  -  —  r-  +  -;7 r  -^  «^-  =  l«ol,  nearif* 

2       8       04        135424  '  ^ 

If  we  substitute  this  new  value  of  r,  and  confine  our* 
selves  to  four  terms  of  the  series,  as  before,  we  shall  find, 
tf=  1.6 117662:  and  by  a  continuation  of  this  process,  the 
approximation  may  be  carried  to  any  required  degree  of 
accuracy. ' 

m 

Again,  let  ussx  log.  x~log.  100 :  this  series  gives  us,  if 
41  be  a  root  of  the  equation  u  =0,  a  =  x  +  A 


^  ti  1^ 


I  +  log.  X       1  .  2  .X  (1  +  log.  xf 

(4  -i-  log,  x)  ti' 
*  1 .2  .3.x-  (1  +  log.  X)* 

_    {27  +  14  log.  X  -I-  2  (log,  t)*  }  1^ 
1  .2.3.4. x» (I  +  log.  xy 

-  &c. 

If  we  make  x=3.5,  and  therefore  tre -.220499796,  we 
shall  get|  by  confining  ourselves  to  the  three  first  terms. 
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9  ss  S. 5972722,  a  result  which  is  accurate  to  four  places  of 
decimals.    Euler,  Jbut.  CaJc.  Dtff,  Pars.  II.  Art.  24i,  242. 

(12.)    To  find  the  general  term  of  the  developement  of 

1  —  2  X  COS.  d  +  «*  * 

It  appears  from  the  investigation  of  formula  (4),  that  the 

fx 
coefficient  of  ar".  in  the  developement  of         /   ,  is 

the  series   being  restricted  to  those  terms  which  involve 
negative  powers  of  z. 

Now,  in  this  case, /*  = -j±^,z  =  j^and^,= 
. :  consequently 


2  cos  e 


/,  =  Pf  (2  cos  0)»  -  (II  -  1)  (2  cos^)— ■•  + 

+  Q I (2  cos  «y-'  ^  (n  —  2)  (2  cos  9f-*  + 
(n-3)(«-4)  ^2  ^3  ^_.  _  ^^  1 

Sm  ^  ^  1^  # 


I 
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tt  from  hence  appears  that 

1 n'^^a      ^=  -7^1  P  sin  d  -hiP  sin2  B  ^  Qsme)x 

1  —  2a:  cos  ^  +  j^       sm  ^  C  ^  ^         ^ 

+  (P  sin  3  a  +  Q  sin  2  a)  a^*  +  &c.| 
The  general  term  of  the  developement  of  ■'— 


may  be  easily  deduced  from  that  of ^ j  for  if  we 

:,  z  —  X  '^  <l>  X 

make 

fx 
u  = sLl ,   we  find 

z  —  j:  +  <px 


u 


/* 


:^d 


dz       (2  —  X  -{-  ^  x)* 
1  .2  .</a»'^(2:  — X  -  ^xy 

(-1)— »J«-«u  f^ 


In  the  same  manner^  if  we  put  t?  for  the  function  of  z, 
which  is  the  coefficient  of  x"  in  the  developement  of  u,  we 

duU  find_ll  and^^^=Jgll^^,forthere5pectlTe 
ooeffidents  of  the  .corresponding  terms  in  the  develc^ements 

T  X  fx 

of  ^ 1 --,   and  , -^— -— . 

(r  —  X  +  ^  x)*  (z  —  X  +  0  x>" 

Thus,  if  we  substitute for  z,  we  shall  find 

'  2  .cos  ^ 

--iP':aP\(n  +  1)  (2cosa)*  +  '-n(>»-.  i)  (^cos^)**-* 

+  («-1)(«-2Mn-3)      ^^,  _  g^  I 

1.2  3 
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+  Q  5  n  (2  COS  «)•-(«  -  1)  (n  -  2)  (2  cos  0^"' 
+  («-2)("-3)(«-4)^g  ^^  ^_,  _^X 

the  series  being  restricted,  as  before^  to  such  terms  as  inTolre 
positive  powers  of  2  cos  Q. 


In  the  same  manner,  the  general  term  of  the  develope- 
ment  of 

(1  —  2  jrcos6  +  x*)*»       1  .2 (w— l)rf"-'z 


=  p|(»  +  1)  (»  +  2) (n  +  w  -  1)  (2  cos  a)»+'— ' 

--  («  -  l)n (n  +  m  — £)  (2  cos  a)»+*"— ' 

1.2  y 

+  (2<n(w+ J) (»  +  in- 2)  (^cos^)"-^"— • 

-  (n  -  2)  (n  -  1). . .  .(n  +  m  -  3)  (2  cos  ^)»+—- * 

-&C.J 

Lagrange,  Resolution,  da  Ejuations  Numiriqua.  Note  XL 
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On  the  Maxima  and  Minima  of  Functions  of  one 

Variable. 

Art.  47—51 .  (Er.  1).     Let  w  =^  x«  +  3  x  +  2 :  to  find 
when  uisz  maximum  or  a  minimum. 

irx=— -.,    t(=r— ^a  mtmmum. 
2  4 

Euler.  Inst.  Calc.  Biff.  Pars  II.  Art,  261. 

(2).    Let  «  =  x»  -  15  »•  +  56  X  -  60. 
If  x=  li+^ffi,  „ 2S0  -  M  V(57),  a  «„•«/«««. 

(3).     Letvsx*  —  ax'-l-^f  —  r. 

8       .     '  2T*T     '^      27 ;* 

a  minimum. 

3  '  27         3  27       ' 

a  maximum. 

If  /I*  =1  3  ^9  the  two  values  of  x  are  equal,  and  the  func- 
tion is  neither  a  maximum^  nor  a  minimum,    £uler.  /^. 

(4).    Let  w  z=  X*  —  8  i'  +  22  a:'  —  24  j:  +  12. 
If  X  s;  3,    u  s:  3,  a  minimum, 
1£  X  s=  2y    u  ss  4f,  z  maximum. 


lOB 

If  J  =  Ij    u  zi  3,  z  minimum^ 
Euler,  Id. 

(5).     Let  u  =  a«  -  5  X*  +  5  x*  +  1. 
If  X  =  3,    u  =  —  9,7 f  a  tntnimum. 

m 

If  X  =  1^    u  =  2,  a  maximum^ 

If  X  z=0,  u  =  1^  which  is  neither  a  maxifHum,  nor  a  mi/ii- 

mufTi,  since  /w^  roots  of  the  equation  -jr-  s  0^  are  equal  to 

dx 

nothing. 

If  the  function  had  been  a^— 5x*+5x*+l,  then  three 

values  of  x  in  the  equation  -—  a=  0,  wobld  have  been  equal 

d  X 

to  nothing,  and  u  ==  1,  would  have  been  a  minimum  value  of 

the  function.     Euler.  Id- 

(6).    Let  tt  =  (x  -r-  a)\ 

If  X  =  a,  then  ?t  =  0,  a  minimum^  when  n  is  even  ;  but 
neither  a  maximumj  nor  a  minimunu  when  n  is  odd.     Euler. 

(7).     Let  «  =  34^-28ax»  +  84«V*-96a'x  +  48*«. 
If  X  s=  4a,    w  =  lS6a*  +  48  6%  a  minimum. 
If  X  ss2a,    f*  =  -  32  fl*  +  48  *♦,  a  maximum. 
If  X  =  J,    «i  =  —  37  fl*  +  48  ^%  a  minimum, 

(8).    Let  w  =  10  x«  —  1£  x»  +  15x*  -  20  x»  +  20;  the 
roots  of  du  =  0,  are  1,  0,  0,  v^(—  1),    -  ^(--  1). 

If  X  =  1,    7i  =±  IS,  a  minimum. 

If  x=:0,    u  is  neither  a  maximum,  nor  a  minimum. 
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If  Ts  ±  >/(—  1)}  ti  is  neither  a  tnaxtmumf  nor  a  minimum f 
since  the  result  of  the  substitution  of  either  of  those  roots  in 

-j--^  is  an  imaginary  quantity,  which  can  neither  be  considered 
a  XT 

as  positive  or  negative- 

If  the  roots  a^y  a^^  n,,. . .  .^^  of  the  equation  -=—  =  0, 

ax 

arranged  in  the  order  of  their  magnitudes^  be  substituted  in 

the  equation  -—-  =s  Oj  which  is  a  limiting  equation  to  the 

a  sr 

former,  they  will  give  results,  which  are  alternately  positive 

and  negative,  and  will  consequently  make  u  alternately  a  mini" 

mum  and  a  maximum^  beginning  with  the  first.    It  appears, 

therefore,  that  if  there  are  m  unequal  and  real  roots  in  the 

equation  —  =  0>  there  are  always  m  minimum  and  maximum 
dx 

values  of  u  corresponding  to  them. 

If  in  the  same  equation  there  be  p  root«  equal  to  a^ 
q  roots  equal  to  by  r  roots  equal  to  r,  and  so  on,  then  there 
-will  be  one  minimum  value  of  u  corresponding  to  each  of 
these  classes  of  equal  roots,  when  p,  q,  or  r,  is  an  odd 
number,  and  no  such  values  whatever,  when  these  numbers 
are  even.  Also,  if  any  such  values  of  u  exist,  they  will  be 
necessarily  equal  to  nothing,  or  to  c,  when  ^  is  a  constant 
quantity  connected  with  u  by  the  sign  +  or  — . 

It  is  hardly  necessary  to  remark,  that  no  maximum  or 
minimum  value  of  u,  can  ever  arise  from  an  imaginary  root  of 
d  u       ^ 
ax 


(9).    Let«  =  ^. 


If  X  ss  1,    tt  =  -  ,  a  maximum. 
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1 
Ifj:=—  1,    us=  —  ^,a  minimum, 

2 

It  is  very  evident^  that  if  u  be  a  maximum^  ^  must  be  a 

u 

minimum,  and  versd  vice :  this  consideration  will  sometimes 

enable  us  to  shorten  the  necessary  operations  ;  as>  in  the  case 

before  us.  the  differential  coefficients  of  -<  or  a:  +  ^ »  are 

u  * 

more  readily  found  than  those  of  u.     Euler.  Id,  Art.  265. 
(10).     Utu=.      ^a^T^.' 

I£  X  :=.  V^2,    tt  =  12  v^2  —  17,  a  minimum. 

If  X  =  -  ^2,    M  =  r-  12  ^2  —  17,  a  maximum. 

This  example  shews  that  the  maximum  or  minimum  values 
of  a  function,  do  riot  depend  upon  the  relation  which  they 
bear  to  each  other,  but  to  the  values  of  the  function,  which 
immediately  precede  and  follow  them.     Euler.  Id, 

(11).     LetM  =  -.^ H-.. 

lfx=0,    u=r—  ],a  maximum, 

3 
Ifx=:2,    t^  =  -,a  minimum, 

Euler.  Id, 

x*  +  X 


(12).     Let  ti  = 


X*  —  x'  +  1 
If  2'  s  1,    te  =  2,  a  maximum. 
Ifjr  =  —  1,    ti=—  2,  a  minimum. 


du 
The  other  values  of  x,  in  the  equation  j-  s=  0,  are 


in 


jt  ^  5  — ^  =fc  v^^  X  ^  ^hjch  are  all  of  them  imaginaiy. 


Euler.  Id. 


(1S)«    Let  tf  = 


a:*  -  jf'  +  1 


HI  +\/5  1 

X  =  — "-J^ —  •    u  ^  ^  t  z  maximum. 

2  2 

.  -  1  -  v/5  1 

If  X  ss  2^^ —  •    ti  =z  -  •  a  maximum. 

2  2* 

tr  —  I  +  n/5  I 

If  X  s   ;^-2i — ,    u  =:—  ;-•  a  ffimfrntfin. 

2  2 

,^  —  1  -  V^5  1  . 

li  X  =  ^     9    M  as  —  - ,  a  mf mimwf . 

2  ^  2 

Euler.  Id, 

In  finding  the  maximum  and  minimum  values  of  functions 
under  a  fractional  form^  it  will  frequently  be  useful  to 
remark; 

Istt  That  if  u  =  2.    we  have  iiii  =  ^<  — -tf- 

consequently^  when  -—  a  0,  we  must  have  either  v  =  0, 

a  X 

rfv      dv'  J 

—  =:  — -•  or  V  =  00. 

ss ^  when  a  fi  =  0 ;  and  smce  v*  is  essentially 

potitiTej  the  sign  of  ^  will  depend  upon  that  xfd^v  -  vd*«', 

when  we  substitute  for  x,  the  roots  of  -r-  =:  0. 

ax 
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and  therefore  -Jf  =  0,    when  t;*  =  0,  ^ — -  =  fLfJ!'     or 


T?'*  «  00. 


d  u 
4thl]r,    Also,  when  —^  =  0,  we  find 

ax 


*i     _     Cwrf"!)  _  n' d^v*  _  ndv/dv  _  dt?'\  ^ 
from  which  the  sign  of  d*u  may  be  easily  determined. 

(14).    Let  i£  =  (iLtiJ. 

(:r  +  2)' 


(a:  +  2)»     ^ 


If  X  s=  0«    t<  !=  — ,  a  minimum, 
'  4  ' 

tf  X  =  —  Sj  u  is  neither  a  maximum^  nor  a  minimum. 

This  fpnc^on  becomes  a  maximum,  when  x  =  —  2j  a 
ca^e  in  which  f«  as  well  as  its  differential  coefficients  become 
infinitely  great ;  this  case  can  hardly  be  considered  as  an 
exception  to  the  general  proposition  in  Art.  48^  the  truth  of 
which  entirely  depends  upon  the  differential  coefficients  of 
the  function  being  finite  or  evanescent,  upon  the  substitu-> 
tion  of  a  particular  value  of  x.    It  may  be  explained  as 

follows :  let  u  ss --— ^,  and  therefore  -  s=  ^ — "~  ^^  ^  • 

(x-aYQ  u  V  * 

a  fjuantity  which  may  be  readily  shewn  to  become  a  imitt- 

mum,  when  x  =  a,i{  n  be  an  even  number;   and  since  the 

minimum  values  of  --  •  are  the  maximum  values  of  ««  it  is 

u 

obvious  that  in  this  case^  we  must  reckon  u  =  oo^  among  the 
maximum  values  of  the  function. 
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(14).    Lettt»<£-±iJ 

(X  +  2/ 


If  d?  s=  »  5,    u  =s  —-- ,  a  maximum. 

729 

If  x=— S,   tts=0,  z  minimum. 
U  X  ss-  Sf   u  zzQo,  zjnaximum. 

(16).    LetusfiLzjy 

('  +  ly 

-—  =  :? ^ .  (5  —  x)  =  0. 

2 
27 

If  X  8  ]y   u  as  0,  a  minimum. 

K  x^-^  1,  uzz  CO,  which  is  neither  a  maximum,  nor 
a  fninimum* 


W  i-'-'-Ht^ 


If  X  M  — •  2  "f  y/7,    u  tt     ■  >^  a  maximum. 

lo 

There  is  no  maximum  or  mniiivttflf,  corresponding  to 
s  -  1^^  or  X  as  ±  V-  1.    Eulcr.  Id.  Art,  267. 

p 
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(18).    Let  u  =:  ^(a*  +  a?*)  -  x. 

If.  r  =  oDy    2<  =:  Oj  a  minimum, 
Euler.  ///.  ilr/.  271. 

(19).    Let  M  =  ^(1  +  8 n  j^)  +  ^(I  -  n a:*). 

If  xas lY ( — ^ ,    tt  s  ■  ^    ,  a  maximum. 

If*=:v/(«*),    tf  =  r^  y^  "^  ^J/,  a  nfiiiinftf m, 

(\/«  —  V  ^) 

If  a:  =:  —  t/(a  i),    I*  =  ^       '  ~  Y     » *  maximum* 

If  the  function  had  beeny/^llfj  •  V-A^\  f  »t 
would  have  admitted  neither  of  a  maximum  nor  a  minimum. 

In  general^  if  any  function  u  be  a  maximum,  or  a  lyrtni- 

fitum,  we  may  likeMnise  consider  u»  as  a  maximum,  or  a  mini* 
mtim/unless  m  be  an  odd  and  n  an  even  number ;  in  which 
case  it  is  necessary  that  the  maximum  and  minimum  values  of 
u  should  have  a  positive  sign. 

In  finding,  however,  the  maximum  and  minimum  values 

of  u  from  those  of  u"*,  there  may  exist  minimum  values 
of  the  second  function  which  have  no  such  values  corres- 
ponding to  them  in  the  first ;  for  the  maxima  and  minima 
of  f^  are  determined  equally  from  the  equation  i^""'  =  0, 

and  •—  =  0 ;   though  no  such  value  of  tl"  arises  from  the 
dx 

first  bf  these  equations^  unless  m  be  an  even  number. 
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But  this  statement  requires  some  modification;  for  if 

d  V 
V  =  tt"*,  it  does  not  always  follow  that  -—-  =  0>  when 

ax 

ti^  ^^sOy  or  --—  =0^  since  the  same  value  of  x  which  verifies 

ax 

the  first  equation^  may  make  .*--  s  oo^  and  versii  via  \  it 

dx  . 

dV 
appears  therefore^  that  -—  may  have  a  finite  value  under 

dx 

these  circumstances,  which  is  inconsistent  with  the  condi- 
tion of  a  maximum  or  minimum  value  of  F. 


(21).    Let  u  zzx  ^{a  x  —  x*). 

If  X  =  -T" ,    w  =      ,  ^     o\  a  maximum^ 
»  lo 

Assume  V  r=  ti%  from  which  we  get 

'   dx  dx     . 

the  roots  of  which  equation  are  —  i  0,  0 ;  the  first  of  which 

•  4 

makes  V  a  maximum  /  but  tisO,  when  or  =  a,  a  value  which 

iiiakes  -J-  =  OD,  and  -j^  a  finite  quantity. 
ax  ax 


(2£).    Let  tf  =  a?  (JT  —  ii)>. 

If  X  s  >-  ,  tt= -a*,  a  maxfutum. 

*  4* 

If  we  make  F'z:  li*  =  x*  (r  -  a)*,  we  find 

"z —  Bs  2 11  — -  =  2  X  (x  —  a)*  (4  X— ,a)  =s  0 : 
dx  dx 

consequently!  ifxr:;:,    V  ^  "Ti  a\  a  maximum. 
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U  r  szOf  F^Of  7L  nUmmum. 

U  xatOf  Fas  Of  a  minUmim. 

In  this  case,  te'  admits  of  two  minimum  values  which 
have  no  existence  in  u. 

(23),  Let  ii  =  *  +  r  (x  —  a)** :  it  i$  obvious,  that  when 
xrzoy  this  function  is  a  minimum  or  a  maximum,  according  as 
c  is  positive  or  negative  ;  a  case  in  which  we  have 

dx        d  ^        ^ 

Let  r  =s  (m-*)»  =  ^  (x-a)%  an  expression  which  is  a 

minimum  or  a  maximum,  at  the  same  time  with  » :  makmg 

therefore 

dF 

~  =2c»(x-a)=:0, 

ax 

we  find,  when  xssa,  FasOotu=b,  a  minimum  or  z  maxi- 
mum, according  to  the  sign  of  €• 

(24).    Art.  51.    To  find  the  maximum  and  minimum 
values  of  w  in  the  implicit  function, 

J«_^P^2rtt±i±ilf  =  0:   consequently, 
dx      Q  2u  +  mx 

P=0,  or  (2=<»  :  in  the  first  case, 

tt  =  -  V  "*"  ^^^^ ;  from  the  substitution  of  whidi  in  the 

original  equation,  we  get 

_2nb±ms/  {nb^  +  n  {m*-4sn)a^  ] 
""  n  («•—  4  w) 

J  -mftiF^v/  {  w6*+«(m*-~4'n)a*  } 

ana    u  ^  ^         ^ — , 

!»•  — 4« 
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the  negative  sign  prevailing  when  u  is  a  nummum^  and  the 
positive  when  u  is  a  maximum. 

In  order    to  distinguish    die    maximum  and  minimum- 
values  of  u  from  each  other,  we  must  examine  the  sign  of 

--— -  which  arises  from  the  substitution  of  those  values  of  x 

or  u,  which  make  -—  =  0 :  but^  in  general^  since^  in  this 

ax 

case,  -—  =  --=:  0,  we  have 
dx      (2 

Prfa?  H-  QiusO. 
Bj  difierentiatittg  a  second  time,  We  find 

since  dx  iz  constant :  but  P  being  a  function  of  x  and  ai, 
we  have 

dP  zzpdxi-qdUf 

where  p  is  the  differential  coefficient  of  P,  considering  x 
alone  as  variable :  substituting  tiiis  valne  of  <2P  in  equation 
(fi)  and  making  JusO,  we  obtain 

pds^  +  Qd^uzzO^ 

becomes  ±  — - — rz 7— r — ,    ^   , .  ,    according  as  the 

first  or  the  second  value  of  x  it  subttitated. 

If  x=zO,  u  admits  of  neither  a  maximum^  nor  a  minimum. 

If  m*=4n,  then  u  admits  but  of  one  value,  which  is 

7 — ,  a  mtntmum. 

mb      ' 

Siller.  Inst.  Cak.  DiJF.  Pars  II.  Art*  277- 
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(25).    LetM*— a?*u+x— a:*=sO. 

du       1 — $x*—2xu 


=  0: 


dx  2  m— x* 

from  which  we  get  the  equation  to  determine  values  of  x,  or 

1— 6t*  +  2j:' +  9x^+2  or*  =  0. 

If  jr=:—  Ij  tis  1>  a  maximum,  or  us=0»  which  is  neither 
a  maximum,  nor  a  minimum,    Euler.  £/. 

(26).    Let  jr'  +  w^sa'f. 

xr  «  */    2 

If  a:  =  —r- ,  M=  —  fl  \  /    ■■      I  a  mfntiTtiim. 

If  X  r=  —  — — ,  u  ssa  \/ ,  a  maxtmum. 

V8  V  3  v^3'  I 

(27).    Liet x^u-^au^—b^x =0. 

If  X  s  —  aV  ^ )  tf  a:  —  a/  -i— ^  ,  a  ITUIXfmVK. 

(28).    Lctu'+2J?*M+4jr-3=0. 

If  x=:  — {»  tis2^  a  maximum* 

If  X  fis  1,  u  =:  —  1^  which  is  neither  a  maximum,  nor 
a  minimum.    Euler.  iV. 

(29).    Let  tt» +a?»— 3  a  x  u  =r  0. 
The  equation  to  determine  the  values  of  x  is 

X*  —  2  a*  x»  as  0. 

If  X  s  a  ^2y  ussa^4i  i  maximum. 

U  X  zzO,  u  ssO,  a  value  which  requires  a  particular 
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«xainination.  since  in  this  case  -r-  as  well  as  ----  becomes  -. . 

dx      .  dx*  0 

Bj  the  process  explained  in  Note  F,  page  650,  after  one. 
differentiation  of  the  equation  P  dx-^Qdu^ssO^'we  shall  find 

-g^  as  Oy  or  -;>  as  ^  s:  00 ,  since  u  =  0.  Also,  by  difleren- 
dx  dx      u 

tiating  the  same  equation  a  second  time,  and  making  x  ssO, 

« sO  and  -P--  a:  0,  we  shall  find  -; —  =  — ,  which  indicates 
dx  dx*      3  a 

a  minimum  value  of  u. 

If  we  suppose  3-  ssqd,  all  the  other  differential  co- 

dx 

efficients  become  infinite  under  the  same  circumstances,  which 

shews  that  Taylor^s  series  fails  to  give  the  developement  of 

^  or  the  succeeding  value  of  u  when  dr  s  0 :  we  must  have 

recourse,  therefore,  in  this  case,  to  other  methods. 

Thus,  if  in  the  place  of  x  s  0,  we  put  j:  =  0  +  A,  or  A, 
we  have,  if  iisi, 

ft*  ^f  -  Sahh  =  0« 

and  if  we  suppose  h  so  small  that  all  the  terms  of  the  series 
for  k  in  terms  of  A,  after  the  first,  may  be  neglected,  we  shall 
find 

3a 

It  appears,  therefore,  that  ^^sO,  is  a  minimum^  since  this 
value  of  tt  or  i  is  less  than  those  corresponding  to  x  ^h 
aod  jr = — »A :  the  other  values  of  k^  however^  give  no  minimum 
value  of  ti,  since  they  become  imaginary  when  h  is  negative. 
Eoler.  lb. 

(30).     Let  a*  —  4  <i»  J-  It  -h  A*  =  0 : 
The  equation  which  gives  the  values  of  x  is 


*  ■»  s      * 


Z' 
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If  J,  :=  a  ^3,   u-zza  v/27,   a  maximum. 
If  X  zz^  a  *ys,   u  =  —  a  ^27,  a  minimum. 


(SI).     Let  u  =     ** 


logr 


If  log  47  =  1 5  or  if  jr  s;  c,  u  =  €,  a  minimum.  This  is  the 
solution  of  the  following  question.  '*  To  find  the  number 
which  bears  the  least  ratio  to  its  logarithm/'  Euler.  3» 
Art.  272. 

(32).    To   find   the  number  x,   whose  Ji^^  root   is  the 

greatest  possible :  or  let  u  =  x'. 

J. 
If  X  =  €,  u  =  f^j  a  maximum* 

(S3).  To  divide  a  number  a  into  such  a  number  of  equal 
parts,  that  their  continued  product  may  be  a  maximum  ^  or 

" = G)' 


let 


If  X  s  . ,  M  =  €  <,  a  maximum^ 
e 


(34).  A  debt  A£  accumulating  at  compound  interett  is 
to  be  liquidated  by  payments  of  a£  at  the  end  of  the  first 
year,  2  <i  «£  at  the  end  of  the  second.  Sat  at  the  end  of  the 
third)  and  so  on  :  if  r  be  the  rate  of  interest  of  \£  for  one 
year,  after  what  number  of  years  will  the  debt  be  a  mafci" 

mum?  orletw  =  il(l  +  r)'-  ^(l+r)'-^"'  +  ?  (1+r  +  rx). 

rr  ^  ^  tQg  ^  ^  -  log  \  r^(^  +  0  "  ^-'^3  >Qg  (^  +  >-)  I 

^       log(l+r) 
u  is  a  maximum. 
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If  A  be  greater  than  ^ ~— ,  the  debt  increases  con- 
tinually, and  therefore  admits  not  of  a  mammum  value. 
(35).     Let  u  =  (sin  xf  ,  {  sin  (a  —  x)\  \ 

If  sin  (tf  —  2 1)  =  I  — ^^^^ —  I  sin  a^  w  is  a  maximum  :   it 

\n  -I-  m>' 

is  evident  that  a-Qx,  and  therefore  x  may  be  determined  by 

means  of  trigonometrical  tables. 

(S6).    Let  tt  =  (tan  xy  \  tan  («  —  x)  }  ". 

If  tan  (fl  —  2  a:)  =:  ( )  tan  a,  t<  is  a  maximum* 

V«  +  m/ 

(37).    Let  u  =  sin  x  cos  («  —  x). 

-r          «   .   '*'              1  +  sino 
Itx=:-+-,    ti  = ,  z  maximum- 

•f  a       ir  ( 1  —  sin  a) 

Irx=-  —  7,   urz—  ^ : : ,  a  mmtmum. 

In  this,  as  well  as  in  the  two  last  Examples,  there  are  an 
infinite  number  of  values  of  x,  which  make  it  a  maximum, 
or  a  minimum. 

■ 

(58).     Let  u  ss  X  sin  X. 

The  values  of  x  must  be  derived  from  the  solution  of  the 
equation  X  =  •-  tan  x  ;  one  of  these  >value8  which  gives  u  a 
mammum  is  x  =  U6* .  14' .  21" .  20'".     Euler,  U.  Art.  272. 

(39).     Let  tt  =s  -,      ^ 


sm  (a  —  X) 


Ifx=:a+2,    ur=  ^2  c  "'■''■,  a  minimum. 
(40),    Let  II  =  €*  sin  (a  —  x). 

ir 
ir  6*  — T 

Ifx3=a  —  j,M=:     y    ,  a  niaximum. 


1 
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We  shall  now  proceed  to  the  solution  of  problems  in 
Geometry,  which  involve  the  consideration  of  nuutima  and 
minima^  an  application  of  this  method,  whieh  is  at  once 
interesting  and  important :  and  though  in  many  instances,  the 
analytical  solutions  of  questions  of  this  nature,  are  inferior 
both  in  brevity  and  elegance,  to  those  which  are  effected  by 
the  ordinary  processes  of  Geometry,  yet  for  the  most  part 
they  have  the  advantage  of  superior  generality. 

We  shall  give  no  examples  which  suppose  the  reader  to 
be  acquainted  with  Mechanics  and  the  other  branches  of 
Natural  Philosophy,  the  study  of  which  ought  properly  to 
follow,  not  precede,  that  of  the  DiflFerential  and  Integral 
Calculus. 

We  take  this  opportunity  of  referring  our  readers  to 
Mr.  Cresswell's  Treatise  on  Maxima  and  JUinima,  a  work 
written  in  the  most  rigorous  spirit  of  the  ancient  Geometry, 
and  which  likewise  contains  the  analytical  solutions  of 
several  very  interesting  problems. 

(41).  Through  the  given  point  P,  to  draw  the  shortest 
line  MM'  terminated  by  the  two  given  straight  lines  JB 
and  AC.    Fig.  1. 

If  we  draw  PQ  and  PQ'  respectively  parallel  to  jiB  and 
j^C,  and  assume  M(2=Jr,  P(2=tf>  PQ^=^^9  and  the  angle 
BjIC^B:  then  the  equation  which  determines  x  or  MQ^ 
when  MM^  is  the  least  possible,  is 

x^  ^  acos  0,  x^  +  <» i  cos  ^  .  jc  —  a* A  =  0. 

If  0  =  gcf  ,  this  equation  becomes 

a'  —  a'  6  =3  0,  from  which  we  find 

u  =  MM  =  {  fl'  +  A^  1 1 
Viiice's  Fluxions,  p.  35. 
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(42).  The  same  things  being  given^  to  draw  MM'  so 
that  the  sum  of  the  lines  AM  and  AM'  may  be  a  minimum* 
Fig,  1. 

1£  xss  »s/(ab\  then  u  ^'^AM-\-AM'  =  {  ^a+  ^i  \  % 
a  minimum.    Simpson's  Flttxions,  Vol.  I.  p.  23. 

(4S).  The  same  things  being  given,  to  draw  JiM'  in 
such  a  manner,  that  the  triangle  AMM'  may  be  a  minimum. 
Fig.  1. 

If  ar  =  *,  or  if  AfP  =  MP",  then  w  =  fin  6  sin  ^,  a 
minimum* 

(44).    To  bisect  a  triangle  by  the  shortest  line.     Fig.  2. 
Let^B^iT,  AC=b^  BC^a  mdAM=x:  then  if  rs 
a/  (—J  and  therefore  AM  =  -4Af ',  we  have 

u  =  Jw  ill  =  1/  <  > ^^^  >  >  a  mtntmum. 

(45).  Given  the  base  and  altitude  of  a  triangle,  to  de- 
scribe it  so,  that  the  vertical  angle  may  be  a  maximum.   Fig.  3. 

Let  CD  =  /,  AB  =:  r  and  ilD  =  x :    then 

tt  =  tan^C5  = ^ , 

r— ^ar  +  x* 

which  is  a  maximum^  when  x  s  .. ,  or  when  the  triangle  is 

isosceles. 

(46).    To  find  the  least  isosceles  triangle  which  can  cir- 
cumscribe a  given  circle.     Fig.  4. 

Assume  C(l^r  and  PQ  =  ^ :    then 

.  C        e       tan  ^  > 

II  =  r*  <  tan c  >  is  a  msmmum, 

l        2  2     3 

when  (^  8  120^,  u  s  — ^^  r*,  and  the  triangle  is  equilateral. 

2 
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(47).  To  inscribe  tlie  greatest  rectangle  in  a  triangle. 
Fig.  5. 

Assume  AD  =  e,   BC=a,  and  AP  as  x :  then  u  = 

MM'N'N  is  a  maximum^  when  x  s=  -  or  when  the  sides  of 

2 

the  triangle  are  bisected. 

(48).  To  find  the  point  Dy  in  the  line  CE^  from  which 
AB  subtends  the  greatest  angle.    Fig.  6. 

Let  AC^a,  BC^^b,  CD=:x  and  the  angle  .4CJDa=^: 
if  x=^(at\  we  have 

w  s  tan  ADB  =  -^ i-^-i — i~- ,  a  maxtmum. 

2  V(a*)-(a  +  *)co8a' 

j:s  —  VCa *)»  tt  =     ^    ,    ,,     ^, — -r ',  which  is 

^     ^  2  V(^^)  +  («  +  ^)cosa 

likewise  a  maximum,  corresponding  to  a  point  i>  in  JDC 
produced. 

(49).  To  find  the  point  P  in  the  circumference  of  a 
circle  from  which  the  given  line  ^jB  subtends  the  greatest 
angle.    Fig.  7. 

Draw  PD  and  Cd  perpendicular  to  AB,   and  assume 
Adzza,  Bd  zzb,  Cd  zzc,  CP  =  r  and  cp  zzxi  then  the 
^  equation  which  determines  the  values  of  x  is 

(r^-a^-O  >/(r^-x')=(a-6)(f'-cx). 

If  c  =  0,  or  if  ^  and  B  be  two  points  taken  in  a  line 
passing  through    the   center  of   the  circle^    then  if 

X  =  ^  V  <  ^^  "T^  ^  ^ — ZL_L    we  have 


»«tan  APB  =       .  .  S"""}^! 


'•{(«•-'')(&•-'')  I 


-J  a  maxinaan. 
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I£  assbf  OT  if  the  two  points  be  equidistant  from  the 
center  of  the  circle  and  upon  opposite  sides  of  it^  then 

X  =  r  and  u  =  •- — - . 

(50).  In  the  trapezoid  ADCB,  the  two  equal  sides  AD, 
CB  and  one  of  the  parallel  sides  DC,  are  given,  to  find 
ABf  so  that  the  area  of  the  figure  may  be  a  maximum. 
Fig.  8>  9. 

Let  JDszb,  DC=za  and  AP  =:X:  then  if 

4  4 

a  maximum. 

Again,  if  x=s  —  -,  --  -2i-i -c,  we  find 

4  4 

a  minimum ;  it  is  evident  that  in  this  case,  x  is  negative  and 
greater  than  «  :  consequently  the  trapezoid  assumes  the  form 

of  the  double  triangle  represented  in  Fig.  9.  and  u  is  the 
difference  of  the  two  triangles. 

If  a  =  3,  0?=— a  and  usO,  or  the  triangles  are  in  this 
case  equal. 

1i  a>h,  the  expression  for  u  becomes  imaginary,  or  the 
figure  decreases  continually  and  admits  not  of  a  minimum* 

If  assO,  the  trapezoid  becomes  a  triangle,  which  is  a 
maximum^  when  x  sa  ~^y  or  when  the  two  equal  sides  are  at 
right  angles  to  each  other. 
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If  we  make   --^  =  »  .   we  find  xzz  ±  b,  which  give 

ax 

▼alues  of  tf,  such  as  are  denominated  by  Euler,  minima  of 
the  second  species*  :  the  first  value  makes  AB^a-^-^b,  and 
11=0,  which  may  be  considered  as  a  minimum  value  of  the  tra^ 
pezoids  which  can  be  described  on  each  side  of  AB^  but  not 
in  the  sense  of  the  definition  :  the  same  remarks  are  appli- 
cable to  the  value  of  u  which  results  from  the  second  value 
of  X.    Maupertuis,  M^oires  de  I*  Acad,  des  Sciences,  1728. 

(51).  To  find  the  greatest  space  which  can  be  included 
by  four  given  lines.    Fig.  10. 

Assume  ABs:a,  BCssb,  CD  =:c,  DA  ==  dy  the  angle 
BAD'zi^y  and  the  angle  BCDzzd :  the  area  of  the  trapezium 

or    u  zz  ad  sin  ip-j-i c  sin  0. 
Also,  smce  a d  cos ip^bc  cos  ^  =: ^  ,  by 

d  ti 
differentiating  this  equation  and  making  —  =i  0,  we  shall 

a  X 

find 

-  ^  =  ^  ,  and  therefore  <>+*=,, 
sm  0       sm  ^ 

or  the  trapezium  is  such  as  may  be  inscribed  in  a  circle ;  if 
therefore  /s=:a+3+^+d>we  shall  get  the  maximum  area 

or    14  s=  v^  {  (/-  a)  (s—b)  (/— f)  (/— d)  |  . 
Simpson's  Fluxions,  Vol.  I.  p.  89* 

i52)*.  Tq.  draw,  the  chord  PP'  parallel  to  the  diameter 
ABy  so  that  the  triangle  PP'Q  may  be  the  greatest  possible. 
Fig.  11. 

*  lost.  Calc.  Diff.  Pars  IL  Art.  279. 
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If  AP  =:  0,  we  shall  find  cos  0  s,  781  neailji  or  0  =: 
58*  Afij  when  u  is  a  maximum. 

(5S).    To  inscribe  the  greatest  rectangle  in  a  segment  of 
a  circle.     Fig   12. 

Let  CD^a,  AD^t,  CA  =  r  and  JMPzsjc:  if 


x^=z 


^V(9r>-y)-3.|^  then 


a  maximum. 

If  asOy  and  therefore  fisr,  we  find 

X  =  — --  and  u  ::zr*. 
v/2 

(54).  Given  the  length  of  a  circular  arc,  to  find  what 
portion  of  a  circle  it  must  be,  so  that  the  corresponding  seg« 
ment  maybe  a  maximum.    Fig.  13. 

Let  a  K  arc  QDQ^  and  CD^x  ;  the  segment  QDQf,  or 

.   .    a        a 
u  =i  a  x—x*  sm  -.  cos  •*  . 

2  a 
If  X  ss  — ,  or  if  die  segment  be  a  semi-circle^  then 

««• 
u  ss ,  a  maximum. 

w 

t 

If  X  s  o&y  ti  =  0,  a  minimum. 

A  solution  of  this  problem  is  giren  in  Lib,  5.  Prop.  16« 
of  the  Mathematical  Collections  of  Pappus  Alezandrinus. 

In  the  same  manner,  we  should  find  that  a  hemisphere  in« 
dudes  the  greatest  segment  of  a  sphere,  corresponding  to 
a  giren  spherical  surface. 
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(5B).  To  find  the  point  in  the  line  joining  the  centers  of 
two  spheres,  from  which  the  greatest  portion  of  spherical 
surface  is  visible. 

Let  r  and  r'  be  the  radii  of  the  spheres  A  and  -4',  d  the 
distance  of  their  centers,  and  x  the  distance  of  the^required 
point  from  the  center  of  A  :  then  if 


A+r'* 


3  .3 


ttss^ir  <r*  +  /*—  ^ — ^t — c  ^   ,  a  maximum, 

{56).  To  find  the  point  P  in  the  line  CD,  so  that  if 
jt  and  B  be  given  points,  we  shall  have  m  .  AP-^-n  •  JBP 
a  minimum.     Fig.  14.    . 

If  JQ  ss  a,  J3<2'  =  *,  QQ^  zzc  and  QP  =  x:  then  the 
equation  to  determine  the  values  of  x,  is 

If  971  s  n,  this  equation  becomes 

o  -3*  a  — ^ 

I 
CresswelPs  Maxima  and  Minima,  p.  21  and  222. 

In  a  paper  by  Leibnitz  in  the  Acta  Eruditorum  of  Leipsic 
for  1684,  which  contained  the  first  published  explanation  of 
the  principles  of  thel  Differential  Calculus,  a  solution  is  given 
of  the  following  problem.  *'  If  A  and  B  be  two  points 
situated  in  two  different  and  uniform  media,  which  are 
separated  by  the  line  CD  and  whose  densities  are  in  the 
ratio  of  971  to  ft;  to  find  the  path,  in  which  light  must 
move  from  ^  to  £  in  the  sjiortest  possible  time,  its  velocity 
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4>eiog  ptoponional  to .  the  density  of  the  medium."  Thii 
prqblem  is  evidently  identical  with  the  one^  whose  solution 
we  have  given^  and  is. remarkable  as  involving  the  principle 
of  the  '^  least  action^*  which  afterwards  became  so  celebrated 
in  the  hands  of  Maupertuis  and  Euler. 

(57).     Of  all  cones,  whose  convex  surface  is  given,  to 
find  that  whose  solid  content  is  a  maximum. 

If  «  =  .convex  surface  of  cone,    x  =  radius  of  base, 
then  if 

Consequently  the  maximum  cone  is  generated  by  the  revolu- 
tion of  a  right-angled  triangle,  whdse  vertical  angle  is  85* 
16^,  nearly 

(58).    To  inscribe  the  greatest  cone  in  a  sphere.    Fig-  15. 

if  AC  =  r,  and  CP^x :   then  if  x  =s  -  ,  li  =  — ^^  • 

S'  81      ' 

a  maximum. 

(59).    To  cut  the  greatest  ellipse  from  a  given  cone, 
lig.  16. 

Let  ^Cso,  CD=^,  CP=:r:  if 

2^(at_y)  -fc  ^^(a*^i4a't«+») 

8(a*+^')  ' 

liken  u  will  be  a  minimum  or  a  maximum,  according  as  the 
upper  or  lowet  sign  prevails. 

If  a*  —  14  a*  J*  +  b^  be  negative,  or  if  -  be  less  than 

p 

2  +  i/Sf  or  if  the  angle  CAD  be  greater  than  15%  the  values 

of  X  are  imaginary,  and  the  area  of  the  section  increases 

continually  from  the  vertex  to  the  base  of  the  cone  and 

admits  not  of  a  maximum  or  a  minimum. 


^30 

TbtMJ^!&al  ^matifoMn'iiS  ttes^ctiotfsi^f  tliecbiie,  db« 
"MMlfikea  hi  viittie  df  die  'flefiiiittbn,  ihay'be  leis  than  Ae 
^bsolutie  inarinttjm^  a  cinhimstanee  wldch  we  hAre  4tad 
occasibti  to  nitice  oh  bther  oeciMbhs  :  'tttite  the-base  df  Ae 
cone  wUl  be  the  great^dt'Bectibh,Whenever^theTettidll  angle 
CJD  exceeds  11*  57'.    Simpson's  FluxiorUf  Vol.  I.  p.  S8. 

(60).  From  a  given  point  within  or  without  a  parabolaj 
"ito  ^w  the  Shbrtest  line  tb  the  aitvle.    Pig.  17.^ 

Let  B  be  the  given  pointy  and  assume  AC^a^  CB^by 
the  ktus  '^reCtum  =-/  ^nd  'B-q  b  xi  'the  equation  tirhkh  de- 
termines the  values  of  x  is  - 

.(!2  X  —  t)  ^{a  -  x)  +  b  Jl  =  b ; 

from  which  expression,  it  is  easily  shewn  that  tihe  shdrtest 
line  ia  the  normal  passing  through  B.  ' 

If  6  ss  0,  the  values  of  x  which  are  given  by  this  equa- 
tion are  ^  and  a,  the  first  of  which  only,  makes  u  a  minimum 

in  the  sense  of  the  definition.    The  other  value  gives  a  mim-^ 
ffium  6{^ike  iecotid  speti^s,  iraifa'iis  w^s  rMitaft^d  in^x.  50. 

(61).  To  find  theleast  pJitaboh-^Aidh  -tm  <Hk€«ttacribe 
a  given  circle.    Fig*  18. 

Let  jBC  =  r,  and  Ci*^  =  X :    if  x  =  !!,  or  if  the  ktus 

rectuin  of  the  parabola  be  equal  to  the  radius  of  the  circle, 

9  r* 
then  u  ss  "T^^  is  a  minimum. 

(6^).  To  uiscrtbe  the  greatest  parabola*  in  a  given  tri* 
angle.    Fig.  19. 

Let  DB  s  DCi:^*,  ilDtea,  tiie  Att^e  ADCiit^riMid 


ii3l 

jtPssx  t  if  X  s  «.  or  if  the  pcnot;  of  contact  bisect  eaph  sic^e 

(ir 

of  the  triangle^  then  u  ==■  iat  sin  6  ^^S,  z  maximum.  This 
giyes  also  the  solution  of  the  converse  problem :  ^  To  de- 
scribe the  least  triangle  round  a  ghren  segment  of  a  parabola.*^ 

(6S).    In  a  giTen  triangle^  to  inscribe  the  greatest  ellipse. 
Tig.  90. 

l^WO^  DC^h,  AI?,^a^  the  ^n^^  JDC=9,  ^nd 
Dm^jf:  if 

2  a            irn^sin^ 
X  ==  — ,  u  =:  — :r- —  t  »  maximum. 

The  sides  of  the  triangle  are  bisected  in  the  points  of 
contact  M  and  M, 

If  Of  and  k'  be  the  semi-axis  major  and  semi-axis  minor 
of  the  inscribed  eDtpse^  we  shall  find 

P^^\\/\  aH?  ys  41^  sin  H3*"  i 

6 
i'asl  ^/  |a«+2  v^Ja*sina  +  S^| 

—  i  V  f  a»-2i/3fl*sina+8**|. 


(64).    To  determind  the  least  triangle  which  can  cir- 
camscribe  anj  segment  of  an  ellipse.     Fig.  21. 

Let  uffBl^tk^  elliptic  segment;  assunifs  CPssg^  C£( 
tM  fQ^jngajte  dfameter  =  i,  CEmc,  and  CQ^x :  if 

4  ^  4  ? 

,      *sin«j4ii*-^-r  ^/(<?+S^•)^*  • 

^  =  7S — J — : — j.7\  «;  >  »  ^  mtmmum. 
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The  other  value  of  x.  which  is  -  —  -ili —       .^  ^ ,  cor-' 

4  4 

responds  to  the  minimum  value  of  the  triangle  which  can  be 

circumscribed  round  the  other  segment  of  the  ellipse.    If 

f  rr  Oj    r  s  db ,    which  determines   the   least   triangle 

which  can  circumscribe  a  semi-ellipse^  cut  off  by  any  diameter. 

(65).  To  find  the  point  in  an  ellipse,  where  the  portion 
of  the  tangent,   intercepted  by  a  perpendicular  from  the 

center,  is  a  maximum. ..  ¥tg.Q,Q. 

■ 

Let  CAzia^  CB^b^  and  CD:=:x:  if  x=^/(fl*), 

u  =  a  ^  b,  a  maximum, 

(66)  To  find  the  conjugate  diameters  of  an  ellipse, 
which  make  the  least  angle  with  each  other. 

Let  a  and  b  be  the  axes  of  the  ellipse,  9  the  angle  which  the 
conjugate  diameters  make  with  each  other,  and  x  one  of  these 

diameters :  then  if  »  =  4/ 1 j  or  if  the  diameters  be 

equal  ta  each  other, 

u=sm  B  =  -- — -,  IS  a  mtmmum. 

(67).  From  a  given  point  in  the  periphery  of  an  ellipse^ 
to  draw  the  longest  line  to  the  periphery  again.    Fig.  2S. 

Let  AC  zza,  CB^  b,  a'  -  **=«•  e%  CM:=^c,  FMs::d^, 
and  CM  =  r :  the  equation,  from  which  the  values  of  x  are 
determined,  which  make  u  a  maximum  or  a  minimumy  is 
e"j^— 2re»x»  +  («*  +  d'--i'6"— a*e*)x*-2a»irVar-o*i:»=:0. 

If  rsO,  and  therefore  P  be  in  the  extremity  of  the  axis- 
minor,  we  shall  find 

^-    .v/(gy-a^) 
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from  which  the  two  points  on  each  side  of  the  center  of  the  - 
ellipse  are  determined^  through  which  the  longest  lines  are 
to  be  drawn. 

If  2  6*ssa%  the  longest  line  is  the  semi-axis  minor;  and 
when  2  b*  <  a*,  the  values  of  x  become  imaginary,  and  the 
line  admits  not  of  a  maximum  in  the  sense  of  the  definition. 

(68).  To  inscribe  the  greatest  ellipse  in  a  semiiK:ircle. 
rig.  2S. 

u  =  — - — ,  a  maximum. 

(69).  To  find  the  least  ellipse  which  can  circumscribe 
a  given  trapezoid.    Fig.  24. 

Let  AB  be  parallel  to  DC^  and  draw  CP  bisecting  AB 
and  CK  conjugate  diameters.  Assume  ^1(2  =  a,  D(2f=aV 
Qg'sc,  the  angle  PCKzzB^  CPj^y,  CK^j/,  and  CQ^-x. 

The  general  property  of  the  ellipse  gives  us 


and  by  making se^  and'^  i=  Zt  we  shall  have 


X  =  — -^ :  from  whence  we  find 
2 

^  ""                        2  v^Z 
and  ^  =  ^^-5 g • 


~  8  {^--a^y^ 


or  if 


{  g^-ga*4-^(fl^-  fl^'a'  +  fl*)  {  c 


then     ua^wm  B^jf 

a  minimum. 

It  is  not  necessary  to  notice  the  negative  value  of  the 
radical  in  the  expression  for  z^  since  in  that  case  z  ot^ 

would  be  negative. 

If  a!  =  If,  or  if  the  trapezoid  become  a  parallelogram, 
the  expression  for  u  given  above,  becomes  ==  j. :  it  will  be 

necessary  therefore  to  have  recourse  to  the  m^od  explauntd 
in  Art.  56.,  in  order  to  determine  its  value,  by  which  we 
shall  find  «sv  sin  One.    Bossut.  Calcul.  Diff.  p.  190.  . 

(70).    To  describe  about  a  given  trapeaoid,  an  ellipse 
which  is  the  least  different  from  a  circle.    Pie.  24. 


die  sane  si^ppoMtioBs  as  in  ^  praeeding  ex- 
ample, and  assuming  a  and  fi  to  represent  the  two  semi^axes 
of  the  ellipse,  we  shall  find 

_  «       V(l  -f  z+g  sin  g v/g)-fv/(l  +s-g  sin  a y/z) 
**""?**  V(l+^  +  2«n^  V3:)-V(l+iK-«8in^V^z) 

which  IS  a  mimmum,  when  sal,  or  when  the  conjugate 
diameters  y  and  y  are  e4|ual  to  each  other.  Bossut.  U. 
p*  19g< 


/ 
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Boaittt^  in  the  work  jiMt  'refisrred  to,  has  indicated  the 
steps  of  the  pttootfSs  6(  sdliitionttf  the  two  last  'problemsy 
when  the  ellipses  are  to  be  described  round  any  quadrilateral 
figure  whatever:  the  reader  may  likewise  consult  a  very 
elegant  solution  of  the  first  of  -these  problemsi  which  is  given 
bj  Euler  in  the  Petersbwrg  Acts  for  1780. 


On  the  Falues  6J  Wwsgtiom  tohich  under  certain 

circumstances  become  -> . 

•0 

Art.  S2— 53.    (1).     Let  u  =  ''""^  ^  «*-^M  .  ^^  find 

its  value,  when  o^sO. 

After  two  differentiations  of  the  numerator  and  denomi* 
nator  of  this  fraction,  we  find,  when  xrzt),  u  s  ^—* 

Euler.  Lut.  Cole.  Diff>  Pars  11.  Art.  358. 

when        X  =  Of    «*  =  >/«• 
Euler.  Id, 

.         -  J^-4x*'f8x'— I6x'+l6x . 

wdien      -jTSsfi,    us  16. 

/'A^       Let  11  ai  .,  —    ..  ■■ »  I    ■■■  ■'    ^^  ; 

^  ♦;.      lics  M  ^,_  4>  irjr  -  a*  -h'2  a  sf{^  ax-  x*) 
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when  xssai  we  find,  after  four  di£FerentiatioQS  of  the  nume^ 
rator  and  denominator,  v  gb  —  5  cr.    JSuler.  Id. 

(5).     Let  u  =  —2^-^ — 7 — -- : 

when      xsa.    tfs-=:3a. 

0 

Joh.  Bemouilli.  Acta  £ruditorum,  1704. 

^i.      .                           0       16  a 
when      X  7z  a,    u  =  -^  ss  . 

'  0         9 

joh.  Bemouilli.  Id. 


(7).    Letu  =  ^^(^^'  +  ^^^""^^~^'; 

when      JT  =:  a.    u  s  -  =c  2  cr. 

*  0 

Joh.  Bemouilli.  Z/. 

(8).    Let  u  =,  ^"^  ^/i2a^^2ax)-^^(2ax^^) 


when      X  :=:  a,    ae  s  -  s  L 

0 


Ettler.  U. 


,  0       5 

when      X  zza^    tt  =  -=-|. 


i 


137 


(10).    T^  «  -  *  V(3  a*  J?  -  g  x«)-a  J  »/ffl«  x^ 

a-^(a*«) 


vlien     xsBO,    tts?s^ 

0      80 


a*. 


(11).    Let  tt  =  £=£!!l: : 

1— «• 

when      «  =  1,    «  - !?  =  n. 

Enler.  /<{.  Art.  360. 

(1«).    T^. .-'-(«+ t>«"  +  '4«a^+V 

>  (l-T)- 

when      x«l,    ««9»2i»±I). 

0         1.2 

Eoler.  J</. 
(IS).    T^  .>  -  g+»*~(2n+  l)af»-^'+(8fi-l)j«»+» . 

(1  -Of*)* 

^K^ien      «  B  1,    t(  s  Z  =  n*. 

0 

Euler.  iV. 

(14.)    j^^f-''+'^-in+lY±'+'+(2n*+in-l)3if  +  *-n*x'  +  ' 

(Tl^i  ■  ^' 

when      »=1,    «^0^«(«+l)(g«  +  l) 

O  1.2.3 


•      « 


is  the  sum  of  the  series  r  +  2'  +  S'+ ....  'i^n\ 
Euler.  £/. 

(15).    Letii=:£lz£ll!: 

when      xasK    ti=:-=  — . 

'  0      2p 

Euler.  J5i. 
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(16).    Let  u  SB 


a*  ^  sf* 
log  a  —  log  X 


when      X  at  it. 


0 

0 


=s:  ««*. 


Eulen  JU. 


(17).    Let  tt 

when 
Euler.  Id. 


log  ;r 


4P=1,     «  =  -ai(X 

0 


(18).    Let  u  = 


log  (1  +Jf) 


when      T  =:  0,    w  =  -  =  SI. 


£uler.  Id. 


(19) 


.    Let«  =  !::ii±^^iii^>: 


when      xszO,    m  =  -  =  1 


Eater*  ii. 


(20).    Let  II  = 


(e-^iy 


when      X  ssOf    ms=-=:- 

0      o 


(21).    Let  w  =  (l  -  -j^)  tan  a?  = 


w  0      2 

when      *  —  gi  ^^Q^w 


1  - 


2dr 


cot;r    ' 
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x—l      log  X        (x—  1)  log  X 

when      X  zz  I,    ti=-=-. 
Enler.  /J.  Art.  S65. 


(2d).    Let  II  a     ^ 


I— aj-      1— jc* 
when      xs  K    Us  cd— oos^s: . 

0         a 

Euler.  Id. 

Whenever  the  numerator  and  denominator  of  a  fraction 
admit  not  of  developement  according  to  integral  and  positive 
▼alues  of  the  increment  of  x  or  the  base  of  the  function^ 
which  is  frequently  the  case  when  a  particular  value  of  x  is 
assumed  (Note  F,  and  Art.  55\  we  must  have  recourse  to 
the  direct  method  which  is  explained  in  Art.  56 :  a  process^ 
which  in  many  other  cases  will  enable  us  to  determine  the 
▼alues  of  fractions  under  the  circumstances  now  under  con* 
sideration,  much  more  readily  than  by  means  of  the  successive 
difierentiation  of  the  numerator  and  denominator* 


(24).    Lettt=r^il-£L: 

(of-a)* 

when      X  :za,    tfs*8s4  \/2  d^. 

(25).    Let  us    i^^a')^^' --')*. 

(3j:»-a«j)(a*-a»)» 

,  '  0         2  s/2 

when      x  =  a,    u  s  -  == 


^      Sv/Sa* 
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(26).    Let«^<"'~^;^-K'-^>^: 

(a-«)'»"-(a»-Jt»)"*^ 

when      x  =  «,    „=9  =  _^^^f)_. 

0      I  -  ^(3  a*) 

(27).    Let  M  =  .^    ""    +  '   ■ .   ,    \  •  which  ezpresaet 
the  ftum  of  the  series^ 

If  we  reduce  u  to  the  form 

we  shall  find,  when  jp  ss  0,  i*  ae  -  =  -=--  =  ~,  a  result 

which  may  be  more  readily  deduced  by  the  method  given  in 
Art.  Se.    Euler.  Id. 


1  IT 

(28).    Let  u  =:  •—--  —  -x 9  which  is  the  sum  of 

the  series 


0      »* 
When  jr=0,  «=:  a>-ooas-fts~,the  same  result  as 

0      6 

in  the  last  example. 

If  we  make  u  =  — r  — ^ ^ .  which  b 

2jr"       2x  tan  irj^       1  —  x* 

the  sum  of  the  same  series,  without  the  first  term,  we  shall 
^nd,  when  x  =  1, 
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2  8       0      2       4       ♦* 

which  is  the  sum  of  the  series 

In  the  same  manner^  if  we  make 

1  ir  1 


U  s 


2x*      2xtanirx      »•— x** 


which  is  a  sum  of  the  same  series^  omitting  the  term  — ~  , 
we  shall  find, 
when    xssfu  u  = 4-00  —  00  r= + =  -~. 

£iiler.  JU. 


w 


(29).    Let  tt  =  -—  +  ,  which  is  the  sum  of 

4fX      2x(«*^'  — 1) 

the  series 

when     xsO.    ti=o»— qd  «--' as  — . 

0       8 

wX 

ir  sm— r 
2 

(SO)e    Let  tf  =  ^jp  9    which   is  the    sum    of 

4arcos*«-« 

the  series 

t; — ;  +  ^r-rs  +  rr-ri  +  *c^  inhffimhm: 
l*-x*      S*-«*      6*— OP* 
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when       JTasO,     »  =  -»^, 

'  0       8 

« 

the  same  result  as  in  the  last  example. 

wsm  — 

2  1     ' 

If  we  make  u  =         "    ^^  —   ■       >  which  is  the  sum 

4jrco8*—       \—3r 
2 

of  the  same  series,  without  its  first  term,  we  shall  find,  when 

Xss  1,  ti=:  OD  —  00  =  --  ,  which  is  the  sum  of  the  series 

4 


—  +  ■  +        '■■  +  &c.  in  infinitum. 

2.44.66.8  -^ 


Ettler.  Id. 


On  the  Tangents  and  Asymptotes  of  Curve  Unes. 

(1).  Let  the  curve  be  the  hyperbohj  referred  to  its 
asymptote,  whose  equation  is 

X 

(a).  Sub-tangent  PT  =  --  or,  or  die  abscissa  and  sub- 
tangent  are  equal  to  each  other,  but  on  different  sides  of  the 
ordinate. 

(6).    Equation  to  the  tangent  is  (Art.  67.) 

/  ah   , 

y  ^  mm  m^  af^ 
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where  jr""  and  y'  are  co-ordinates  to  the  tangent)  reckoned  from 
the  same  point  and  referred  to  the  same  axis,  as  the  co« 
ordinates  of  the  curve. 

(c).    Equation  to  the  normal  is  (Art.  67.) 

where  sf  and  y"  are  co-ordinates  to  the  normal. 

(2).    Let  the  curve  be  the  Cissoid  of  Diodes,  (Wood's 
AlgAra^  Art.  496),  whose  equation  is 


a—  X 


(k)'     Equation  to  the  tangent 

xh 

y'  = .  \(S  a  -  9^x)x'  -  ax\  . 

r        2  (fl  -  x)f  ^  ^  ^ 

(c).  If  X  =  a,  r/  becomes  infinite  and  coincides  with  the 
tangent,  or  in  other  words  i^  an  asymptote  to  the  curve. 
This  may  likewise  be  shewn  by  the  method  given  in  Art.  70. 

(8).  Let  the  curve  be  the  Conchoid  of  Nicomedes 
(Wood's  Algebra,  Art.  497)>  whose  equation  is 

{a  +  *y  (*•  -  x«)  =  X*  y*. 


^  '  or'  +  /J  6* 

(h).    Equation  to  the  tangent 

1 


y  =— 


j*^6»'-  j«)  ^  (*'+«**)''-« " »*x-»* *•  +  «*• } . 
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If^sO^  y^  becomes  infinite  and  coioctdes  with  the  tan- 
gent, and  is  consequently  an  asymptote  to  the  cunre. 

(4).    Let  the  curve  be  the  Witch  (Agnesi's  Atudgtical 
Institutions^  Vol.  I.  Art.  €42.),  whose  equation  is 

y=    ^     ^ -' 

X 


(b).     Equation  to  the  tangent 

(c).    Equation  to  the  nonnal 

*  a«  l  2x«5 

(d).    A  line  passbg  through  the  origin  of  the  abscissae, 
at  right  angles  to  the  axis,  is  an  asymptote  to  the  cunre. 

(5).    Let  the  equation  of  the  curve  be 

j/*  +  JT*  y  +  fl  y*  —  a  x*  as  0. 

pr^y(3y«+gay+^)^  ;„  this  case,  j^ and  abo 
^  ^x{a-y)  '  dx 

^-r^ 9  becomes-,  when  x=0,  andy  =  0,  or  at  the  origin 
dy  ^  .    .     . 

of  the  co-ordinates :  this  indicates  a  multiple  point  of  the 
curve,  the  meaning  and  nature  of  which  will  be  more  fiilly 
explained  by  the  examples  given  in  the  next  section,  on  the 
**  singular  or  remarkable  points  of  curve  lines!* 


I 

I 

\ 
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(6).    Let  the  equation  of  the  curve  be 
id).     A  line  whose  equation  is. 


is  an  asymptote  to  the  curve :  this  may  be  constructed  as 

follows :   make   AR  =  AE  =  -  :    then    the   line  passing 

through  R  and   B    is  the  asymptote  required.      Vince's 
Fluxions,  p.  52* 

(7).    Let  the  curve  be  the  hyperbola  referred  to  its  axis, 
whose  equation  is 

a 
(a).    The  linear  equation 

determines  the  position  of  the  two  asymptotes  of  the  curve. 
(8).    L^t  the  equadon  of  the  curve  be 


(a).    This  curve  admits  of  an  asymptote,  whose  equa- 
don is 

v'  es  —  x'.      Vbice's  Fluxions,  p.  53. 
If  we  investigate  series  for  y  in  terms  of  x,  by  means  of 

T 
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the  theorem  of  Lagrange,  we  shall  find  one  of  them,  iiiToIv- 
iqg  descending  powers  of  x,  which  is 

If  we  confine  ourselves  to  the-  first  term,  we  sha^  have 
a  linear  equation,  which  determines  the  nosition  of  the  recti- 
linear aAjrmptote  of  the  curve.  If  we  include  two  terms 
of  the  series,  we  shall  have  the  equation  of  a  curve^  which 
may  be  considered  as  an  asymptote  to  the  original  curve, 
and  which  appsoxtmaied  more  neatly  to  it  ihaa  the  rectiHnear 
asymptote  which  has  just  been  determined.  The  same  is ' 
true,  of  the  curves  which  arise  from  including  three,  four, 
or  a  greater  xuimbex  of  terms  of  the  series,  in  the  equation 
of  the  asymptotic  curve.  This  method,  which  admits  of 
general  application,  was  given  by  Stirling,  in  a  Treatise  in 
illustration  of  NeMrton's  classification  of  lines  of  the  third 
order,  which  was  published  in  17I7. 

(9).     Let  the  equation  of  the  curve  be 

fl  a:'  +  :r'y  —  ay  «  0. 
In  this  case 

^=-a~--^^&c. 

and^=— a,  is  the  equation  to  the  rectilinear  asymptote  of 
the  curve :  it  is  not  necessary  to  explain  its  construction. 

(10).    Let  the  equation  of  the  curve  be 

y  -  2xy  +  x*y  -  a>  =  0.     Fig.  22. 

The  series  which  involve  descending  powers  of  x  are 

^,).  y=x  +  -^:: — 21+ i£i_ &c. 
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(2).     „=x--2l---£-- -1*1- &c. 

Consequently  y  =5\r,  and  y  =  0,  are  the  equations  to  two 
asymptotes,  one  of  which  AD  passes  through  the  origin  A 
of  the  co-ordinates,  making  an  angle  of  45^  with  the  axis, 
and  the  other  is  co-incident  with  the  axis.  Stirling,  Linfos 
Tertii  Ordtnis  Newtoniana,  p.  29,  51,   128. 

(11).    Let  jcy— ey=aj'+^ar*  +  cr +  d,  he  the  equa- 
tion of  the  curve.    Kg.  23.  - 

The  series  fbt  y  are 

(1).    y  =  x^a  +  — —  + .    ^'    +  &c. 

(2).     y  =:-j:^«-_--  + '  ^ &c. 

e      d      ex       bx*       ^ 

/>#\  d      ex       bx*       ^^ 

•  The  equations  y  =  x  ^a  H ,  andy  =  —  x^/a 

2  \^a  ^tj a 

represent  two  asymptotes,  which  c\it  the  axis  at  a  distance 

AH  =  ^~,  from  the  origin  of  the  co-ordinates  and  make 
2a  ^ 

angles  with  the  axis  whose  trigonometrical  tangents  anre  s/a 
and  —  ^a.  From  the  third  series,  it  appears  that  y  is  in- 
finite, ^en  X£=Oi,  and  is  likewise  an  asymptote  to  the  curve 
at  that  point*  These  three  asymptotes  form  a  triangle  Dd% 
of  given  species  and  magnitude :  if  i  =  0,  this  triangle, 
vanishes  in  a  point  A^^  and  if  a=0,  it  coincides  with  the  line 
AD. 
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If  a  be  negative5  the  cunre  has  ooly  ooe  asymptotei  the 
equations  for  the  two  first  involring  imaginary  quantities. 

If  assOj  and  ^=0^  the  two  first  series  for  y  become 

and  the  equations  for  the  two  asymptotes,  are  yzzt^c,  and 
jf  =  —  ^/c»  which  correspond  to  two  lines  drawn  parallel  to 
the  axis,  at  a  distance  =  ^c,  above  and  below  it. 

If  c  =  0,  these  two  asymptotes  coincide  with  the  axis, 
which  is  therefore  an  asymptote  to  the  curve.  Stirlingy 
iin.  Ten.  Ord.  Newt.  p.  87. 

(12).     Let  xy  =  ax*4-*Jr'+f  JT+rf* 

The  ordinate  passing  through  the  origin  of  the  co- 
ordinates, is  an  asymptote  to  the  curve. 

(IS).  Let  y*  —  2x'y— x*  +  2ax*3^'— Stfar'ssO,  be  the 
equation  of  the  curve.    Fig.  24. 

The  series  for  y  are 

<■>• '-^<'-^'>^iw?^^^*'• 
which  furnish  the  equations  to  the  two  ^asymptotes  of  the 
curve. 
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The  equation    to  the  asymptote,    determined  by  this 
method  is 

^    f^   r    ' 

There  are,  however,  in  this  case,  other  asymptotes  whose 
equations  cannot  be  determined  by  this  deyelopement :  for 
if  we  make  x  equal  to  a  root  of  the  equation 

• 

jr  becomes  infinite  and  is  an  asymptote  to  the  ciinre :  and  if  all 
the  roots  of  the  equation  be  possible,  there  is  an  asymptote 
corresponding  to  each  of  them.  Stirling,  Lin.  Tert.  Ord. 
Newt.  p.  53* 

Newton,  in  his  EnumeroHo  Linearum  Tertii  Ordinis,  has 
shewn  that  all  curve  lines  of  the  third  order  are  comprehended 
under  some  one  of  these  four  equations ; 

(1).    xy  —  e^ssajr'  +  6x*+cx  +  ^. 

(2),     xy  ss  ax*-^^bx*+cx+d. 

(4),    y  ==  ax^-^bx^  +  cx+d, 

in  which  a,  t,  c,  dy  e  may  be  positive,  negative,  or  evanescent, 
excepting  those  cases  in  which  the  equation  would  thus 
become  one  of  an  inferior  order  of  curves. 

He  distinguished  65  different  species  of  curves  compre- 
hended under  the  first  equation,  which  constitute  eleven 
distinct  classes :  four  new  species  were  subsequently  dis- 
covered by  his  commentator  Stirling,  and  four  more  by 
De  Gua*. 

The  first  class  contains  9  species,  the  second  14,  the 
*    Usage  de  V Analyse  de  Descartes.     1740. 
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third  4)  and  the  fourth  9:  The  curves  comprehended  in 
these  four  classes  are  named  redundant  hyperbolas,  frofm 
their  possessing  six  hyperbolic  branches,  a  number  greater 
than  in  the  conical  hyperbola.  They  admit  of  three  asymptotes, 
which  in  the  fourth  class  only,  pass  through  the  same  point. 
In  an  these  classes  a  is  positive ;  in  the  second  e  s  0 ;  in  the 
third  e  =:  0  and  j*  s  4  a  c,  and  in  the  fourth  also  ^  =  0. 

The  fifth  class  consists  of  6  species,  and  the  sixth  of  7 ; 
each  admitting  of  one  asymptote ;  they  are  named  defective 
hyperbolas  from  their  possessing  only  two  hyperbolic  branches. 
In  both  these  classes,  a  is  negative,  and  in  the  second  e=0: 
amongst  these  is  comprehended  the  Cissoid  of  Diocles. 

The  seventh  class  includes  7  species  and  the  eighth  4 
species,  each  possessing  one  asymptote  and  two  hyperbolic 
and 'two  parabolic  branches,  and  therefore  called  paraboRc 
hyperbolas:  in  both  these  classes  a:=0,  and  in  the  second 

€=0. 

The  ninth  class  includes  4  species,  which  are  called 
hyperhdisms  of  the  hyperbola,  possessing  six  hyperbolic 
branches  and  three  asymptotes,  two  of  which  are  parallel  and 
the  third  perpendicular  to  the  axis  :  the  tenth  class  consists 
of  three  species,  called  kpperbolisnu  of  the  ellipse,  possessing 
one  asymptote  and  two  hyperbolic  branches :  the  eleventh 
class  consists  of  d  species,  called  lyperbolisnu  of  the  parabola, 
each  curve  possessing  two  asymptotes  and  four  hyperbolic 
branches:  in  these  three  classes  asO,  and  3=0,  and  c  is 
positive  in  the  first,  negative  in  the  second,  and  evanescent  in 
the  diird. 

X 

The  curves  comprehended  in  this  equation  have  one 
diameter  when  ^  =  0,  and  three  diameters  when  ^  =  0  and 
3*  =  4  a  r. 

The  second  equation  comprehends  only  one  species  of 
curves,  to  which  Newton  has  given  the  name  of  Trident^ 
possessing  one  asymptote,  two  hyperbolic  and  two  parabolic 


J 
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brandiea.  The  third  includes  5  speciesi  each  possessing  two 
parabolic  branches :  amongst  these^  is  the  //mw^iVa/  para-- 
hola^  remarkable  as  the  first  curve  whose  rectification  was 
efiected.  The  fourth  equation  comprehends  only  one  species 
of  curves,  commonly  called  the  cubical  parabola. 

The  Reader  who  is  familiar  with  the  description  of  curves 
from  the  properties  of  their  algebraical  equations  and  the 
determination  of  their  asymptotes  and  singular  points,  will 
find  little  difficulty  in  distinguishing  most  of  the  different 
species  of  curves  comprehended  in  these  classes,  particularly 
if  assisted  by  Newton's  Enumeration  and  the  figures  which 
accompany  it :  this  enquiry,  however,  is  sometimes  attended 
with  considerable  difficulties,  since  some  of  the  species 
escaped  the  scrutinizing  accuracy  of  Newton,  and  some  of 
them  are  probably  yet  unknown. 

A  similar  classification  of  curves  of  the  fourth  order 
would  comprehend  more  than  5000  species,  a  work  of  such 
ioimense  labour  and  difficulty  that  no  analyst  has  hitheito 
had  the  courage  to  undertake  it. 

Cramer*  has'  given  a  classification  of  curves  of  different 
orders,  by  the  consideration  of  the  number  and  nature  of 
their  infinite  branches,  a  division  which  is  very  simple  and 
natural,  but  too  general  to  be  of  much  service :  he  has  thus 
made  five  classes  of  curves  of  the  third  order,  nine  of  curves  of 
the  fourth  order  and  eleven  of  curves  of  the  fifth  order :  the 
distribution  of  the  curves  comprehended  in  these  classes,  into 
genera  would  be  attended  with  the  same  difficulties  as  New- 
ton^s  enumeration  of  species. 

This  enumeration,  however,  though  not  destitute  of  in- 
terest, is  of  little  real  utility :  for  the  properties  of  every 
curve  are  most  readily  deduced  by  direct  methods  from  the 


Iniroduciion  a  I* Analyse  des  Ldgnes  Curves  Aigebriques.  1750. 
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particular  equation,  by  which  it  is  expressed,  without  re* 
ference  to  any  general  class  of  curves  or  any  general  equation. 
Our  attention  will  be  thus  directed,  as  it  ought  to  be,  to 
curves  which  are  remarkable  for  curious  and  instructive 
properties,  or  which  result  from  the  application  of  mathe- , 
matics  to  physical  problems. 


On  the  Singular  or  Remarkable  Points  of  Curve 

Lines. 

Art.  77—^3.    (I).     Let  the  equation  of  the  curve  be 

a*y  ss  a'. 

This  curve,  wl^^ich  is  a  cubic  parabola,  has  a  point  of 
inflexion  or  contrary  ^exure^  at  the  origin  of  the  co-ordinates. 
Fig.  26. 

(2).    Lety  =  ^*(^^-^')  ,   (Ex.  5.  p.  144.) 

If  X  =  — ,  and  therefore  y  =  ±  -—- ,  there  is  a  point  of 

inflexion  corresponding  to  each  of  these  points  in  the  two 
similar  branches  of  the  curve. 

(3).     Let  xy^  zz  ex  -  rf. 

3d  /  ^'C 

If  x  =  — ,  andy  s=  ±  %/  — ,  there  is  a  point  of  inflexion 

4  c  Ir  O 

corresponding  to  each  of  these  points.     Fig.  27. 

This  curve  is  termed  an  hyperholism  of  an  ellipse,  and 
constitutes  the  63d  of  Newton's  and  the  67th  of  Stirling's 
enumeration  of  lines  of  the  third  order. 
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(4).    Let  jc*  —  «xy  -  b* y  =r  0. 

A  point  of  inflexion^  when  x=sO  and^csO.     Fig.  28. 

This  cuire  belongs  to  thel:la8S  of  curves/  to  which  New- 
ton has  given  the  name  of  Trident^ 

(5).    Let  aa*+3y+^=sO.     Fig.  29. 

Two  points  of  inflexion^  one  corresponding  to  r=0,  and 
^  =  —  c  \/-7  9  and  the  other  to  x  =  —  ^  V/  ^  *^^  y  =  0. 
Cramer.  Ligms  Curves,    Art.   198. 

(6).     Let  xy*  +  «x*  +  6»  =  0. 

If  a  and  b  have  the  same  sign,  there  are  two  points  of 
inflexion^  corresponding  to  x=  ±^4/  ^  (3+  >/12)-  J  ;  and 
if  a  and  ^  have  different  signs^  these  two  points  correspond 
to  X  =  ±:b  k/  \{^  -  >/12)  -  I  .  Cramer.  Id.  Art.  199. 
Newton  Enum.  Lin,  Tert.  Ord.  Species  53,  56. 

(7).     Let  X*  -  «» X*  +  a^y  =  0.     Fig.  30. 
There  is  a  point  of  inflexion  corresponding  to  each  of  the 
pcmits  determined  by  making  x  =  ±  — ^  and  therefore  y  = 

^-?  .    Cramer.  Id.  Art.  199- 

(8).    Let  a'y  =  x*. 

There  is  a  point  of  double  inflexion  at  the  origin  of  the 
co-ordinates^  which  is  likewise  termed  a  point  of  serpentement 
or  of  undulation  and  may  be  considered  as  arising  from  the 
union  of  four  points  of  the  curve.     Such  points  as  these  are 

u 
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points  of  inflexion,  in  an  analytical  rather  than  a  geometrical 
sense,  since  the  cunre  itself  presents  no  visible  character  of 
a  change  in  the  nature  of  its  curvature. 

It  will  aid  the  student  in  conceiving  the  nature  of  this 
point,  to  consider  the  curve  whose  equation  is 

a»^  =  a:*  --  (*•  +  O  x«  +  *V : 

if  we  make  b  and  c  equal  to  nothing,  the  equation  will  coin- 
cide with  that  given  above,  and  the  four  points  corresponding 
to  X  9s  by  Scz^-^b,  x-nc  and  jtss— r,  will  unite  into  one, 
which  is  a  point  of  undulatkn.    Fig.  31. 

(9).     Let  a^y  =:  :r^.     Fig.  32. 

If  :rssO  and  ^=0,  there  is  a  point  of  tripk  inJUxion, 
which  is  coincident,  in  its  geometrical  characters,  with  a 
point  of  simple  inflexion :  it  obviously  arises  from  the  union 
of  five  points  of  the  curve. 

(10).  The  corresponding  point  in  the  curve,  whose  equa- 
tion is  a^y  ==  x% 

is  one  of  ihuble  undulation.  It  is  unnecessary  to  discuss  the 
nature  of  this  point  in  similar  parabolic  curves  of  higher 
orders* 

(11).  LetO"  -|-ar«)*- 4ay(dP"  +  y  -  2a^  +  2a*)  &sO. 
Fig.  S3. 

A  point  of  double  inflexion  or  of  undulationf  at  the  origin 
of  the  co-ordinates.    Cramer  JU.  Art.  186. 

(12).  Let  there  be  a  series  of  curves  whose  equatioas 
are 

(1).    y  =  *  +  (X  -  a)t 
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(3).     ^  as  X  +  (X— £l)^. 


7 


(4).    ^  =  X  +  (x— a)^. 

There  is  a  pcrnit  of  ir^xhn  in  all  these  curves^  cor- 
responding to  xsa. 

In  the  first,  the  tangent  at  the  point  of  uifleMon  A,  is  per- 
pendicular to  the  axis.     Fig.  34. 

In  the  second,  the  tangent  at  J,  is  parallel  to  the  axis. 
Iff.  So. 


In  the  third  and  fourth,  the  tangent  at  il  is  inclined  at 
an  angle  of  45^  to  the  axis.    Fig.  36. 

(Id).    Let  ay»  -  x»  -  * x'=:  0.    Fig.  37. 

At  the  origin  of  the  co-ordinates,  we  find   -^  as  :t:  • 

dx 

aX-  ,  which  indicates  a  node  or  doubU  point. 

I£  ft=0,  the  curve  becomes  the  sem^^uUcal parabola  i  in 
tiiis  case,  the  two  tangents  coincide  with  each  other  and  the 
nodi  is  changed  into  a  poha  of  rehroussement  or  cusp  of  the 
first  kind. 

If  A  be  negative,  the  values  of  -^  become  imaginary, 

dx 

and  this  point  is  an  insulated  or  conjugate  point.    Newton. 
Bnum.  Lin.  Tert.  Ord.  Species  68,  70,  69* 

(14).  Lety^-Sy*  —  12xy  +  I6y*  +  48xy+4x*- 
64  X  =:  0.     Fig.  38. 

If  xss2  and  ^=24,  we  find  -^  zz  ±  >/8,  which  in- 

dx 

dicates  a  double  point  arising  from  the  intersection  of  two  of 

the  four  branches  of  the  curve. 
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This  example  was  appealed  to  by  RoUe,  one  of  the  earliest 
adversaries  of  the  Differential  Calculus^  to  prove  that  its 
processes  sometimes  lead  to  erroneous  results :  he  made  no 
distinction  between  the  whole  curve  denoted  by  the  given 
equation  and  that  which  corresponds  to  one  of  its  factors 
^—  2  -  ^(4  x) — ^(4  +  2  j)  =0,  and  supposed  that  a  fraction 
whose  numerator  and  denominator  are  evanescent^  must 
itself  be  evanescent.  A  full  explanation  of  these  difficulties 
was  afterwards  given  by  Saurin*. 

(15).    Let  X*  —  fly  x*  +  *y  =  0.     Fig.  39. 

A  triple  point  at  the  origin  of  the  co-ordinates,  arising 
from  the  intersection  of  three  branches  of  the  curve  :  the 

values  of  -^  at  this  point,  are  ±  \/ -  and  0, 

This  is  another  of  Rollers  instances,  which  was  likewise 
explained  by  Saurin. 

(16).  Let  a:^  -  «  ^2  fl  j»  +  2  fl*  JT*  -  fl^ — fl*^  =  0, 
Fig.  40. 

If  xrzO,  there  is  a  double  point,  where  —■  :=:  ±  ^2. 

o>  X 

If  X  =:  fl  y/2  and  ^  =  0,  there  is  a  double  point  in  every 
respect  similar  to  the  former.  At  both  these  points,  there  is 
an  inflexion  in  that  branch,  whose  tangent  is  determined  by 

making  —  =  —^2.     Cramer.  Lignes  Curves.  Art.  186. 

(17).     Letx*-2a3^»-3flV-2a*x»  +  fl*  =  0.    Fig.  41. 

Three  douUe  points  corresponding  to  x  =r  a  and  y  =  0» 
X  =  —  fl  and  3^  =  0,  and  x  =  0  and  y  =  -  a  :  for  the  first 

two  points -ji.  =  ±  \/-,  and  for  the  third  -7^=  ±  A/ "S • 
a  X  V '  8  a  X  V    3 


*  Memoiresde  V Academic.  1716,  1723. 
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(18).    LetV  +  y  —  a  ay  +  ibx'y  =  0.    Fig.  42. 

A  tripU  point  or  double  node  at  the  origin  of  the  co-ordi- 
nates. 

If  i  =  0^  the  inferior  ovals  disappear  and  vanish  in  a 
point  A,  which  may  be  considered  as  an  iwoisible  tripU point. 

If  a  zzOf  the  superior  oval  disappears  and  the  point  A 
is  a  trip/e  point,  arising  from  the  coincidence  of  two  tangents 
and  a  third  tangent  coincident  with  the  axis. 

If  the  equation  be^— a:*  +  2  ^  j:y*  =  0,  the  point  A  will 
be  a  triple  point  of  a  similar  nature^  though  the  form  of  the 
curve  will  be  difierent.    Fig.  43. 

(19).    Let  a'/ =  a:*. 

A  aup  of  the  first  kind,  when  i?  =  0  and  y  ==  0. 

(20).    Let  (xy  +  l)*+(x— I)'  (x-2)  =  0.    Fig.  44. 

If  X  =  1  and^  =  —  1»  there  is  a  cusp  of  the  first  kind 
NewtoA.  Lin.  Tert.  Ord.  Species  35. 

(«1).     Lety  =  *  +  (x-tf)'^.    Fig.  48. 

If  x=a  and  y  =3,  there  is  a  cusp  of  the  first  kind. 

(22).     Let  y  =  ^  +  ^  jc*  +  (X  —  a)^.    Fig.  46. 

If  x=a  and  y =6  +  c  a\  there  is  a  cusp  of  the  second  kind. 

(23).     Lety  =  ±  (x-fl)«  ^{x-'b)^c.     Fig.  47. 

If  x=:a  andysc^  the  two  branches  have  a  common  tan- 
gent parallel  to  the  axis,  but  no  cusp ;  there  is  an  oval  be- 
tween xsa,  and  x^b- 
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(24).    Let  y «  ± (x -ay  VC^r  - *) +<^-    Kg-  -*»• 

l£x  ss  a,  and  ^  s  ^,  the  two  branches  have  a  common 
tangent  and  equal  and  similar  cunrature  at  their  point  of  in- 
tersection^  but  no  cusp ;  there  is  likewise  an  oral  between 
xssa^nixssb. 

In  this,  (as  well  as  in  the  last  example),  we  must  suppose 
a>i;  if  a  <  ^»  the  dmbUpaiftt  in  question  is,  in  both  cases, 
a  conjugate  point* 

(26).    Let  y*  +  a  X*  -  *^xy  =  0.    Fig.  49. 

At  the  point  A,  the  origin  of  the  co-ordinates,  there  is 
an  inflection  of  die  infinite  branch  CjID  and  a  cusp  of  the 
first  kind :  the  point  A  is  properly  a  triple  point.  Cramer. 
Id.  Art  221. 

(26).    Let  a»y*  -  2  a  6«*y  —  **  =  0.    Rg.  50. 

At  the  origin  of  the  co-ordinates,  we  find  what  is  called 
an  Ofcu^njlexion^  or  two  branches  of  the  curve  touch  each 
other  at  A,  one  of  which  experiences  an  inflexion  at  that 
point.    Cramer.  Id.  Art.  220. 

(27).    Let  r*-ajc*y-afl:y+ia*y*  =0.    Fig.  61. 

At  the  origin  of  the  co-ordinates,  we  find  a  cu^  of  the 
second  species.    Cramer.  Id.  Art.  220. 

(28).    Let  (x^  +  y)»  -  4  a*  x^j/"  =  0.     Fig.  52. 

A  quadruple  point  at  the  origin  of  the  co-ordinates. 

This  curve  is  thus  constructed :  If  a  circle  be  described 
whose  radius  AB  =:  a,  and  if  AM  be  always  taken  equsd  to 
a  sin  %£AM^  the  point  M  will  trace  out  the  curve. 
Cramer.  Id.  Art.  170. 

(29).  LetTy*+i*-(2  6+a)x*  +  (6*+2ii*)x-a«»=sa 
Fig.  5S. 

A  double  point  corresponding  to  j=^  and  y 30. 
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The  construction  of  this  curve  is  as  follows :  Take  C 
any  point  in  the  diameter  ilB  of  a  circle  :  draw  the  ordinate 
P  N,  join  A  N  and  draw  CM  parallel  to  AN :  the  point  M 
traces  out  the  curre.    Cramer.  U.  Art.  174. 


(SO).     Lety+x*-2fl*«»-2a'y»  +  a*a0.    Fig.  54. 

Four  dauUe  points  corresponding  to  x  »  a  and  y  » Of 
x=-:a  and^sO,  xsO,  and^sa,  and  xsO  and  ys— a. 

This  curre  arises  from  the  intersections  of  two  ovals, 
whose  equations  are 

y*  +  X  y  v^2  +  J*  —  «*  =3  0,  and 

y"  ■—  -^^y  \/2  +  x'  —  «•  ss  0. 

Ctamer.  Ji.  17S. 

The  description  of  curves  of  higher  orders  than  the  fourth 
and  the  determination  of  their  singular  points,  becomes,  in 
most  cases,  exceedingly  difficult,  from  the  extreme  compli* 
cation  of  their  forms  and  the  difficulties  attending  the  solu* 
tion  of  equations  of  higher  orders  than  the  fourth,  to  which 
these  investigations  commonly  lead.  Curves  of  this  kind^ 
however,  seldom  occur  in  physical  enquiries,  and  their  dis« 
cassion  is  therefore  of  little  importance,  unless  as  a  subject 
of  analytical  curiosity. 

We  shall  have  occasion  to  notice  other  instances  of  sin- 
gular points,  in  enumerating  the  principal  properties  of  some 
particular  curves  which  have  become  celebrated  from  histori* 
cal  or  other  circumstances.  The  reader  who  wishes  for 
further  information  upon  this  subject,  will  find  his  curiosity 
amply  gratified  by  the  complete  discussion  of  a  great  num- 
ber of  excellent  examples,  in  the  very  elaborate  work  of 
Cramer  to  which  we  have  so  often  referred. 
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On  the  Curvature  of  Curve  Lanes. 


Art.  87—100.    Let  y»  =^(«'  -  «•)  or  ?!  +  |^*  =  I. 


If  we  make  a*  ^  H^  sz  a*  f%  we  fiad  the  radius  of  the 
pitde  of  eunraturei  or 

(a*  -  ^  x»)* 

If  a  and  /9  be  the  co-ordinates  of  the  center  of  the  circle 
of  cunrature^  we  have 

a  =  _-. ,  and  ^  = r  («*  ~  *•)*  5 

or  ab^  ' 

and  by  eliminating  a  and  /3  from  these  equations^  we  get 

, .       fl*  -  *•        ,     «'  -  *•       ,' 

or  makmg  =  a%   — 7 —  =  b^ 

a  b 

o  s  jt'  and  /?  =:  ^\  the  equation  of  the  evolute  becomes 


©*  ^  (D*=  ■• 


||t  ».  ^ 

The  eTolttte  has  a  cusp  at  E\  also   CE^  — ^ — , 

b 

)CQ=C(2'=  ^^H^  and  the  arc  jB(2=  ^^^  .    Fig.  56. 


In  the  case  of  the  hyperbola  the  equation  of  the  evolute  is 

,  /         ^'   +  ^'  ,    ,,         fl»   +  i* 

where  a  == ,  and  b  =  — 7 

^'  a  b 
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(2).    Let  xyssa\  or  let  the  curve  be  the  rectangular 
hyperbola  referred  to  its  asymptotes. 

2  a*  V        x*/  > 

I 

In  order  to  determine  the  equation  of  the  erolute,  we  find 

2li»      o»         Vx      a/>       2Vx      o/* 

oonsequentlj 


2x.Va 

and  therefore 

1 


7V^|  =  ^(«+^j-  y(«-^. 


The  evolute  has  a  cusp  at  E  \  and  two  in6nite  branches 
£Q  and  E(l.    Fig.  h^. 

(3).    Let  a'  y  =  JT*,  the  equation  of  the  cubical  parabola. 

This  expression  is  a  minifnum^  or  the  curvature  is  the 
greatest  when 

'  =  5^5 '"^^  =  5;^- 

Akoa=f_9.fl,    ft^^  ^^f. 
2      2    a*'  b'x       2a*' 


^1 


/ 
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The  elimination  of  x  from  these  equations»  leads  to  a  very 
complicated  expression  for  the  equation  of  the  erolute,  which 
does  not  seem  to  admit  of  reduction. 


(4).     Let  fl  y*  =  x*,  which  is  the  equation  to  the  semi- 
cubical  parabola : 

4  a' 


—  --(-!!)'. 


3 


If  X  =  0,  Y  =  0,  or  the  curvature  at  the  tvrtex  is  infinite. 


9a* 
The  equation  of  the  evolute.is 

250  4  o 


(5).     Let  ii^-^v  =^4 


wi'x**— '1* 


--{■+^£^} 


If  m  >  «,  7  is  infinite  when  a:=0,  as  in  Example  S ;  the 
curre  experiences  an  inflexion  at  this  point. 

If  wi  <  2,  7  =  0,  when  x  =  0,  and  there  is  a  cusp  at  that 
point. 

(6).    Let  y  =  ''\/(a*-**) .    (Ex.  4.  p.  144.) 

/      ^ '^  2fl»x»(3fl— 4*) 

If  T  =  0,  7=  oo:  at  this  point  j/=  oo ,  and  the  cune 
coincides  with  its  asymptote. 


r 
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If  .r  s  — ,  7  =  oo,   which   corresponds  to  a  point  of 
inflexion, 


a  s= 


2x*(3«— 4  a:) 


The  only  difficulty  attending  the  determination  of  the 
equation  of  the  erolute  of  an  algebraical  curve,  arises  from 
the  elimination  of  x  from  the  expressions  for  a  and  /3,  which 
generally  requires  the  resolution  of  equations  of  higher 
orders. 


On  the  Conchoid  of  NicomedeSj  fhe  Cissoid  of 
Diocles  and  other  remarkable  Curves,  both  Aige- 
braked  and  Transcendental. 

(1).     On  the  Conchoid  of  Nicomedes.    Fig.  57,  58. 

If  a  line  be  drawn  from  the  point  P,  cutting  the  in- 
definite straight  line  CD  in  R,  and  if  RM  be  taken  equal  to 
a  given  line  j  the  curve  EBe  traced  out  by  M,  in  the  difierent 
positions  of  PM,  is  called  the  Conchoid  of  Nicomedes. 

If  ^  m  be  taken  equal  to  RM^  the  curve  Ft/  traced  out 
by  m,  is  called  the  inferior  conchoid. 

The  indefinite  line  CD  is  called  the  rule,  and  the  given 
line  RM,  the  modulus  of  the  conchoid. 

If  a  line  PAB  at  right  angles  to  CD,  be  considered  as 
the  axis  of  the  abscissae,  and  if  we  make  AB  or  RM  :^  a^ 
APzzb^  AHzzx,  and  HM^y,  we  shall  find 
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which  is  the  equation  to  a  curve  of  the  fourth  order. 

The  determination  of  the  points  of  inflexion  of  this  curve, 
depends  upon  the  solution  of  die  equation 

x^  +SBx*  ^2ba*  ==  0. 

If  a=:i,  or  if  the  inferior  conchoid  pass  through  the  pole 
P,  the  roots  of  thb  equation  are  0(^/S  — ])>  —  a  and 
—a  (/s/S  + 1) ;  the  first  of  which  corresponds  to  two  points  of 
inflexion  in  the  similar  branches  EB  and  e  £,  and  the  second 
indicates  a  cusp  of  the  first  kind  at  the  pole  of  the  conchoid  : 
the  third  root  gives  imaginary  values  of  y  and  therefore  cor- 
responds to  no  point  of  the  curve. 

If  b  be  greater  than  a,  there  are  four  points  of  inflexion^ 
two  in  die  superior,  and  two  in  the  inferior  conchoid :  die 
pole  P  is  in  this  case  a  conjugate  point. 

.  If  ^  be  less  than  a,  there  are  two  points  of  inflexion  m 
the  superior  conchoid :  the  pole  P  is  a  double  point  and 
there  is  an  oval  included  between  P  and  b.     Fig.  58* 

The  polar  equation  of  this  curve  is 

«  =  -i-  +  V«% 

cos  ^ 

where  u  =  PM  and  S  =  angle  MPB. 

If  its  rectangular  co-ordinates  be  expressed  by  trigono- 
metrical quantities,  die  conchoid,  from  the  nature  of  the 
resulting  equation,  may  be  considered  as  a  cycloidal  curve : 

thus,      y  =  ^  tan  6  +  ^a*  .  sin  6,     and 

■ 

X  =  >/a'  .  cos  B, 

The  whole  area  included  by  the  curve  BE  and  its  asymptote 
^D  is  infinite  :  but  the  solid  generated  by  the  revolution  of 


I 
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the  same  area  round  jlD  is  finite  and  e^oid  to  a  hemisphere 
whose  radius  is  a,  together  with  a  cylinder  whose  base  is 

w  u*  and  whose  altitude  is  —  •    This  property  was  ditcoveved 

byWallis* 

Nicomedes,  who  appears  to  hare  flourished  about  two 
centuries  hefove  the  ClMristiaa  aerra,  made  use  «f  fSiis  curve  in 
the  practical  solution  of  die  twa  problems  so  celebrated 
among  the  geometers  of  antiquity*  namely  the  trisection  of 
an  angle  and  the  insertion  of  two  mean  proportionals 
between  two  grren  lines,  upon  which  problem  die  dvplica- 
tioB  «f  a  cvbe  depended  :  it  was  pecufiariy  adapted  for  diis 
purpose,  in  consequence  of  its  admitting  of  a  yery  iSmpk 
mechanical  description  t. 

A  method  nearly  simihr  may  be  made  uae^if  to  describe 
the  ell^>se  and  byperboja:  for  if  we  auie  RQ  caoatim^ 
-equal  to  a  and  draw  QM  at  right  angles  to  AIX,  the  point  M 
will  trace  out  an  hyperbola^  wihose  asymptotes  are  KD  and 
KL9  the  point  K  being  determined  by  maUag  AKssa^  and 
KL  being  parallel  to  AB. 

Again^  if  PRM  be  drawn  from  difierent  points  of  AP 
in  such  a  manner  that  the  part  PR  may  be  constantly  e^ual 
to  I  and  RM  to  a,  then  the  curve  traced  out  by  M  will  he 
an  ellipse  whose  semi-axes  are  a  +  ^  and  a  and  whose  centre 
is  A.  Also,  if  m  be  taken  m  RP  or  RP  produced,  the 
point  m  will  describe  an  ellipse,  whose  semi-axes  are  a 
and  ^  —  tfy  if  a  be  less  .than  b ;  and  a  and  a— i  when  a  is  greater 
than  b. 

It  is  obvious  that  all  these  motions  .may  be  executed 
jnechanically. 


*  Wallisij  Opera.  Tom.  I.  p.  550. 

t  MoDtacla.  Uistoirc  des  Maihematiqim,  Tom.  L  p..  2S6»  and 
irton.  Appendix  ad  Arith,  UnivtrBtiiem.    Art.  5. 
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(2).    On  the  Cissoid  of  Diodes.    Fig.  59. 

If  PQ  and  pqhe  two  ordinatesi  drawn  at  equal  distances 
from  ji  and  B,  the  extremities  of  the  diameter  of  a  circle ; 
and  if  we  join  A  q  cutting  PQ  or  PQ  produced  in  M,  the 
curve  traced  out  by  the  point  M  is  the  Cissoid  of  Diodes. 

If  we  make  ABssa,  AP-i^x  and  PM^yy  we  find 


a—x 


The  curve  consists  of  two  infinite  hyperbolic  branches 
AE  and  Aiy  with  a  cusp  at  A^  and  an  asymptote  passing 
through  B  at  right  angles  to  AB* 

The  area  APM  of  the  Cissoidy  is  equal^to  three  times  the 
circular  segment  AQA  diminished  by  the  triangle  AQP,  and 
consequently  the  whole  area  of  the  curve  between  its  infinite 
branches  and  asymptote,  is  equal  to  three  times  the  area  of 
the  generating  circle :  the  solid  generated  by  the  revolution  of 
this  area  round  AB  is   infinite. 

The  polar  equation  of  the  curve  u  s= . 

'^  ^  cos  (7 

This  curve  may  be  generated  mechanijcally  as  follows. 
Produce  CA  to  E  making  AEziAC ;  and  let  the  ordinate  CD 
be  produced  indefinitely ;  let  the  indefinite  line  KF  and  the 
line  FH  which  is  equal  to  AB  and  bisected  in  M,  be  placed 
at  right  angles  to  each  other :  then  if  KF  pass  constantly 
through  the  point  E  and  the  point  ^  move  along  CD  or  CD 
produced,  the  point  M  will  trace  out  the  Cissoid*.     Fig.  60. 

Diodes  the  inventor  of  this  curve  flourished  in  the  sixth 
century  after  Christ,  and  was  one  of  the  latest  geometers  of 
the  school  of  Alexandria :  if  we  take  for  granted  the  geo- 
metrical description  of  the  cissoid,  it  wiU   afibrd  an  easy 

*  Newton.  App.  ad  Arith.  Univctsalem  Sect.  46. 
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solution  of  the  same  problems  which  suggested  the  invention 
of  the  conchoid. 

If  we  suppose  ^JB  to  be  the  axis  or  a  portion  of  the  axis 
of  any  other  curve^  an  infinite  number  of  cissoidal  curves  may 
be  described,  by  a  similar  construction.  Thus  suppose  the 
locus  of  9  to  be  die  side  a  6  of  the  rectangle  AabB,  Fig.  61, 
the  point  M  will  trace  out  a  curve,  whose  equation  is 

X  b  s  (a  —  x)  ^, 

which,  by  making  a  — xsj/  and^+^=y»  may  be  trans- 
fefined  into 

the  equation  to  the  rectangular  hyperbola.  Any  other  hy- 
perbola may  be  described,  supposing  PQ  and  p^  to  make 
any  given  angle  with  A  B. 

If  we  suppose  the  generating  curve  to  be  the  cissoid,  the 
secondary  cissoid  will  be  the  generating  circle  of  the  first : 
but  if  we  reverse  the  position  of  the  generating  cissoid,  this 
secondary  curve  will  have  for  its  equation 


(a  — x)>' 

and  the  continuation  of  this  process,  will  give  us  a  series  of 
curves  whose  equations  are 

y  =  ' r; »  y  «7 r, .  &c. 

(fl  — x)*  (a— x)' 

And  generally,  if  the  equation  ^  s  >/r  x,  of  the  gene- 
radng  curve  be  required,  so  that  the  cissoidal  curve  corre- 
sponding, may  be  any  given  curve  whose  equation  is^^^x; 

shall  find 

,  Xibia  —  x) 

a—x 
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(d).    On  the  Lemniscata  of  James  Bernoulli. 

If  from  the  center  C  of  an  equilateral  hyperbola  AQ^ 
a  perpendicular  be  let  fall  upon  the  tangent  QTMy  the  curve 
traced  out  by  the  point  M  in  different  positions  of  the  tan- 
gent, is  called  the  lemniscata.    Fig.  62. 

If  AC  =:  a^  CP^x  and  PM^g^  the  equatioa  to  the 
curve  is 

which  is  therefore  of  the  fourth  order. 

It  consists  of  two  oval  figures  forming  a  double  point  at  C% 
with  an  inflexion  of  each  branch  at  that  point,  the  tangents 
making  an  angle  of  45^  with  the  axis. 

This  curve  consisting  of  two  ovals  which  intersect  each 
other,  admits  of  complete  quadrature.and  its  whole  areasa*. 

Its  polar  equation  is 

u  =  a  .  cos  S2  6, 

where  u  as  CM  and  Ocz  the  angle  ACM. 

If  we  take  /  to  represent  the  arc  AM^  we  shall  find 

,             o'  du 
as  =:  — : , 

or,  if  a  s:  1, 

,               du 
as  =s  — ; --. 

This  curve  was  first  considered  by  James  Bernoulli  *• 


Jacob!  Bernoulli i^  Opera.  Tom.  I.  p.  609. 
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who  shewed  that  its  arcs  were  equal  to  those  of  the  Elastic 
cvrve,  whose  differential  equation  is 

the  abscissa  x  corresponding  to  the  chord  u  of  the  arc  of  the 
Lemniscata. 

He  also  shewed  its  use  in  the  construction  of  the  cttrre, 
whose  differential  equation  is 

(xdx  '¥ydy)^y  ^{ydx  ^xdff)  s/Of 

upon  which  a  bodjr  descending  by  the  action  of  gravity,  will 
recede  uniformly  from  the  point  from  which  die  motion 
begins. 

Fagnani,  in  the  same  work  in  which  he  demonstrated 
that  it  was  possible  to  determine,  in  an  infinite  number  of 
ways,  two  arcs  of  an  ellipse  or  hyperbola,  whose  difference 
is  assignable  geometrically,  also  exhibited  analogous  and  still 
more  remarkable  properties  in  the  Lemniscata :  thus  if  the 

chord  CM  =  u,  and  CN  =s  4/  <  T  ^  i ,  supposing  as  1, 
then  the  arc  CM  is  equal  to  the  arc  JN :  and  again,  if  we 
take   Ctr  =  g^\/(^7-^),  then  the  arc  CN'ls  equal  to 

« 

twice  the  arc  CM.  The  second  of  these  properties  was 
generalized  by  Euler*,  who  shewed  that  if  we  take  the 
chord  of  CMssu  and  the  chord  CNof  n  times  that  arcs:;, 
then  the  chord  of  an  arc,  which  is  (n  + 1)  times  CN^  U 


V  1(1 +«•)(! +2*)  5 


*  Nov.  Commeat.  Pttrop,  1761. 

Y 
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• 

£ul6r  in  the  same  Memoir  has  mentioned  several  other  prOf 
perties  of  the  arcs  of  this  cunre,  which  are  deducible  from 
the  preceding ;  and  the  same  subject  is  discussed  with  great 
elegance  and  generality  by  Legendre  in  his  work  upon  El- 
liptic Transcendents'*^* 

This  18  not  the  only  curve  to  which  the  name  of  Lem- 
niscata  has  been  given  :  if  we  describe  a  circle^  with  a  centre 
C  and  radius  Cji,  and  make  PM  or  p  constantly  equal  to 
a .  sin  ^ .  cos  Of  where  0  is  the  angle  ^CQ^  we  shall  find  a 
curve  whose  equation  is 

X*  —  a*  X*  +  a'y  =  0, 
which  in  its  form  and  singular  points  is  precisely  similar  to 
the  former^  though  its  arcs  present  no  analogous  properties. 
Fig.  6S. 

(4).    On  the  Semi-cubical  Parabola. 

The  equation  of  this  curve  is 

ay*  ssxK 

This  curve  is  the  evolute  of  the  conical  parabola  f  i  and 
its  Ac,  reckoned  from  the  origin  of  the  co-ordinates  is  equal 

(p).    On  the  Logarithmic  Curve. 

This  curve  was  imagined  by  James  Gregory  §  :  its  most 
important  properties  were  discovered  by  Huygens||. 

If  AP=x\  and  PM^y,  Pig.  (64.)  its  equation  is 


*  Exercises  du  Calcul  Integral,  p.  39. 

t  Huygens  Horologium  OsciUatoriwn. 

I  This  curve  was' rectified  by  Neil  iiri657,  in  consequence  of 
a  remark  made  by  Wallis  in  his  ArUhmetka  I^/inuerum  in  a  Scho- 
lium to  the-38th  ProposUion.    Wallisii  Opera.  Tom.  I.  p.  551. 

§  GeametricB  Pars  Universalis.  Padua  1568. 

li  In  his  treatise  De  Causa  Gravitatis,  Opera  Keliquu,  Tom,  11. 
p.  149. 
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.The  ordinate  ABzzl^  and  is  therefore  independent  of  a^  or 
the  base  of  the  system  of  logarithms  which  .are  represented 
by  the  abscissas  of  the  curve,  the  corresponding  ordinates 
representing  the  numbers. 

The  subtangent  PT  =  , ,  or  the  modulus  of  the 

log  a 

system  of  logarithms. 

The  area  jtBMP:zPT{PM'-AB),  and  the  whole  area 
included  between  the  curve,  the  axis  or  asymptote  CP,  and 
the  ordinate  PM^  is  equal  to  twice  the  triangle  PTM. 

The  solid  generated  by  the  revolution  of  the  same  area 
round  the  axis  CP,  is  equal  to  one  half  the  cylinder,  whose 
altitude  is  PT  and  the  radius  of  whose  base  is  PM. 

(6).    On  the  Quadratris  of  Dinostratus,  &c. 
If  C-4  =  1,  AP  zs  X,  PM  zzyy  Fig.  65,  then 

y  =  (1  -  x)  tan  ■— 

is  the  equation  of  the  curve. 

The  following  method  of  determining  die  point  fi  is 
given  by  John  Bernoulli  *• 

Join  AD  and  draw  CB  perpendicular  to  it ;  with  centre 
C  and  radius  CB  describe  the  circular  arc  EF^  cutting  CH 
in  JP  J  join  BP  and  draw  CE  perpendicular  to  it  \  describe 
the  circular  arc  EF^  with  centre  C  and  radius  CE^  and 
proceed  as  before :  the  point  JP  approximates  nearer  and 
nearer  to  the  point  J3  after  each  operation,  and  ultimately 
coincides  with  it.  The  points  JS,  F,  E*  &c.  are  also  points 
in  the  curve  s  and  by  drawing  the  chord  of  any  other  arc 
Aiy  of  the  quadrant,  and  repeating  the  same  operations  as 
beforcy  any  number  of  points  whatever  of  the  curve  may  be 
delermined. 

*  ComtiiercUtm  J^iatolicutn  LeUntitui  et  BemouiUi,  Tom.  II. 
p.  177. 
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The  diatance  CBszcos  7  cos  ^  cos  7^ ,   8lc.  in  infinitum 

=  ? ,  and  is  consequently  a  third  proportional  to  the  qua- 
drantal  arc  and  the  radius* 

It  is  oh^ous  from  the  mode  of  describing  this  curve, 
that  if  it  be  continued  without  the  circle,  it  will  consist  of  a 
series  of  infinite  hypeibolic  branches,  cutting  the  ans  ACI 
produced  in  points  which  are  separated  from  each  other  by 
a  distance  eqtud  to  the  ^ameter  of  the  circle. 

The  tangent  at  B  is  parallel  to  the  axis. 

If  we  assume  CMssu  and  the  angle  BCMz^O^  we  find 


ir  sin  0 ' 
which  is  the  polar  equation  of  the  curve. 

If  We  suppose  the  radius  AC  of  the  circle  to  move  pa- 
rallel to  itself  and  uniformly  through  the  quadrant  AD, 
whilst  the  ordinate  PM  moves  uniformly  through  AC^  their 
common  intersection  \nll  trace  out  a  curve  whose  equation  is 

V  =  sm  -— 

and  which  is  called  the  Quadratrix  of  Tschimhausen.  Fig.  66. 

This  curve  has  likewise  an  infinite  course,  consisting  <rf  an 
infinite  number  of  curves  similar  and  equal  to  that  included 
in  the  cifde  and  referred  to  the  same  axis  indefinitely 
produced.  This  curve  is  die  projection  of  a  curve  of 
double  curvature,  called  the  ielix,  upon  a  plane  coinciding 
with  the  axis  of  the  cylinder,  upon  v^ose  surface  it  is 
described. 
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Its  polar  equation  is 

.    n            'w  u  cos  0 
»  sm  a  =:  cos . 

The  area  ACD  of  the  curve  is  a  third  proportional  to  the  square 
described  upon  the  radius  and  the  area  of  the  semicircle. 

If  we  divide  any  abscissa  AP^  in  either  of  these  curves  in 
any  ratio  whatever,  the  radii  in  one  case  and  the  sines  in 
the  other,  which  pass  through  the  extremities  of  the  cor- 
responding ordinates,  will  divide  the  arc  ^Q  in  the  same 
ratio :  the  mechanical  description  of  these  curves,  therefore, 
would  furnish  us  with  the  multisection  of  an  arc. 

The  following  curve  is  called  the  Triuctrix  from  its  cha* 
racteriitic  property ''^t 

With  centxes  A  and  £,  Fig.  (67.)  and  the  same  radius 
ABf  describe  two  circles :  draw  any  line  AQ  meeting  the 
second  circle  in  Q^  and  in  AQ  and  AQ  produced,  make 
QPssQP* s  AB :  the  points  P  and  P'  are  points  of  the  curve. 

Its  polar  equation  Is 

tt  =  2  cos  ^  ±  1, 

where  u  s  AP  or  AP'  and  ^  s  the  angle  PAB. 

Its  equadon,  when  referred  to  rectangular  co-ordinates,  is 

or  y  +  (2x*  —  4a:  +  l)y  +  ir'(x'  -  4? a:  +  3)  =  0. 

If  we  draw  any  line  BEF  cutting  the  curve  in  E  and 
the  circle  in  jF,  and  then  join  AE  and  produce  it  to  meet  the 
Ofde  in  ^  the  arc  BF  is  always  triple  of  the  arc  Bf.  The 
description  of  this  curve,  would  therefore  enable  us  to  trisect 
any  arc  from  0  to  S60\ 


*  IHiecfion  de  VAngk,  par  AMemar  a  Garmer,  Paris  I809. 
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(7.)    On  the  Tractory,  Syntractopy,  &c. 

Let  BE  (Fig.  68.)  Be  a  curve,  referred  to  the  axis  JC, 
whose  tangent  JUT  is  always  equal  to  the  given  line  jIB  : 
if  we  make  ilBssa,  jIPssx,  and  PM=:y,  the  differential 
equation  of  the  curve  is 

which  becomes  by  integration 

.       .  =  alog{"+%/<°*-.y')}lv(a»-y'). 

Huygens  and  subsequent  writers  oh  the  properties  of  this 
curve,  have  considered  it  as  described  mechanically,  by  at- 
taching one  extremity  of  a  string,  whose  length  is  uiB,  to 
a  weight  at  Bf  whilst  the  other  is  drawn  along  the  line  or 
diricirix  AC :  the  weight  B  was  supposed  to  trace,  out  the 
curve. 

This  conclusion,  however,  is  erroneous,  unless  we  sop- 
pose  the  friction  of  the  plane  of  traction  to  be  infinitely  great, 
so  that  the  momentum  of  the  weight  which  is  generated  by 
its  motion,  may  be  instantly  destroyed  :  the  mechanical  trac- 
tory of  a  straight  line  upon  a  perfectly  smooth  plane  is 
an  inverted  semicycloid,  the  extremity  of  whose  base  is  in  B 
and  whose  axis  is  equal  and  parallel  to  AB  :  the  motion  of 
the  weight  B  being  supposed  to  commence  from  B*. 

The  arc  BM  s  a  log  -< ;   consequently,  if  ye  describe 

9 

a  logarithmic  curve  BF^  whose  axis  b  CA  produced  and 
whose  subtangent  is  AB  \  and  draw  Mp  m  parallel  to  CA^ 
meeting  the  logarithmic  curve  in  m ;  then  the  Ymtpm  is  equal 
to  the  arc  BM. 

If  with  centre  A  and  radius  AB^  we  describe  the  qua*- 
drant  Btnf  b\  then  the  area  of  the  quadrant  is  equal  to  the 
whole  area  included  between  ABy  the  curve,  and  the  asymp- 
tote or  axis  AO. 

*  Euler  Nwa  Comm,,  Fetrop^  1784. 
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The  solid  generated  by  the  reroludon  of  the  same  area 
round  AC  is  equal  to  one-half  the  hemisphere  whose  radius 
is  ^  B  ;  and  its  surface  is  equal  to  that  of  the  same  hemisphere. 

The  line  Mpni  a  AT  =  alog^  "*"  ^^^'  "-^'H  ' 

=s  a  log  cot  3  ,  if  0  be  the  angle  m'A  b      Consequentlyi  if  6 

be  the  co-latitude  of  a  place  upon  the  surface  of  the  earth, 
Mp  ffi  or  AT  will  represent  the  length  of  a  degree  of  latitude 
upon  Wright  or  Mercator's  Projection  of  the  sphere,  the  length 
of  a  degree  of  longitude  being  represented  by  ^  J3  *. 

If  from  the  points  M  and  T^  we  draw  perpendiculars  to  MT 
and  u^ irrespectively,  meeting  each  other  in  0,  the  line  MO 
is  the  radius  of  curvature  of  the  curve. 

The  locus  of  the  point  0  or  the  evdute  of  the  curve  is  the 
common  catenary^  whose  vertex  is  B  and  the  constant  in 
whose  equation  is  ^B. 

If  a  point  m  (Fig.  69.)  be  taken  in  TM  or  in  TM  or 
MT  produced,  so  that  Til  may  be  constantly  equal  to  3,  a 
given  line,  then  the  curve  traced  out  by  m  has  been  termed 
by  Riccati,  the  Syntractory  f- 

If  Ap  tsXy  and  pm^ify  its  equation  is 

x^alog{^-^v/(*^-^')}-V(^--^-). 

If  6  <  a,  the  syntractory  has  a  point  of  inflexion  corres- 

b  ^  a 


ponding  to  ^  = 


v/(««  -  *) 


'Perks,  Philosophical  Trafuaciiom,  17^^. 

t  Vincenzio  Riccati^  Comtnou,  Bgnoncnsia,  Tom.  IIL  1755. 
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If  ^  >.  a,  the  curve  has  no  point  of  infiexian :  but  when 
y  s  ^  ab^  the  tangent  is  at  right  angles  to  the  axis. 
(Fig.  70.) 

If  b  be  negative,  there  is  a  point  of  inJUxkn  when  y  = 
—  b  s/  a  0  , 

In  all  three  casesj  the  tangent  corresponding  to  x  s  0 
and  y  ::zby  is  paraUel  to  the  axis. 

The  investigation  of  the  equation  of  the  tractorjf,  when  the 
directrix f  along  which  one  extremity  of  the  string  is  supposed 
to  be  drawn,  is  no  longer  a  straight  line,  but  any  assigned 
curve,  becomes  a  problem  of  great  and  in  most  cases  of  almost 
insuperable  difficulty :  Euler  has  solved  the  problem,  when 
the  directrix  is  a  circle  and  the  curve  of  traction  is  dther 
within  or  without  the  circle*. 

The  following  curve  is  equitangential  in  a  certain  sense, 
and  possesses  some  curious  properties.  To  find  the  nature 
of  the  curve,  the  portion  of  whose  tangent  intercepted  by  a 
perpendicular  from  a  given  point,  is  always  equal  to  a  ^ven 
line. 

Let  ji  (Fig*  7].)  be  the  given  point,  ME  the  curve^  a  s 
MTf  the  portion  of  the  tangent  MF  intercepted  by  the  per* 
pendicular  JT,  x  =  AP  and  !/  =  MP.  The  difierential 
equation  of  the  curve  is 

"-*3f-v/('-g)' 

a  particular  solution  of  which  equation  gives  us^  making 
X  = — : tan-"'  -  , 


*  Euler,  Id. 
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v^        «*         I        ««        tan-'? 

^  ■  - 

If  we  make  ^ilf=«s=y/(T*+y*),  these  equations  give  u^ 

tan-'g^  »  =  •("'-"•>, 
a  a 

which  is  a  polar  equation  of  the  curve. 

But  this  result  may  be  more  simply  obtained,  by  Investi- 
gating the  polar  equation  of  the  curve  in  the  first  instance  : 
shall  thus  find 


0  4-  sec""'  -  =:  0  =1^^^  ■        ■' : 
a  a 

the  construction  of  which  is  as  follows :  with  centre  A  and 
radius  AB^a^  describe  a  circle  jB£Q  and  from  JIf  draw 
MQ  a  tangent  to  the  circle ;  then  Af Q  is  constantly  equal 
to  the  circular  arc  BEQ*    Fig.  72. 

The  cutve  BM  is  obviously  the  involute  of  the  drde. 

At  die  point  B^  the  tangent  to  the  curve  coincides  with 
the  radius  AB. 

The  area  BAM  =  ^^g  9^  J  and  the  sector  BAQ  2= 

the  triangle  MAQ. 

The  arc  of  the  curve  ^Af  is  a  third  proportional  to  the 
diameter  of  the  circle  and  the  radius  vector  AM, 

The  locus  of  the  extremity  of  the  perpendicular  AY 
upon  the  tangent  MIT,  is  the  spiral  of  Archimedes,  whose^ 
polar  equation  is  a  ^stc',  where  t^  is  the  radius  vector,  and 
6^  the  angle  described  by  it  from  the  origin  of  the  curves 

The  point  from  which  0^  is  reckoned,  will  be  determined 
by  drawing  ^  6  at  right  angles  to  AB  i  we  thus  have  aO'ss 
arc  b  e=arc  QEBmAY. 


] 
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.  The  involute  of  the  circle,  therefore^  is  the  <^urve  of  trac- 
tion, where  the  spiral  of  Archimedes  is  the  base  or  directrix. 

Amongst  curves,  related  to  this,  is  the  following :  To  find 
the  curve,  the  portion  of  whose  tangent  intercepted  by  the 
spiral  subtangent,  or  by  a  perpendicular  to  the  radius  vector, 
is  always  equal  to  the  same  given  line. 

Let  JM  =  u  (Fig.  73.)  and  JUT  =  a,  the  portion  of  the 
tangent  intercepted  by  jiT  the  subtangent ;  then  the  polar 
equation  of  the  curve  is 

u  a 

where  9=0,  when  t£=a. 

In  order  to  construct  the  curve,  we  must  describe  a  cir- 
cle, with  centre  ji  and  radius  ABzzOy  and  from  M  draw 
ME  perpendicular  to  JlM,  meeting  the  circle  in  E: 
draw  also  Em  z  tangent  to  the  circle  at  Ey  meeting  AM 
produced  in  m ;  the  point  B  is  determined,  by  making  the 
arc  BE  equal  to  the  tangent  E  m. 

It  is  evident,  that  the  point  m  is  in  the  involute  of  the 
circle,  commencing  from  the  point  B.  The  lines  Am, 
AB  and  AM zxe  in  continued  proportion*. 

This  curve  is  called  the  Complicated  Tractrix. 

The  arc  BAfsa  log-- ,  which  becomes  infinite  when  tcsO. 

u 

The  area  BAM  is  equal  to  one  half  the  circular  area 
EDM'y  and  the  whole  area,  between  u=a  and  tisO,  is  equal 
to  one  eighth  of  the  whole  area  of  the  circle. 

The  locus  of  the  point  7  is  expressed  by  the  equation 


u  ,        .1/ 


if-  -  -sin--, 


•  Cotes*  Harmonia  Mcnsurai^m.  p.  84. 
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where  t  is  reckoned  from  the  point  hy  determined  by  making 
Si  equal  to  a  quadrant. 

The  circle  i$.  an  asymptote  to  this  curve. 

This  is  the  curves  which  is  the  directrix  of  the  Complin 
caUd  Tractrix,  considered  as  a  curve  of  Traction. 

(8>    On  the  Catenary. 

This  is  the  curve  formed  by  a  perfectly  flexible  and  uni- 
form chain,  suspended  from  two  given  points.    . 

The  reader  will  find  an  elaborate  discussion  of  the  equa- 
tions and  properties  of  this  curve  and  of  others  related  to  it, 
in  Vol.  !•  p.  169,  of  a  Treatise  on  Mechanics,  by  William 
Whewell,  M.  A.  Fellow  of  Trinity  College,  Cambridge  : 
1819. 

(9).  On  the  spiral  of  Archimedes,  the  Hyperbolic  spiral, 
the  Lituus,  8cc. 

The  equation  of  the  spiral  of  Archimedes  is 

u  :=:  ad 
where  u  and  0  are  the  polar  co-ordinates. 

If  tf  =  r,  when  6  =:  2  w,  then  a  =  ——  ,  and  the  equation 

becomes 

u  =  — .  6. 

The   equation   between   the  perpendicular  p  upon   the 
tangent  and  the  radius  vector  u^  is 

_  u'dd tt' 

The  area  of  the  spiral  JEM  (Fig.  74.)  =-;—  = ;  and 

oa       3  r 

if   u  ssr,  the  whole  area  BE  A,  included  within  the  circle 
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BDB,  whose  radius  ABzzr^  is  one  third  of  the  area  of  that 
circle. 

The  arc  of  the  spiral  included  between  its  origin  and  the 
radius  vector  u^  is  equal  to  that  of  a  parabolai  whose  latus 
rectum  is  2  ff,  included  between  the  rertez  and  an  ordinate 
su ;  and  the  corresponding  area  of  the  spiral  is  equal  to  one 
half  the  corresponding  area  of  the  parabola* 

If  0  :s  the  angle  AMTf  between  AM  and  the  tangent 
MTf  then 

tan  ^  :r  -  z  0« 
a 

The  subtangent  ATzz^. 

a 

The  locus  of  the  point  7  is  a  cunre,  whose  equation  is 

where  u  and  6  are  the  polar  co-ordinates,  B  being  reckoned 
from  a  point  b^  determined  by  making  Bb  zz  90^ 

In  the  same  manner^  if  7^  be  the  extremity  of  the  sub- 
tangent  of  the  curve  which  is  the  locus  of  1\  T'  of  that 
traced  out  by  jT,  T''  of  that  traced  out  by  T\  and  so  on» 
the  polar  equations  of  these  curves  will  be 

2  £.3      *  1.2.S.4    '         2. 3. 4. 5     ' 

We  thus  find  a  series  of  parabolic  spirals  of  ascending 
orders^  in  which  the  polar  co-ordinates  Q  are  reckoned  from 
points  which  are  90^  distant  from  each  other. 

Amoi^;st  the  spirals  comprehended  in  the  general  polar 
equation 

u  =  a^— *, 

the  most  remarkable  is  that,  in  which  11  =  1,  which  is  termed 
the  hyperbolic  spiral,  from  the  analogy  subsisting  between  its 
polar  equadon,  and  the  equation  to  rectangular  co-or^nates 
of  the  conical  hyperbola^  when  referred  to  its  asymptotes. 
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If  we  deBcribe  a  circle  with  centre  A  (fig.  750>  and 
radium  ABzzUf  and  if  we  suppose  the  curve  to  cut  the  circle 
in  D,  the  point  B,  from  whkh  6  is  reckoned^  is  determined 
by  making  the  arc  BDzza  \  and  whatever  be  the  radius  of  the 
circle  whose  centre  is  A^  the  arc  intercepted  between  AB  ox 
AB  produced  and  the  curve,  is  constantly  equal  to  a. 

If  0  =  the  angle  AMT^  then  tan  0ss^.  The  subtangent 
ATzza. 

If  we  draw  AE  perpendicular  to  AB  and  the  indefinite 
line  EX  parallel  to  it,  the  line  EX  is  an  asymptote  to  the 
curve* 

The  area  of  the  spiral  from  its  origin  to  the  point  M  =: 

—  =  die  triangle. 7il^. 

The  radius  vector  makes  an  infinite  number  of  revolutions, 
before  the  point  M  reaches  the  centre  A  \  but  the  arc  ACM 
is  finite,  being 

The  equation  between  p  and  u  is 

—  <m 

It  is  sometimes  convenient  to  transform  equations  of  spi- 
ral curves,  expressed  in  terms  of  p  and  tf,  into  others,  which 
are  expressed  by  polar  co-ordinates* 

Thus,  let 

—  6u 

the  polar  equation  is 
iirhere  c  =  ^(a*  —  &'). 
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If  a  circle  be  described  with  centre  A  (Fig.  76.)i  and 
radius  AB^sc,  then  0  is  measured  from  the  point  B,  where 
the  spiral  touches  the  circle,  and  out  of  which  it  can  never 
pass. 

Again,  let 

bu        ^ 

this  equation  represents  different  curves,  when  a  =  ^,  a  <b, 
and  a>  b. 

In  the  first  case,  the  curve  is  the  Jyperbolic  spiral,  which 
we  have  considered  before.  • 

In  the  second, 

where  c  =  \/{a*  —  6'). 

With  centre  A  (Fig.  77.),  and  radius  ABzzc,  describe  a 
circle,  cutting  the  curve  in  C  ;  6  is  measured  from  the  point 
jB,  determined  by  making  the  arc  BC  =  b  log  (\/2— 1). 

If  u  =  0,  ^  =  00 ,  and  ifii:=oo,6=0. 

w 

In  the  third  case, 

0  ss-  sec"**  -  , 
c  c 

c0 
or  M  =  c  sec  — ■ ; 

b 

where  c  =  \/(6*  —  a*). 

With  centre  -4  (Fig.  78.),  and  radius  AB  =:  c,  describe 
a  circle  j  6  is  measured  from  B,  where  the  spiral  touches  the 
circle. 
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An  indefinite  line  EX  parallel  to  AB  and  at  a  distance 
ssb,  is,  in  both  these  cases,  an  asymptote  to  the  curve. 

Amongst  these^  may  be  comprehended  the  more  simple 
case,  where 


bu 
a 


which  gives 


$  as — -  log  -  • 


the  polar  equation  of  the  logarithmic  spiral,  which  will  be 
more  particularly  considered  hereafter. 

These  five  curves,  which  are  known  by  the  name  of 
Cotes^s  spirals*,  comprehend  all  the  trajectories  described 
by  a  body  projected  in  any  direction,  and  with  any  velocity, 
when  attracted  to  a  given  point,  by  a  force  varying  inversely 
as  the  cube  of  the  distance. 

The  following  curve,  whose  polar  equation  is 

is  called  the  Lituus^,  from  its  form. 

If  a  circle  be  described  with  centre  A  (Fig.  79-)  and 
radius  AB^a^  cutting  the  curve  in  C,  then  the  6  is  reckoned 
from  the  point  J7,  determined  by  making  the  arc  CB  =  a. 

The  radius  AB  produced,  is  an  asymptote  to  the  curve. 

Wherever  the  point  M  is  taken,  the  sector  A  ME  is  equal 
to  the  sector  ABC* 

If  ^  =  the  angle  AMT^  then  tan  ^  s  2  ^. 


*  Cotes.  Harmonia  Mensurarum,  Pars  II.  p.  31. 
t  Id.  lb.  Pars  III.  p.  85. 
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The  triangle  AMT  =  2  sector  ABC,  and  is  therefore  a 
constant  quantity. 

The  area  CAM  =  a*  log  ^ ;  and  the  area  CAM  is  con- 

a 

stantly  equal  to  the  area  CMEB. 

It  is  unnecessary  to  mention  the  properties  of  other  spiral 
cunreSy  included  in  the  more  general  equation 

t^  as  a*  ^, 

few  of  which  are  sufficiently  remarkable  to  merit  particular 
attention. 

(10).    On  the  Logarithmic  Spiral. 

The  characteristic  property  of  this  curve  is^  that  the 
angle  between  the  radius  vector  and  the  curve  is  constantly 
the  same  %  it  has  hence  been  termed  the  Equiangular  Spiral. 

If  0  represent  this  constant  angle,  the  equation  of  the 
curve  expressed  in  terms  of  p  and  u  is 

p  s  u  sin  09 

which  being  transformed  into  an  equation  of  polar  co-ordi- 
nates, gives 

^  =:  tan  0  •  log  -  . 

With  centre  A  (Fig.  80.)  and  radius  ABssr,  describe 
a  circle  cutting  the  curve  in  B\  then  0  is  measured  from 
the  point  B,  and  the  arc  BC  is  equal  to  the  logarithm  of 

AM 

— ^  to  modulus  r  tan  0,  or  the  subtangcnt  of  the  curve  at 

jB  ;  it  is  hence  called  the  Logarithmic  Spiral. 

The  triangle  AMT  is  xronstantly  similar  to  itself. 

The  whole  arc  of  the  curve,  between  A  and  M^  is  equal 
to  the  tangent  MT;  the  corresponding  area  is  equal  to  one 
half  the  area  of  the  triangle  AMT. 
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Those  logarithmic  spirals  are  similar  and  equals  in  which 
the  angle  AMT  or  ^  is  the  same. 

The  radius  of  the  circle  of  curvature  MO  =  —, —  = 

dp 

<-— —  9  and  its  chord  passing  through  the  centre  A  ==  -^ — 

The  evolute  of  this  curve  is  a  logarithmic  spiral  similar  to 
the  original,  the  distance  from  jB  of  the  point  from  which  0 
is  measured,  being  s  r  tan  ^  log  tan  ip  . 

The  involute  of  this  curve  is  the  locus  of  the  point  7,  which 
is  also  a  spiral  similar  to  the  original :  and  in  general,  the  loci 
of  all  points,  which  are  the  extremities  of  linea  making  con- 
stantly the  same  angle  with  the  radius  vector  AM  and  which 
bear  a  constant  ratio  to  it,  are  logarithmic  spirals  similar  and 
therefore  equal  to  the  original. 

Consequently,  its  caustic^  by  reflected  rays,  the  focus  of 
incidence  being  Af  which  is  traced  out  by  the  point  a, 
determined  by  making  Ma  =  MA,  and  the  angle  OMa^ 
the  angle  OMA  \  as  well  as  its  caustic^  by  refracted  rays, 
traced  out  by  the  point  ^,  determined  by  making  the  angle 
A  Mb  equal  to  the  angle  of  deviation  and  drawing  Ob  zt 
right  angles  to  Mb\  are  logarithmic  spirals  similar  to  the 
original. 

The  properties  of  this  curve  appeared  so  remarkable  to 
James  Bernoulli,  that  he  usually  denominated  it  spira  mira^ 
hilis :  and  in  a  paper  in  the  Leipsic  Acts*,  in  which  he  no- 
ticed its  singular  property  of  reproducing  itself  in  its  evolute, 
caustic,  &c.,  he  concludes  with  this  quaint  and  singular  para- 
graph. 

'^  Cum  autem  ob  proprietatem  tarn  singularem  tamque 
admtrabilem  mire  mihi  placeat  Spira  hxc  mirabilis,  sic  ut 

*  Amio  1692. 
A   A 
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ejus  contemplatione  satiari  tix  queam ;  cogitavi)  illam  ad 
vaiias  res  symbolice  representandas  non  inconcinne  adhiberi 
posse.  Quoniam  enim  semper  sibi  similem  et  eandem  spiram 
gignit,  utcunque  Tolvatur^  evolvatur,  radiet ;  hinc  potent  esse 
vel  sobolis  parentibus  per  omnia  similis  Emblema ;  SimUIima 
Filia  Matri.  Vel  (si  rem  aetemae  Veritads  Fidei  mysteriis 
accommodare  non  est  prohibitum)  ipsius  aetemae  generationis 
Filii,  qui  Patris  veluti  imago,  et  ab  illo  ut  Lumen  a  Lumine 
emananSj  eidem  (j/uooJo-io?  ezistit,  qualiscunque  adumbratio. 
Auty  si  mavis^  quia  curva  nostra  mirabilis  in  ipsa  mutatione 
semper  sibi  constantissime  manet  similis  et  numero  eademi 
poterit  esse,  yel  fortitudinis  et  constantiae  in  adversitatibus  j  vel 
etiam  camis  nostrae  post  varias  alterationes,  et  tandem  ipsam 
quoque  mortem,  ejusdem  numero  resurrecturae  symbolum; 
adeo  quidem,  ut  si  Archimedem  imitandi  hodienum  consuetudo 
obtineret^  libenter  spiram  banc  tumulo  meo  juberem  incidi  cum 
Epigraphe  :  Eadetn  numero  mutata  resurgo, 

(11).     On  the  Cycloid  and  Cycloidal  Curves. 

If  AE,  (Fig.  81.)  the  radius  of  the  generating  circles^, 
JP  Si  Xy  PM  =^9  and  the  angle  JEM  s  6,  then  the 
equations  of  the  common  cycloid  are^ 

y  =  a  (sin  B  +  B)  and  a:  =  a  (1  *  cos  $)• 

The  equations  of  the  trochoidal  cunres  described  by  a 
point  within  or  without  the  generating  circle  and  moving 
with  its  plane,  are 

>^  s  a  (sin  0  +  1710)  and  x  sa  a  {I  —  cos  6). 

These  equations  may  be  made  more  general,  by  supposing 

^  ss  a(n  sin  6  +  mB)  and  x  =  a  (1  --  cos  0). 

If  n  ss  0  and  m  =  1,  these  equations  belong  to  a  cnnre, 
called  the  Companion  of  the  Cycloid, 

It  is  unnecessary  to  put  these  equations  under  a  more 
general  form,  since  they  include  all  those  cycloidal  curves, 
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generated  upon  a  rectilinear  base,  which  have  been  the  object 
of  particular  remark. 

(1).  We  will  now  mention  the  principal  properties  of  the 
common  cycloid. 

A  tangent  MT^  at  the  point  itf,  is  parallel  to  JQ,^  the  cor- 
responding chord  of  the  generating  circle. 

If  Q/  be  a  tangent  to  the  circle  at  (2»  meeting  MT  in  /, 
then  Q^t  =  QM  =  the  arc  -ig- 

The  locus  of  the  point  t  is  the  invdute  of  the  generating 
drcle. 

If  tangents  be  drawn  to  two  points  M  and  M'  of  the 
cycloid  and  produced  to  meet  in  t^^  the  angle  Mf  M'  is  equal 
to  the  angle  QAQ^  of  the  circle. 

If  the  rectangle  CLL'D  (Fig.  B2.),  be  completed,  and  if 
Mf  and  M*/  intersect  LL  in  0  and  (/,  the  line  00'  is  con- 
stantly equal  to  the  arc  Q^Aff  of  the  circle. 

If  the  points  Q  and  Q'  ^  ^^  extremities  of  a  diameter, 
the  angle  Mf  ilf  is  a  right  angle,  and  the  locus  of  the  point 
/  is  a  curtate  cycloid,  whose  equations  are         ^ 

y  =s  — I   sm  9  +  —  1,  and  x  = —  (1  —  cos  &)  : 

the  curre  passes  through  L  and  £',  and  its  base,  which  is 
parallel  to  L  U  at  the  distance  —  below  it,  is  double  of  the 


In  all  other  cases  when  the  arc  QAQ^zia  tp,  and  the  angle 
JIIfM'as  ir  —  ^ ,  the  locus  of  the  point  /  is  also  a  curtate 
%  cycloid,  whoee  equations  are 


2  sm  ^ 


J^  = 


«  -f±-.f  sin  e  + ?  el  and  x  =  -^(i^co8(?). 


2  sin  5  ^  2  sm  r 
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The  curve  passes  through  two  points  /  and  /'in  AL  and 
jiL'  or  in  these  lines  produced,  which  are  determined,  by 
making  Al  z=i  Al'  ^  a<p\  and  its  base  intersects  AB  ox 
AB  produced,  in  a  point  K  determined  by  .making  AK  s 
a  ^ 

2  tan  I 

The  arc  AM  =  twice  the  choird  AQ;,  and  the  whole  arc 
CAD  of  the  cycloid  is  equal  to  four  times  AB^  the  diameter 
of  the  generating  circle. 

If  the  rectangle  APMR  be  completed,  the  area  AMR  is 
equal  to  the  segment  AQP  of  the  circle. 

The  whole  area  of  the  cycloid  is  three  times  the  area  of 
the  generating  circle. 

The  ordinate  PM  is  proportional  to  the  mixtilineal  area 
ABQf  includedjbetween  the  arc  AQ,  the  diameter  AB  and 
the  chord  BQ. 

The  area  AMM\  cut  off  by  the  double  ordinate  MM' 
which  bisects  AB^  is  equal  to  the  equilateral  triangle  BQQ\ 
This  quadrature  was  discovered  by  Huygens.    (Fig.  83.) 

If  the  ordinate  £F  be  drawn  from  the  centre  of  the 
generating  circle,  the  cycloidal  segment  AFMA  is  equal  to 
the  triangle  £Bq,  or  to  half  the  square  described  upon  the 
radius  of  the  circle. 

If  two  ordinates  PM  and  FM'  te  draMm  in  such  a  man- 
ner, that  AP'ss  EP,  and  the  points  M  and  M  be  joined;  the 
area  AMM'  is  equal  to  the  sum  or  difference  of  the  triangles 
BPQ  and  BP'Q^^  according  as  the  ordinates  are  upon  the 
same  or  different  sides  of  the  axis.    (Fig.  84.) 

If  a  double  ordinate  MP' My  pass  through  P'  and  the 
lines  PM  and  PM'  be  drawn;  then,  if  ilP'  =  EP^  the 
cycloidal  sector  MP  MA  is  equal  to  the  isosceles  triangle 
BgOf.     (Fig.  85.) 

If  ^(2=  a  and  AQC^  n  9,  and  if  the  points  P  and  F  be  * 
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determined  by  the  solution  of  the  equation 

|liLLzA£2!i|4«2  8in^, 

then  the  area  MM* FT  ia  equal  to  EJQ'  +  Af^F-EAQ 
—  A(lPf  which  are  known  quantities*.    (Fig.  84.) 

The  radius  of  curvature  of  the  cycloid  at  the  point  Mss, 

0 
4a  cos  3  r=  2  BQ. 

The  evolute  of  each  semicycloid,  is  an  equal  semicycloid 
in  a  reversed  position. 

If  a  series  of  equal  cycloids  be  described,  whose  bases  are 
in  the  same  straight  line,  the  curve  which  cuts  them  all  at 
right  angles,  is  an  equal  cycloid  in  a  inverted  position  :  this 
is  one  of  the  simplest  cases  of  the  problem  of  orthogonal 
trajectories  t« 

If  any  curve  whatever  AB  (Fig.  S5.)t  whose  tangents  at 
A  and  B  are  at  right  angles  to  its  rectangular  co-ordinates 
AC  and  SC  respectively,  be  evolved  into  the  curve  BA\  be- 
ginning from  B ;  if  again,  Bjf  be  evolved  into  the  curve 
B^jtj  beginning  from  A,  and  B'A'  into  RA",  beginning 
from  B^t  and  so  on  continually  :  each  successive  evolute  will 
appiosimate  more  and  more  to  a  common  cycloid,  whose 

*  These  quadratures  were  discovered  by  John  Bernoulli,  in 

1609,  a  century  after  the  idea  of  this  curve  first  occurred  to 

Galileo :  after  enumerating  the  controversies  to  which  this  curve 

gave  rise,  and  the  many  wonderful  properties  which  it  possessed, 

he  proceeds  thus :  "  At  vero  non  prius  de  palaestrft  discedere  velle 

▼idetur,  quam  per  integrum  exactum  saeculum  omnia  sua  ezuisset 

mysteria,  nobisque  paudisset  quicquid  in  extremis  haberet  re- 

cessibus  suis.     Prodit  enim,  ecce  denuo,  in  sceuam  nobilis  nostra 

curva,  spectator! bus  quasi  cum  agonizante  hoc  ssculo  valedictura, 

ut  tandem  candide  sistat  infinitorum  suorum  segmentorum,  aliorum- 

que  spatiorum  quadraturaro/'  Johannis  Bemouilii.  Opera.  Tom,  I* 

p.  S24»  390. 

t  Johannis  Bemouilii.  Operas  Tom*  II.  p.  521. 
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axis  is  equal  and  parallel  to  AC,  and  will  ultimately  coincide 
with  it. 

This  singular  property,  the  discovery  of  John  BemoaUi, 
was  first  demonstrated  by  Euler*. 

Several  problems  concerning  the  solids  of  revolution 
round  the  axis  and  base,  their  surfaces,  and  the  centres  of 
gravity  of  those  solids  and  surfaces,  and  of  different  portions 
of  them,  were  proposed  by  Pascal  under  the  assumed  name 
of  Dettonville,  and  resolved  by  him  and  Wallis  f  in  1658  and 
1659-  Those  problems  were  of  extreme  difficulty  for  the 
time  at  which  they  were  proposed,  but  they  lead  to  no  result 
worth  notice. 

(2).  The  prolate  and  curtate  cycloids  are  included  under 
the  equations 

If  =  a  (sin  6  +  m0)  and  x  zza(l  —  cos  6). 

The^eatest  ordinate  of  the  curtate  cycloid,  corresponds  to 

jc  =  a  (1  +  m). 

The  prolate  cycloid  has  a  point  of  inflexion  corresponding  to 

a  (I  +  m) 
X  as  — ^^ i« 

m 

In  both  cases,  the  base  of  the  trochoid  is  a  tangent  to  it, 
'  at  the  points  where  it  meets  the  curve. 

The  whole  trochoidal  area  s  (2  m  -f  I )  times  the'  area  of 
the  generating  circle. 

The  arc  AM  (Fig.  86),   of   the   trochoid  is  equal   to 

^^(^-^^^  multipUed into  an  elliptic  arc  BM (Fig.  87.)  whose 
b 

semi-a^es  are  1  and  j  ,  corresponding  to  an  abscissa  CPf 

0  +  a 


•  Comtn.  Petrap,  1766  ;  Legendre  Exerciccs  du  Calc,  hnUg* 
Tom.  n.  p.  541.  1817. 

t  Wallisii  Opera.  Tom.  1.  p.  491. 
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0 
reckoned  from  the*  centre  C,  which  is  equal  to  sin  ~  ;  when 

b  is  less  than  a,  or  for  the  prolate  cycloid,  the  semi-axis 

minor  of  the  ellipse  is *. 

a  +  o 

The  prolate  cycloid  is  the  trocJmd  of  Wallis  and  Newton, 
and  was  applied  by  them  to  divide  the  area  of  an  ellipse  in  a 
given  ratio  f. 

(8).    The  companion  of  the  cycloid^  whose  equations  are 
y  =  a  ^  and  X  =:  a  (1  -  cos  ^),     Fig.  (88). 

possesses  many  properties  ansAogous  to  those  of  the  conmion 
cycloid. 

An  ordinate  to  the  centre  meets  the  curve  in  a  point  of 
infiexion^  and  the  area  which  it  cuts  off,  is  equal  to  the  square 
described  upon  the  radius  of  the  circle. 

The  whole  area  of  the  curve  is  equsd  to  twice  that  of  its 
generating  circle. 

If  the  line  AC  be  drawn,  cutting  the  curve  in  H^  the  area 
^jrff=theareaifAC. 

If  the  rectangle  APMm  be  completed,  and  the  chord 
AQ  be  drawn,  the  external  area  AMm  of  the  curve  is  equal   «* 
to  twice  the  segment  AL(l  of  the  circle. 

If  the  points  P  and  F  (Fig.  89.),  be  equidistant  from  the 
centre  E  of  the  generating  circle,  and  the  points  M  and  JIf  , 
the  extremities  of  the  corresponding  ordinates,  be  joined,  the 
segment  MAM'  of  the  curve  is  equal  to  the  rectangle  under 
the  ordinate  PQ,  and  the  diameter  of  the  circle^. 


*  Wallisii  Opera,  Tom.  I.  p.  539. 

t  Id.  p.  540.     Newton,  Princ.  Lib.  I.   Sect.  vi.  Prop.  3J. 
X  Joh«  Bern.  Opera,  Tom.  1.  p.  334. 
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(4).    If  the  equations  are 


a 


y  =^  a0,  and  x  =:  —  (1  —  cos  B), 

tn 

the  portion  of  the  curve  which  they  represent,  which  is  cut 
off  by  a  double  ordinate,  passing  through  the  centre  of  the 
generating  circle,  constitutes  the  harmonic  curve,  or  one  of  the 
figures  which  a  vibrating  chord  may  assume  in  its  d^Ferent 
positions.     Fig.  90. 

The  radius  of  curvature  or 

a  I  fw*  +  sin»  6  \  i 
'  m^  cos  B 

which  varies  very  nearly  inversely  as  cos  B  or  pJU,  when  m 
is  considerable.  • 

■ 

If  any  two  harmonic  curves  be  constructed  upon  equal 
bases  and  upon  the  same  straight  line,  but  whose  centres  are  at 
any  given  distance  from  each  other,  the  curve  whose  ordinate 
is  equal  to  the  sum  of  the  corresponding  ordinates  of  the 
given  curves,  is  likewise  an  harmonic  curve* 

(5).  If  one  circle  revolve  upon  another  as  its  base  and  in 
the  same  plane  with  it,  the  curve  described  by  any  point  in 
its  plane,  is  called  the  Epitrockoid,  which  becomes  the  £p- 
iycloid,  when  the  describing  point  is  in  the  circumference  of 
the  revolving  circle.  If  a  circle  revolve,  in  a  similar  manner, 
upon  the  concave  part  of  the  circumference  of  another  circle, 
the  curve  described  by  a  point  in  its  plane,  is  called  the  Ify- 
potrochoidf  which  becomes  the  Hypoychid^  when  that  point  is 
in  the  circumference. 

If  a  be  the  radius  of  the  base,  b  the  radius  of  the  gene* 
rating  circle,  B  the  angle  ACQ;,  (Fig.  9^.\  A  and  Q  being 
the  points  of  the  base,  which  are  first  and  last  in  contact  with 
the  generating  circle,  CPssx,  and  FM^y^  then  the  equa- 
tions of  the  Epicycloid  are 
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jr  =  (a  +  i)  COS  ^  —  6  cos  -— — .  6 

0 

V  =  (a  +  6)  sin  ^  —  6  sin  — ; —  .  B 
f     "^  b 


(a). 


If  6  be  negative,  these  equations  represent  the  correspond- 
ing Hypoofcloid  \  in  this  case  Fig.  92- 


n  -mm.  h 

X  =  (a  —  6)  cos  ^  +  b  cos  — - —  .  B 

0 

y  zz(a  ^  6)  sin  ^  —  6  sin  — "^ —  .  B 


W. 


If  b'  be  the  distance  of  the  desci;ibing  point  from  the 
centre  of  the  generating  circle,  the  equations  of  the  Epitro^ 
choid  are  ^ 


j:  ss  (a  H-  6)  cos  ^  -  f  cos  ^         .  B 

0 

^  =  (o  +  i)  sin  fl  -  h'  sin  ^4"^ .  6 


(7)- 


The  equations  of  the  corresponding  HypotrecMd  are 

« 

a-b 


X  =  (a  —  b)  cos  $  +  b'  cos 


.* 


^  s  (a  —  6)  sin  tf  —  ft'  sin  — - — .  0 


(8). 


If  in  the  general  equations  (/9),  for  the  hypocydoid,  we 

suppose  j  =  a  +  c,  we  shall  find,  making B  :zV, 

n+c 

X  =  (tf  -f  c)cos  y  —  c  COS B'^ 


.y  =s  (a  +  c)sin ^  —  c  sin ^^, 


B  B 
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which  are  the  equations  of  the  epicychtd,  whose  base  is  a  and 
generating  circle  c  *. 

Again,  if,  in  the  same  equations  {fi)f  we  suppose  i  = 

^         ,  we  find 
2 

,=(»^).,„._(«ii)^(«-^)..  '* 

If  we  also  make  *  =  2-ILf    and  ( 1  ^  =  y,  we 

find 

equations  which  are  identical  with  those  preceding  (e) :  the 
same  fu/poiychidf  are  therefore  generated,  by  generating  circles 

whose  radu  are and  . 

The  angle  MTP,  between  the  tangent  to  the  epuychidzt  M 
and  the  axis  is  =  f  — — —  j  6 :  when  the  curve  is  the  hfpo- 

cycloid f  the  corresponding  angle  is=ir  — f  ?  ""        1  6. 
The  arc  JM  (Fig.  91.),  of  the  epicycloid 


= •'  I  1  —  cos  —7  J 


*  Euler,  Acta  Pctrop,  1784;  de  duplici genesi  tarn  epicycloid 

Atini  fiuitm  hvnncticlnidiMn. 


dum  quam  hypocycloidutn. 


i 
j 
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=  ^ ver.  sin  ^ , 

a  2 

a  B 
where  ^  =  — ::  the  angle  MBQ,  or  the  angle  subtended 

o  • 

by  the  arc  of  the  generating  circle  which  has  been  in  contact 
with  the  base ;  in  the  fypoofcloidf  this  arc 

=  — ^ '  ver.  sin  -*. 

a  2 

The  radius  of  curvature  of  the  epicycloid 

SB  —  — ^ — -— ^ .  sm  I . 

The  evoluti  of  the  epicycloid  is  an  epicycloid  similar  to 
the  original,  the  radii  of  whose  base  and  generating  circle 

are --7  and --; ,  and  therefore  in  the  proportion  of 

a  to  b. 

The  centre  of  the  base  of  the  evolute  is  in  the  centre  C  of 
the  original  epicycloid  (Ilg.  93.)  $  it  consists  of  two  semi- 
epicycloids  AE  and  BE^  which  pass  through  A  and  B  the 
extreme  points  of  the  original  curve,  forming  a  cusp  at  E. 

The  same  is  true,  mutatis  mutandis^  of  the  evolute  of  the 
hypocydoid.    Fig.  94. 

The  equation  between  C^  or  pthe  perpendicular  upon  the 
tangent  of  the  epicycloid,  and  the  radius  vector  CM  ox  ti,  is 

pt,,e'(u'-a')^  wheree  =  a  +  2*; 
c*  —  a* 

ia  the  hypocycloid  this  becomes 


t  Newton  Princip.  Lib.  I.  Sect.  x.  Prop.  48,  49. 
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The  area  CJM,  included  between  the  arc  AM  of  the 
epicycloid,  the  radius  CA  and  the  radius  vector  CM, 

=  <i±*>il±i^{a-*sin«}; 
and  the  corresponding  area  of  the  hypocycloid 

If  AE  be  a  semicycloidal  arc  (Fig.  95.\  B  the  centre  of 
the  generating  circle  at  E,  and  BH  at  right  angles  to  ED ; 
and  if  a  circular  arc  HM  be  described  ywith  centre  C  and 

radius  CH;  the  curvilinear  space  EHM  ^  ,  and 


a 


the  corresponding  space  eh  mm  the  hypocycloid  = 

I* 

If  i  =  -  ,    the  hypocycloid  is  a  straight  line^   and  the 

space  ehm  becomes  equal  to  the  triangle  hfe\  the  quadra- 
ture is  in  this  case  identified  with  that  of  Hippocrates  of 
Chios*. 

We  have  seen  before  (p.  190.)  that  the  rectification  of  the 
trochoid  depends,  upon  that  of  an  elliptic  arc ;  in  a  similar 
manner^  we  shall  find  that  the  arc  AM  of  the  epitrochoid 

(Fig.  96.)  is  =  ^^  "*"  *^  ^*  "*"  *'^  multiplied  into  an  elliptic  arc 

y J 

£if  (Fig.  87.)>  whose  semi-axes  are  1  and  - — 7,  and  whose 

abscissa  CP  ss  cos  ^ ;  when  V  is  less  than  b  the  semi-axes  of 

the  ellipse  are  I  and  -- — -  •    The  same  proposition  is  true, 

mutatis  mutandis^  of  the  arc  of  the  hypotroclmd. 

All  these  curves  are  expressible  by  finite  algebraical  equa* 
tioCo)  ^xrhenever  j  is  to  i  in  the  proportion  of  two  finite  inte- 

*  Caswell.  ThiU  Transact.  1695  i  Halley,  Id.  1695. 
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gral  numbers.  For  in  no  other  case  will  the  curve  return 
into  itself,  but  its  course  will  be  infinite  and  the  same  straight 
line  will  cut  it  in  an  infinite  number  of  points. 

The  same  conclusion  may  be  drawn  from  a  consideration 
of  their  equations  :  for  whenever  a  and  b  are  to  each  other 
in   the  proportion  of  integral  numbers,   cos  6^  sin  0,  cos 

B  &c.  are  expressible  by  finite  series  (see  p.  80.)  in  terms 
of  sin  /or  cos  /,  where  /  is  some  common  sub-multiple  of  B  and 
f  ,■■  )  ^ :  the  elimination  of  cos  t  or  sin  t  from  the  re- 
sulting expressions  for  x  and  ^,  will  lead  to  an  algebraical 
equation  of  finite  dimensions. 

Thus  if  a  =:  ^,  the  equations  for  the  epicycloid  become 

X  ss  a  (2  cos  0  —  cos  2  Q) 
^  a  0  (2  sin  0  —  sin  2  6) 

from  which,  we  deduce,  by  eliminating  the  trigonometrical 
quantities,  the  algebraical  equation  of  the  curve, 

which  is  therefore  of  the  fourth  order. 

This  curve  from  its  heart-shape  form,  has  been  called  the 
Cardimde*.  (Fig.  97.) 

Its  polar  equation  is 

u  =:  a  (1  —  cos  ^), 
m^ere^  =  AM  and  ^  =  the  angle  MAP- 

Its  greatest  ordinate  is  =  — '^ — ^ ,  which  corresponds  to 

a 


*  Castiglionc.  Phil.  Transact.  1741  • 
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Its  whole  area  is  equal  to  six  times  the  area  of  the  gene- 
rating circle. 

This  cunre  is  one  of  the  caustics  of  the  circle,  the  radi- 
adng  point  being  in  the  circumference  *. 

The  equation  of  the  epitrochoid,  when  a  zz  b,   is 

+  fl(fl  -  2y)y  +y  =  0: 

which  becomes^  b^  putting  x  +  a  in  the  place  of  x,  or  by 
making  the  point  J  the  origin  of  the  co-ordinates^ 

xt  +  2  *V  -  (a*  —  A'  •)x»  +  2  (ap  +  i")  xy-h^  -  fl*y=  <>• 
Again,  if  ^  =  39  the  equation  of  the  epicycloid  with  two 
cusps,  is 

or  if  ^  be  the  origin  of  the  coordinates, 

a*y  =  (x*  +  5^»  -  ay. 

This  curve  is  one  of  the  caustics  of  a  circle,  when  the 
incident  rays  are  parallel  to  a  diameter  f.  * 

If  * = 3 ,  the  general  equations  for  the  h/poa/chid  (/?),  p.  19s. 


2 
become 


X  =i  a  COS.  6,1 
^  =  0.  J 


In  this  case,  therefore,  the  h/pocychid  }>ecomes  the  di 
meter  of  the  circle  which  passes  through  A, 


♦  Wood's  Optks,  Prop..  99. 
t  Id.         Ih.        Prop.  98. 
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The  general  equations  for  the* hfpetrochoid,  in  this  case^ 
become 

j:  =  f  2  +  h'j  cos  0, 

5,=  (|-y)sina: 

these  are  the  equations  to  an  ell^se,  whose  semi-axes  are 
|  +  *'and|-6'. 

_  ♦ 

If  ^  =  -  9  the  equation  of  the  hfpaeychid  is 

s 

I*-  |flx*  +  2x*y  —  I2axt/''\'j/*  +  12 ay  =  0; 
the  co-ordinates  being  reckoned  /rom  ^. 

If  6  =:  -»  the  equation  of  the  hfpocgchid  is 
4  » 

the  co-ordinates  being  also  reckoned  from  ^. 

This  is  the  curve,  which  has  been  considered  by  John 
Bernoulli,  in  the  solution  of  the  following  problem.  A  line 
DE  (Fig.  98.)  is  moveable  between  the  lines  AC  and  CB^ 
which  are  at  right  angles  to  each  other  :  to  .find  the  curve 
which  touches  it  in  all  its  positions*.  In  a  certain  sense, 
therefore  the  hypocychid  with  four  cusps,  may  be  considered 
as  an  equitangential  curve. 

If  a  be  infinite,  the  epicycloid  and  hypocycloid  coincide 
with  the  common  cycloid :  if  i  be  infinite,  they  coincide  with 
the  invohUi  of  the  circular  base.  The  epitrochoid  described, 
when  h  is  infinite,  by  the  point  C,  is  the  Spiral  of  Archi- 
medes, whose  equation  is 

u-naB.  .(See  p.  177.) 


Job.  Bern.  Opera,  Tom.  III.  p.  447. 
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On  th^  Diffef-entiation  of  Functions  of  tvoo  or  more 

Variables. 


Art.  120— 1S2.     Ex.  (1.)    Let  «  =  — : 


.         du  1      ^  du  1 
au  =  -— -  ax  +  --~  a V, 

_  T*^ '  {nydx  —  mx dij) 


(3.)    Letu=log|^_^^^._^^|, 

,         ^{ydx—  xdy) 
du  ss ■  ^  .  ■ jr-  • 


(4.)    Let  1^  =  sin  —  *-. 


(5.)     Let  «  =  log  tan  -  , 


,         V dx  —  X dv 
du  =  ^ —  • 


v  sin  -  cos  - 

^       y      y 


The   following  theorem   of   Euler,   is    of    considerable 
importance   in    the   integration    of  kcmogeneous   difierential 


equations :  if  »  be  the  sum  of  the  exponents  in  each  tenn  of 
the  homogeneous  function  u,  of  the  variables  x,  y^  Zf  8cc., 
and  if 


then 


.         du J      .  du  J      .  du  J     ,   o 
du-n  ^-dx  +-^  dy  +~l-.i/jz;  +  &c. 
a  X  ay  dz 


du  du  du       ,    o 

nu  =:  ^g^  X  +  —-y  +-~2;  +  &c. 
dx  .        dy  dz 


Also,  if 

dx  dxdy  dy* 

then 

«(«-  1)«=  J^.,>  +  2^  .,y  +  ^^.y.  +  &c. 

OX*  dxdy  dy* 

(See  Art.  %66.)     ' 

The  four    last  Examples  afibrd  a  verification  of  this 
theorem,  for  the  case  in  which  /i  =  0. 

(6).     Let  f/  =      "^  ^  ;  where  n  ss  2v 

X  —  y 

2x^dx^Sx^ydx^y*dX'hSxy*dy-2y^djf'{'X*dy 

putting  X  and  y  in  the  place  of  dar  and  rfy,  we  get 

— znhiu. 


(*  — y)'  *-.y 


(7).    Let  II  «  ^^,  ^  ^,^, ;    where  «  =  -  4: 

—  4(j:djr  +  jfrfjr) 

G  C 
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V 

(8).    Let  u  =  ^^"^^'^  ;  where  n  =  -  4 : 
,  <■  v/r       n/.V      ..^ , 

-^i(t/  n/x  +  xy/y  -f  X  n/j  +y  >/y) 

and (x+y)- 

X  +y 


(9).    Let  u  =  — ^^~-  ;  ^here  n  =  1 : 
^  ax  4-  *z 

ax*dv  J^hxzdy  ■\-  byzdx  —  hxyd% 
^"  == (ax  +  *z)-. * 

(fl  X  +  ^  z)'         a  X  +  3  z 


(10).    Let  u  =  sin-'  ^^^—"4'  "^^^^^  n^Oi 

and  y^~  '^-y :-  =  0  =  n m. 

(11).     LetH=log   {iH-y  +  v^ex^+y)!  : 


ao3 

and  putting  x  andy  in  the  place  oidx  and  rfy,  wc  get 

The'  reader  must  take  care  not  to  consider  functions  of 
this  nature  as  homogeneous,  which  are  only  apparently  so : 
thu8>  in  the  case  before  us,  if  we  make  y  at  xt,  we  find 

u=ilog]x  ^  xt^x  i/iit+f)} 

slogx+log{  1+^+ V(2/+l*)|  ; 
the  parts  of  which  expression  are  evidently  not  homogeneous. 

In  general,  iiussipv,  where  t;  is  a  homogeneous  function 
of  T,  y,  8cco  then  tt  is  not  a  homogeneous  function  of  these 
rariableSj  unless  u  be  also  a  homogeneous  function  of  v :  this 
conttderation  would  exclude  the  example  just  given,  as  is 
evident  from  the  form  of  the  series  for  log  v. 

The  example  tt=sin-'  v^(x*-y)=cos-*  v^(l-x*+y) 
would  place  this  remark  in  a  still  clearer  light. 

The  functions  given  in  Examples  2^  3,  4,  5  and  lOj  are 
strictly  homogeneous,  in  the  sense  of  the  theorem. 

(12)«    Letusj:  is/(£:r^+y)f  wherenss2: 

Again, 

ox*  dxdy  dy^ 
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=    .^       . — iTT a X*  H TT .    t..    ■      a i- a V 


x»rfy* 


and  putting  x  and  ^  in  the  place  oidx  and  dy^  we  get 

The  theorenx  expressed  by  the  equation 

d^u  d^u 


dxdy      dydx 


,  Art.  122, 


dxdy  dydx' 


(14).    Let  uzzx' 


du  ,_,     du        „, 


is  of  great  importance  in  the  integration  of  differential  equa^ 
tions  of  the  first  order  and  first  degree,  involving  two  va- 
riables, as  it  enables  us  to  ascertain  whether  they  result  from 
the  simple  diffierentiation  of  a  function  of  x  and  y,  or  from 
the  elimination  of  a  constant  from  the  equation  in  which  they 
are  involved.    (Art.  262.) 

OS).    Let  u  ss  X  Biny  +  y  sinx: 

du 

-7—  =  sm  ^  +  y  cos  j: 

ax 

du 

-r-  =  sm  X  +  a:  cos  y, 

dy 

d^u  d^u 

=  cosy  +  cos  X  = 


dxdy-"         ^^-        '^     'dydx' 
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(,5).    Let  «  =  log  .  -  J^  -  ^-V^g!:£> 
</  «  _  I*  +y*  +y  >/(j*  +y') 


d*u     _  a^+gy^Cx^-t-y) 


X 


and  by  reduction  we  shall  find 

The  reader  may  make  use  of  this  or  of  any  of  the  pre- 
ceding EzampleSj  in  illustration  of  the  theorems^ 

^u  d^u  d^u 


dxdy^      dy^dx  ""  dydxdy^ 
d^u  d*u  d*u 


dx^dy*       dy*dx*       dydxdydx 
d^u  d*u  d*u 


dxdydxdy      dxdy*dx      dydx^dy* 


(16).     Let  u=    /'^  , : 

a   —  A 


dx  dy      a' — z*      dy  dx  ' 


(2). 


(3). 


W. 
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dxdz      (a*—z*y~'dzdx' 

d*u   _    2x*z     _    d'u 
dydz  ""(a'— z*)*  ^  dzdy' 

iPu  4xz  J^u 


dxdydz      (a*— z*)*      dydxdz 
d*ti  d»M  d*i* 


dxdzdy  ^  dydzdx  "^  dzdxdy 

d^u 
dzdydx* 


s«<t 


_    yy 


(1»).    Lctu=-f^: 

z*  +  «• 


dxdydzdv  ""  (z*+v')*  ' 

the  same  result  may  be  obtained  by  as  many  processes  of 
differentiation^  as  are  denoted  by  all  the  different  permutations 
of  the  four  quantities  dx,  dy,  c2  z,  (2  v,  in  the  denominator 
€Xd^u,  which  are  24  in  number. 

We  have  seen  (p.  72.)  in  what  manner  the  Differential 
Calculus  may  be  applied  to  eliminate  one  or  more  constants 
from  an  equation  involving  two  variables  :  when  the  equation 
involves  three  variablesi  we  may  apply  a  similar  process  to 
eliminate  functions^  whose  forms  are  absolutely  unknown. 

(18).    Let  the  equation  be 

z:=xyipy, 
dz 

from  which  two  equations  we  deduce  the  partial  difierential 
equation 


207 


dz 
z  —  x-—  =  0 
ar 


in  which  <py  does  not  appear. 
(12).   Letz=2>iL±5, 

dz  __  f^y+1 , 
dx  ""  1  —  x0y  * 

and  by  eliminating  <f>y  from  these  tlvo  equations,  we  get 

ax 
(20).    Let  z  =  ^  ^Klllil)  . 

dy  ^     X    /     X 

by  eliminating  0'  f^lLzi.^  from  the  two  last  equations, 
we  find 


d 
d 


dz 
dx 


\2xy/  dy 


It  is  hardly  necessary  to  state,  that  if  u  xz^L—£. , 

X 

\     X     /  du 

and  is  consequently  the  same^  whether  x  or  y  be  considered 
as  variable. 

(21).    Let  z  =  a  V(x' +y)  +  ^  (-)  : 
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dz  __  ax 

die  ■"  >/(x^+y*)   '    '    Vy>^    Sf 


by  eliminating  ^'  f  -  I »  we  get 


ax  ay 


(22).     Let  z  =  (a:  +^y  0  (x*-y) 

p  =  a(ir+y)— Xx*-y)  +  2(x+^)-0'(ar*--y*)x 
ax 

If  =  £i(x+y)— Xx*-^»)-2(x+3^)-0'(x»-:y*)^; 
dy 

and  eliminating  ^  (x*— j^*)  and  *'  (a?*-j^*)  from  thew  three 
equations,  we  get 

dz   ,      dz  ^ 

dx         dy  . 


(23).     Let  2  =  J  +  0  (j  +  logi^) 

X  Vx  -^      X* 


d 
d 


i^  =  y  +  ^'(i  +logy).i. 
aj^  vx  ^     y 


and  eliminating  0'  ^-  -f  log  y),  we  get 


zdz  ^     dz        J       -. 

« X         fl5^ 


J 
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(«4).     Letz=x^(t^  +  i.Q) 


Since  £his  equation  involves  two  arbitrary  functions  of  x 
and  sf}  we  must  proceed  to  the  second  differential  coefficients 
of  Zf  in  order  to  eliminate  them  :  this  process,  however,  will 
not  terminate  generally,  without  proceeding  to  the  third 
differential  coefficients  of  z  : 


dx  ~  ^  \x)       X  ^  \lc)  "  X* ''''  W 


If  we  eliminate  ^'  (^^^ »  from  these  equations,  we  find 

in  this  case  0  ^—  ^  also  disappears  :  but  in  general  we  shall 

find  <l>  (x,  y)  and  ipf  (x,  y)  in  the  equation  resulting  from  this 
operation,  and  their  elimination  from  it  would  present  the 
same  difficulties,  as  that  of  <p  (r,^)  and  ^  (x,  y)  from  the  pri- 
mitive equation. 

Again,  in  order  to  eliminate  0  ^^  \  from  equation  (/^,  we 
must  proceed  thus  : 

rfx*      x'dydx      x^*  dy  \jr/'x** 

dxdy   '  X    dy*   '  x    dy  \x/ '  x* 

and  eliminating  <P^  (^)  from  these  equations,  we  find 

,d*2,^  d^  Z    ^  ^       ^d^  Z  ^^ 

■ 

a  partial  differential  equation  of  the  second  order. 

D  D 


d*z         V     d^z  ,   I    dz 
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(25.)    Let  a  =  1-  0  (0  +  y«  >^  (f.)  , 

^=,.-..(0-.-vO)-^*^(O. 

the  elimination  of  >f^r^  J  and  ^'  f -^  I  from  these  three  equa- 

tionsy  will  likewise  cause  tp  f^^  and  <l>'  ^j  to  disappear, 

and  we  shall  hare  x  — —  +y---  —  nz  =  0. 

dx         dy 

In  this  case,  however,  z  cannot  be  considered  as  involving 
two  diflPerent  arbitrary  functions  of  x  and  y^  as  they  may  boA 
be  comprehended  in  one ; 

to 

% 
(26.)    Let  z  =  0  (y  +  a  ar)  +  >;.(y  —  ax). 
In  this  case,  we  find 

d  z      a  dz 

.  d^  z      ad*z  _  ^ 
and  -?-;  -  -T-r-  =  0. 

(27,)    Let  z  SB  0  (5^  +  a x)  ^  (y  —  ax). 

If  we  denote  the  functions  <p(y  +  a  x)  and  ^  (y  —  a  x), 
by  0  and  V^,  we  find 

dz  ^  adz      ^       ^    ^,      ^       <l>' 
dx       dy  0 


J 
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Again, 

^  2  a*  z .  21-. 
d'z     .    ill/* 


MttldplTing  the  last  equation  by  a,  and  subtracting  it  from 
the  fonner,  we  get 

d^        dy  \dx       3y>^     ^ 

_/^       adz\    /dz      adz\ 
\dx        dy  /    \dx  *  1^) 


dz*      a*dz 


it 


dj^         rfy*    ' 
(28.)    Let  z  Bs  0  (y  +  ax)  +  ary  >^  (y  -  a  *)    (!)• 

j5  =  ^'   +  J?  >H.  Jf  jf  >/r'.  (3). 

We  have  now  four  functions  ^>  ^,  ^,  yf/,  to  eliminate, 
and  only  three  equations :  we  must  therelFore  proceed  to  the 
second  di£Ferential  coefficients  of  z. 

^  »  o' «"  -  2  aj^  V/  +  a*xy  V      (4). 
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dxdy 


=  a 0"  -f  >^  +  (^  -  ax)y\/  —  axy  >/,%     (5). 


t^^r  +2x>^'  +  xyx^":        (6). 

we  have  thus  six  equations  and  six  functions  0,  ^',  0",. 
>//>,  V^',  and  yl/'  to  eliminate  from  them,  which  is  impossible, 
unless,  the  operation  for  the  elimination  of  one  of  them  should 
occasion  the  disappearance  of  one  or  more  of  the  others,  as 
in  the  four  last  Examples :  if  we  proceed  with  the  differen- 
tiation of  z,  we  find 

f^^^a-\a<l/''^axyV''\'SyV\       (7). 

--44-==^i««'''  +  «^^"--2^-(2i'-aJf)^''}    (8). 
ax' ay 

m 


dxdy 


tl  =  0-  +  xy  yi/"  -f  S  X  V'        (10). 
dy^ 

We  have   now   ten   equations    and    only    eight    functions 

0»  ¥i  *"*  4>'^  V'*  ^'>  ^"  ^"^  V^'">  *^  eliminate  from  them : 
we  ought  therefore  generally  to  have  two  partial  diflFerential 
equations  of  the  third  order. 

One  of  these  is 

(dz       a^d^2\       ,     .         .i^z.ad^z         a*d*z 


-^h"-    «■ 


This  results  from  eliminating  from  equations  (4),  (5),  (6), 
(7),  (8),  (9),  (10). 


J 
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By  eliminating  from  equations  {Q),  (3)>  (4),  (5),  (6),  (8), 
(10),  we  get 

dx       dy  2a(y  ^axy  *  dls* 


dx  dy 

^  xy(y  -a x)  C    <ft3;     __  o*i^z7   _  ^ 
{y  -^  ax)     \ dx^dy         d^   3 


(/?)• 


A  third  might  also  be  found  in  this  case,  by  eliminating 
from  equations  (2),  (S),  (4),  (5),  (6),  (7),  (9) :  which  is 
one  more  than  we  should  have  got,  unless  the  operation 
had  exterminated  a  number  of  unknown  quantities  equal  to 
or  greater  than  the  number  of  equations  employed:  this 
however  connot  be  considered  as.  independent  of  the  other 
two ;  for  if  it  be  subtracted  from  the  second  equation  (3), 
the  first  (a)  will  be  the  result. 


€hi  the  Maxima  and  Minima  of  Functiong  ^  two 

Variables. 

Ex.(i).    Letussy— 8y»  +  18y-8jf  +  x»— 3ap'-3jr. 

If  4^  =  0,  5f=:2,  2+V8,  2-^3. 
dy 

If  4lf  =,0,  x=H->/2,  l-v/2- 
dx 
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If  ^siS  andxsl— ^2,  we  have 

D  =  ^  =  -  12 

dydx 

«n      d^  u 

i?  =  ^  =  -  6  V2 
ox* 

In  du8  case  D  and  J?  are  bdh  negativei  and  DF>  P : 
therefore 

tf  =  8  +  4^2^  a  maximum. 
If^sS-^Sy  or  84-^/3,  and  xs  1  -l-^Sy  we  find 

D  B  24^  J?  =  0,  F  =  6  v/2 : 

we  hare  therefore  D  and  F  both  positive^  and  DF  >  £* : 
consequently 

ti  as  —  6  —  4  >/2|  a  minimum. 

If  y s2  +  \/S,  or  2  -  ^Sj  and  xzzi-  »/9,  we  find 
Ds249  E=zOf  and  1^=:  -6  ^2 :  in  this  case  D  and  F  hafe 
different  signs,  and  the  function  u  is  neither  a  maximum  nor 
a  mimmum.    Euler.  Ca/c.  D^.  Par/  IL  Cap.  zi.  uifr^  287* 

(2).    Letu=y*-8y  +  18y— 8y— x»+3x»+Sap. 

If  jfs29andxsl-v^2,  then  1)8—12^  and  jFr:6^2i 
therefore  u  is  neither  a  maximum  nor  a  minimum. 

If  y  =2  +  s/3  or  2  —  v^S,  and  x=  1  -^2  ;,  dien  2)a24| 
£=0  and  jFs6^2  :  therefore 

u  =  4  —  4  ^2,  a  mimmum. 
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If  y  =  2,  and  x  zz  I  +  ^2 :  then 

D  =  -  12,  £  =  0,  and'-F  =  -  6  V2 : 

therefore  ti  =  13  +  4V2><^  maximum.       Euler.  It. 

■^ 
(5).    Let  U3sa*+xy+y*—ax—bjf: 

If  ,  =:££_:zi,  andj,  =  ^^,  we  have 

D  =  «,  JS  =  1,  F  =  2,  and  Di?  >  JS* : 

and  t«  =:  ^ — **  ^  "^ —  •  a  minimum*    Euler.  J?. 

3 

(4),    Let  tt  =  ap"+y  —  daxy: 

If  or  =:  0,  and  ^  s  0,  w  is  neither  a  maximum  nor  a  m«- 

If  r  a  a,  and  ^  =  a,  we  liave 

DssGa,  £  s  -  3  a,  and  /?'  =  6 a,  and  Di^>  jS"  : 

consequently  us  —a'  is  a  minimum  when  a  is  a  positive,  and 
a  maximum  when  a  is  a  negatire  quantity.      Euler*  J^. 

(5)      Let  t««x*+y  — flx'^— ar^*  +  c'x*+c*y*: 

du 

-7~  rr^z'— 2ayx— fly'  +  2c'a:  =  0 

ax 

-J—  =:  4^'— 2ay  X— flx*  +  2c*y  =0. 
If  we  subtract  these  equations  from  each  other,  we  find 
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of  which  equation  x-y  is  a  factor  :  consequently ^=:x,  and 
4  x'—S  a  JT*  +  2  c"  j:=0  :  which  gives 

.     ,  =  o,andx  =  i£*>^^%2lz3«£). 

If  xsrO,  and  3^  =s  Of  we  have 

D  =  2  c%  -£  =  0,  and  jF  =  a  c'  : 

therefore  u  zzO,  is  a  minimum, 

„      21  a'-Sg  c*  +  7a  ^(9  a'-3g  c')  _  p 
D= ^ _Jt  .  _^, 

and  DF  >  jP,  for  9  a*  >  8^  c' }  consequently  «  =  —  -—  a*  , 

+  -£  a*  c*  —  -  c* ~  (9  a'  -  32  r*)*,    which    is    a    mi- 

16  2  256  ^ 


mmum 


• 


_,      21a*-32f*-7a  ^/(9a''-32<:*)_  p 
£>  = A 

.  _,           ISa*- 4«  v'(9a"  -  32c»). 
and  ij  =:  —  • 

and  DF<  E*; 
in  this  case,  therefore, 

«  =  -  S«*  +  A«*^*  -  5^  +  3^(9 a*  -  32  f% 
256  16  2  250 

is  neither  a  maximum  nor  a  minimum. 
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If  we  contlider  the  other  factor  of  -; p-  s  0  or 

ax     dy 

and  elimtnate  tf  from  this  ec}uatioii  and  the  equation  -^  ssO^ 

aX 


shall  get  a  final  equation  of  six  dimensbns^  the  solution 
of  which  would  be  required  in  order  to  determine  the  other 
values  of  x  and  y.    Euler.  3. 

(6)*    Letnasi^+y-jf^  +  xy-y : 

ax 

dii  * 

diminating  y  from  these  equations,  we  get 

=  x(4a^^  1)'C4j*  -  S). 

If  xzryasO,  we  have  Ds  —2,  iB=l  and  iJ'e— S;  there* 
Soie  «  s  0,  is  a  maxifmim. 

If  x«y=:±  i,Z)  =-S  =  i?=:l;  in  this  case  DF-s  £% 

.  1  .  . 

and  M  s:  -^  -  ,  a  mmtmum. 

8 

If   jr  =  ±  ^,  and^  =  :|:  ^,  we  have  D  mFm7, 
and  £  =:  1 :  consequently  DF>E^  and  > 

9    . 
SI  =z  —  ^  t  is  n  minimum' 
8 

t  A 
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(7).  Letas' =  II  j*H-2^xv+fy-«^~/y  :  this  is  tii« 
general  equation  of  curve  surfaces  of  the  second  order,  and 
it  is  proposed  to  find  in  what  cases  the  ordinate  z  is  a  ttmxh' 
mum  or  a  minimum, 

mi_  '^        <^t^         ^  J  Stt  - 

The  equations  -^  ==  0,  and  -p-  =  0,  gire  us 

a  X  ay 

ecfb  eb-fa 

AlsoZ)=r2ay  £s2^,  /*s2r:  ii and  therefore  z is  a iNtiif-» 
wiiim  when  a  and r  are  positive,  and  ae>h^:  a  iiAijnrmttm  when 
a  and  r  are  mgativt  and  -a  r  >  ^*  ^  but  neithet  a  maximum 
nor  a  minimum^  when  a  and  r  have  different  signs,  or  when 
ac  -^b^y  in  which^last  cases  the  surface  is  infinite  with  a  coni*^ 
^al  asymptote.    Lagrange^  Misc,  Taurinemian  Tom.  I.  p.  51. 

<8).    Let  u  :::  a  i^^b xy-k- X z'^^y  z. 

If  we  make  --—  «  O;  *—  =  0,  and  3—  =s  0,  we  find 

dx  ay  '  dz 

x^yzszszO:  again»  to  find  whether  u^Oy  is  z  maximum  or 
a  minimum,  we  must  proceed  to  the  second  differential  co- 
efficients of  tf : 

rfx*  dxdy  '  irfy*         * 

dydz  dx'*'  dzdx 

* 

and  2a/<''-2^A^  +  2ir  +  2At 

C.  ^       2a>  C       «  4a*         3 

the  second  part  of  which  expression   may  evidently  become 
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iiegatiTe  and  greater  than  the  first;  consequently t<!a 9/ it 
neither  a  maximum  nor  a  minimum. 

(9).     Let  u  ss --^ — ^T7 — TT ^  • 

Considering  log  usti',  as  the  function;  and  making  -r—  »  0» 

-—  =  0,  ----  =  0,  we  get 
dy  dz 

a^  zzx*,  X  z  ^y*i  anli  ey  zz  z%  or 
a  :  X  ::  X  :  If  ::  y  :  z  ::  z  :  e, 

and  jrasa  ^/^ssa  m^y^a  m\  and  Zssam^,  if  m=5 1/ -  • 
Again,  if  we  put  a^  m  ( 1  4-  mY^A^  we  find 


dydz      m^  A  dz*        m^A  dxdz 

consequently  (DF  -  £0  (^^-  ^*)  =  ^j^ » 

and  DG  -  £Jf  = 1^ :     therefore 

mr  A 

(DF'^JE')  {DH  -  iTO  >  (JDG  -  EiC)** 

and  the  value  of  uf,  and  therefore  of  u,  determined  by  this 
process,  is  a  maximum* 

This  is  the  solution  of  a  well-known  mechanical  problem  : 
*'  to  find  the  magnitudes  of  the  perfectly  elastic  balls  x,y,  Zp 
interposed  between  the  given  balls  a  and  e,  so  that  the  ve« 
locity  communicated  by  n,  moving  with  the  velocity  r, 
through  X,  y  and  z  to  e,  may  be  the  greatest  possible,'*    Lim. 

^ange.  Mhc*  Taur,  Tom.  I.  p.  29. 
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(10).  lAtu:si2xy+^xX'^9yz:  turhfcfa is  subject  to  the 
equation  of  condition 

xtf%  =  a* :         (a). 
Eliminating  x  by  means  of  equation  (a),  we  find 

«B£jrjf  +  -. —  + : 

from  which  we  readily  find,  making  —  =  0»  and  —  =  0» 

u  X  CL  Z  \ 

x=:y=a  and  therefore  also  z  =  a  ;  and  u  =:  6  a*  a  minimum. 

This  is  the  solution  of  the  following  problem  :  "  Amongst 
all  parallelopipedons  of  giyen  Yolume,  to  find  that  which  has 
the  least  surface/' 

(1 1).  Let  us=(j  + 1)  (y  +  1)  (z  + 1) :  which  is  subject  to 
the  equation  of  condition 

Eliminating  z,  we  find 

«       1  •      du      ^   du      ^ 
and  making  --  =:  0,  -;—  =:  0,  we  get 

^dx  dy 

a'  +  •  =  ^  "*'  *  and  therefore  also  =  c'  +  *. 

Thereforex  =  ^^g*^f^^^^g%3f=^'^g^^^-^^^\ 

3  log  a  '"^  a  log*  • 

.  loe  ab  A  —  2  log  c  ^      .i 

and  z  zz    V  ■ — ; ^— ;  conse^uentlv 

3  log  ^  ^  T         / 

log  a  log  *  log  c 
which  is  a  fnaximum. 


This  i^  tbfi  Mlttdoa^f  the  followtng  problem :  ''  if  a,  b^ 
^9  be  tliQ  prime  factors  of  a  number  4>  to  find  the  number  of 
times  each  factor  must  enter  into  that  numbers  sp  that  it  may 
admit  of  the  greatest  possible  number  of  divisors/* 

• 

If  the  converse  problem  had  been  proposed  :  *'  Given  the 
number  of  divisors  and  the  prime  factors  a,  ^i  ^  of  a  number, 
to  find  the  exponents  x,  y,  z  of  these  factors,  so  that  the 
number  may  be  the  greatest  possible;''  we  should  have, 
found  the  same  relation  subsisting  between  these  exponents 
as  in  the  solution  of  the  preceding  problem.  Waring.  Med. 
Alg,  p.  S44. 

<■■>  '-.=(^^)(^^)(^). 

the  equation  of  condition  being 

ffl^c"  3=  A. 
^  Eliminating  2,  we  find 

"-<.-,x.-i)(.-i>{(''^'-'><''"'-"(a=-r?)l 

Makinff  -7*  =  0.  and  -7-  s  0,  we  find 
^  dx         ^  dy         * 

?6^         ^  cA         * 

an  impossible  equation,  unless  a*  *** '  s=  j^  +  ■  and  therefore  also 
=  r-  +  '. 

The  values  of  x,  5,  t  are  determined  as  in  the  preceding 
example^  and 

u  =:  ^131.  i — - — i -^,  a  maximum, 

(«-l)(*-l)(^-i) 
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t 
•        •  .  "  •  •  • 

This  18  the  solution  of  the  foUowiiig  problem  :  <'  If  a,  ^ 
e  be  the  prime  factors  of  a  number  A,  to  find  the  relation    ^ 
subsisting  among  their  exponents^  so  that  the  sum  of  the 
divisors  of  j1  may  be  the  greatest  possible/'    Waring.  Ib» 

,    (12).    Let  w  =  ^  A  -  i)   (^  ~  0  (>--)>  ^ 

equation  of  condition  being 

jCjf*  z'  =  A. 
Eliminating  r,  we  find 


k    h 


"^(■-;)('-po-^)^ 

making,,^7-  =  0,  and  ~—  =  0,  we^fet 

^  ax  ay 

a  (a—  1)  as  6  (y- 1)  and  therefore ssc  (2— 1> 
,   The  nature  of  the  equation 

prevents  our  proceeding  further  in  the  direct  determination 
of  X  or  of  ti. 

In  this  as  well  as  in  the  two  preceding  examples,  when 
the  parts  of  which  the  functions  are  composed,  are  symme- 
trical, the  conclusion  which  has  been  deduced  for  two  or 
three  variables,  may  be  extended  to  any  number :  the  same 
remark  may  be  extended  to  the  application  of  the  test  for 
determining  whether  the  result  is  a  maximum  or  a  minimum, 

•  • 

In  the  last  example,  if  ^  be  a  number,  and  x,  ^,  z  its 
prime  factors,  u  is  the  expression  for  the  number  of  integers 
less  than  J,  which  are  also  prime  to  it.     Legendre.  Tktorie 

its  Nombres.  p.  8. 


{ 
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tn  considering  any  of  these  examples  as  the  splutions  of 
iproblems  in  the  theory  of  numbers^  it  is  of  course  under- 
stood that  the  integers  which  approach  most  nearly  to  the 
true  values  of  t,  y,  z  Sec.  are  to  be  assumed. 

(IS).     Let  u::^  a  -{^  ^i-*  +  y). 

This  expression  is  evidently  a  minimum^  when  j*  =  0» 
and  jf  s  0  ;  but  in  this  case,  we  have 

* 

^'       S(a»-fy*)*     ^^       S(i:*+J(*)* 
which  are  both  infinite,  when  x  and  y  vanish. 

A  function  of  two  or  more  variables,^  may  therefore  be  4 
nupcimum  or  a  minimum^  when  its  first  differential  coefiicients 
are  infinite*  See  Example  16,  p.  1 13.  For  an  explanation 
of  the  meaning  of  this  circumstance,  in  the  theory  of  curve 
surfaces,  see  Lacroix,  Traiti  du  Calc.  Diff.  p.  588. 

(14).  Given  the  three  sides  ^  B,  BC^  and  CD^  of  a 
quadrilateral  figure  :  to  find  the  angles  at  B  and  C,  when  its 
area  is  a  maximum.    Fig.  100. 

U  AB^Q,  BC^b,  CD=c,  *^-^  =  the  angle -iJBC  and 
«r  —  (^  =  the  angle  BCD^  we  have  the  area  or 

u^^  a  b  s\n  B-^ be  sin  €^  +  ac  sin  (e-k- 6^ 

—  =  fl   t  6cosa+rcos(a  +  ^}  =0    («). 
do 

i^  =  c\bco»(y  +  acosie  +  er)\  =0.      08). 

dv 

By  eliminating  a',  we  find  that  the*  determination  of  cos  (t, 
depends  upon  the  solution  of  the  cubic  equation 
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only  one  toot  of  which  is  pofsible. 

The  conditions  expressed  hsf  the  equations  (a)  and  (fi)  are 
satbfied,  by  supposing  the  quadrilateral  figure  A  BCD  in- 
scribed in  a  semicitcle*  of  which  the  unknown  side  jiD,  is 
the  diameter*  :  for  in  this  case,  if  we  describe  a  circle  upon 
BCf  cutting  AC  and  DB  in  n  and  n',  and  AS  and  DC  pro- 
duced in  N  and  N\  we  have  BNssCn  or  b  cos  6s  -  r  cot 
(6  +  0»  and  Cir^Bn'  or  6  cos  ^«  -a  cos  (6+  a*).  It  is 
very  easily  shewn  that  these  conditions  cannot  be  fulfilled 
upon  any  other  hypothecs. 

J 

The  diameter  ADts^y/  j  o^'¥l^-¥i^  +  3 a  A  .cos  ^  J 

=  V^la*  +  **  +  c»  +  «*r.cosa'|  ; 
which  expressions  are  identical,  since  a  cos  6  «>  ^  coi  i. 

If  we  suppose  the  "figure  to  be  pentagonal,  four  of  whose 
sides  a,  h^  c^  d  are  given  \  and  if  ir~6,  ir^ff^  w^O^*  be  the 
angles  included  by  a  and  b,  i  and  r»  c  and  d^  then  the  area  or 

us=a3  nn  B-i^bc  sin  a'-f  ci/  sin  6^'+ 0c  sin  (^-f^) 
.  +*Jsin(«'  +  0  +  «<'8in(^  +  ^  +  n 
4^  =  a  }  *cos  a  +  r  cos  (6  +  ^  + J  cos  (6+a'+0  }  =  O  (a), 

-^ad  jfCOsr+3coe(«'+«")+«co«(e  +  «'+r)J  =0  OS). 


■^■-.^■MO    »n>ilii— i^a 


*  CrcMwell.  MnJtima  and  Minitnti,  p.  71. 
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— =  b\ccos  a'+rf COS (e'+e^)  \ 

+  a  {  rco8(e  +  ^)+rfcos(d  +  a'+6"  }  =0. 

This  last  equation  being  reducedj  by  means  of  the  first, 
becomes 

c  cos  ^— a  cos  ^  +  d  cos  (6^  +  a') =0.    (7). 

These  equations  are  also  satisfied,  by  supposing  the  pen- 
tagonal figure  inscribed  in  a  semicircle,  of  which  the  unknown 
aide  is  the  diameter.  Thus  suppose  ABCDE  (Fig.  101 .)  the 
pentagon  and  JE  the  diameter  of  the  circumscribed  circle  : 
produce  AS  and  ED  to  meet  in  F^  AB  and  DC  to  meet  in 
H,  and  BC  and  ED  to  meet  in  K:  draw  Dd,  Cc  perpen- 
diculars upon^jP:  then  Bc^t  cos  0,  Bdzz-^d  cos  (B'^d* 
+  ^0  and  d^  =  ^  cos  (^  +  ^) :  therefore  since  Be  -^  dc  — 
Bd^Of  the  first  equation  is  satisfied  by  this  hypothesis  :  and 
the  same  may  be  readily  shewn  of  the  second.  Again,  if  we 
join  A  and  C,  C  and  jS,  we  find 

JE^  =  a*  +  ^*  +  c* H-d*  +  2  fl  ^  cos  6  -H2  r  1/  cos  ^' 

=  <!*+** -f-r* +if»-h2 cdcose"-h2h,CE. cos  ECK : 

consequently  CE  cos  .  ECK  =  a  cos  0  :  draw  D  m  and  EM 
perpendiculars  upon  CK  or  CK  produced  : 

then   Cm  :=c  cos  ^,  and 

Mm  =  ED  sin  DEM=d  sin  J^-6^-0-|  =d  cos  (^'  +  n, 

consequently, 

CM  =»r  cos  ^  +  d  cos  (d'  +  O  =  a  cos  0f 

^^hich  is  the  condition  expressed  by  the  third  equation  (7). 

If  the  figure  be  hexagonal,  five  of  its  sides  being  a,  h,  c,  d,  e 
and  «•  -  ^,  tr—B',  ir  -  6",  ir  -  e"',  the  angles  included  by  a  and  ^, 
3  and  o  c  and  d,  //  and  e  respectively,  then  the  area  or 

F  T 


2^ 

uzsa  b  sin  e^^bcAne'^cd  sin  ^^-^-de  sin  tf" 
+  arsin(^  +  a^  +  *dsin(^  +  0  +  ^'8in(r+  ^^ 
+  flrf sin  (a  +  ^  +  ^)  +  *^  sin  (d'  +  ^'  +  ^') 
+  tf^8in(a+a'  +  ^'  +  ^0. 

Makmg   -  =  0,    ~=0,    ^  =  0,  ^„  =  0.  we 

should  get  four  equations  of  condition,  which  would  be 
satisfied  by  supposing  the  hexagon  inscribed  in  a  semicirclej 
of  which  the  sixth  side  x  is  determined  by  the  resolution  of 
the  cubic  equation 

j:»  -  (fl*  +  C* +2)*)x-2  CD fl  =  0,    where 

C=v^  {  ^»+r*+2^rcos^  }  and2)=v/  J  d^+e'+^decosB^''  \  . 

(14>).  To  find  a  point  within  a  triangle,  from  which,  if 
lines  be  drawn  to  the  angular  points,  their  sum  is  the  least 
possible. 

Let  JBC  be  the  triangle  (Fig.  lOfi),  P  the  point  re- 
quired: let  BC^a,  AC:=:bf  AB^c^  PAf  a  perpendicular 
upon  BC  =:  y,  and  CM  =  x :  then 

+  \/  1  '^*  +y  •f^*-^  *  (j  cos  C+y  sin  C)  }  , 
d  ii  X  (a  ^x) 


dv     s/\x^+y\       V  l(«-'^)"+yM 

x—b  cos  C 


=  0. 


v^.l  x*+i^*  +  ^*-2^(xcosC+y8inO{ 
y  —  b  sin  C 
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The  elimination  of  x  or  of  ^  from  these  equations,  would 
lead  to  equations  of  great  complexity :  by  a  simple  artifice, 
however,  thejr  may  be  made  to  exhibit  the  geometrical  con- 
ditions, upon  which  the  minimum  depends :  let  B  =  the 
angle  CPM^  ^  =  the  angle  BPM :  then 

sin  (^  -  8in  (T  = ^cobC-'X 

s/  {  x»+y +*»-2  *  (*  cos  C+y  sin  C) } 

A  »        Of  ^sin  C-^y 

cos  6  +  COS  6r  ZZ  ' — 5 rr sT-; ^^—Fi .      ^  ,  m 

V  {  x*+y»+4*-«6(xco8C+y8mC)  }• 

if  we  square  each  of  these  equations  and  add  them  together, 
we  find 

cos  (^  +  ^  =  -  4,  and  therefore  a  +  ^ = the  angle  BPC  =  1 20° : 

io  the  same  manner  we  may  shew  that  the  angle  APB^  and 
therefore  also  the  angle  APC  is  ==  120^*. 

If  we  represent  the  distances  APy  BP^  CP,  by  /,  t?,  z, 
we  find 

^*  ih  /«  H-  V*  =  a* 

V^  '\-  VZ  +  Z^  =:  C^ 

The  elimination  of  v  and  z  from  these  equations  would 
lead  to  an  equation  of  four  dimensions,  from  which  the  raloe 
of  t  may  be  determined  :  the  same  method  may  be  applied  to 
the  determination  of  i;  and  z. 

(15).  To  find  the  point  within  a  quadrilateral  %ur^ 
from  which,  if  lines  be  drawn  to  the  angular  points,  their 
aggregate  is  the  least  possible. 

Let  JBCD  (Fig.  103.)  be  the  four-sided  figure,  and  P 
the  pomt  required;  and  let  ABs^a,  BC=ii^  CDmtd^  and 


*  Cresswell.  Maxinta  and  Minima,  p.  120. 
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Djts:c,  PM,  which  is  perpendicular  to  J  B  =^,  and  AM  si 
then 

+  x/  {  ^*  +  x»+y*  -  2f  (x  cos  ^  +  y  sin  J)  ] 
+  I  ^*+(a-x)»+j^»  —  2^  [(fl— X)  cos  B  +  i^  sin  B]  I 

<2tf     X     (a  — x)  ,  X— r  cos  A 
Jx     7  " 


-  x)  ,  X— r  cos  -4     /(a  -  x)  -  6  cos  B\     ^    ,  . 

— + -p V, p; ;=o.  («). 


Erom  C  and  D,  draw  Cc  and  Hd  perpendiculars  upon 
AB  or  AB  produced :  call  the  angle  AFM=0^  BPMzzVj 

cCP  =  0,  and  dDP  =:  <p' :  then  the  equations  (a)  and  (/?) 
give  us 

sin  6  —  sin  ^  =  sin  0  —  sin  <l>', 

cosd  +  cos  ^  =  cos  <t>  +  cos  0^, 

equations  which  can  only  be  satisfied,  by  making  ^  =  ^>  and 
B*  :=z  ^' :  the  point  P,  therefore,  is  situated  in  die  concourse 
of  the  diagonals  AC  and  BD*. 

(16).  To  find  a  point  within  a  triangle,  from  which  if 
lines  be  drawn  to  the  angular  points,  the  sum  of  their  squares 
is  the  least  possible. 

Making  use  of  the  same  construction  and  notation  as  in 
Ex.  14.,  we  have 

t<=x*  +^*  -f  (a  -  x)*  +y^  +  X*  +y  +  6*— 2  3  (x  cos  C  +  v  sin  C). 


*  CresswelJ.  Maxima  and  Minima,  p.  117. 
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Making  j-  =  0,  and  — -  =  0,  we  find 
ax  dy 

a  +  ^cosC        J         ^sinC 

X  = ,  and  y  = r- 


consequendy  ^P  =  •U^'  +  gft'-aM  ^ 

BP=V!lil£±iflr±l  andCP=^i^li2!±2*lzflL 

3  *  3  ' 

This  point  is  the  centre  of  gravity  of  the  triangle. 

(17).  To  find  a  point  within  a  quadrilateral  figure  from 
which,  if  lines  be  drawn  to  the  angular  points,  the  sum  of 
their  squares  is  the  least  ppssible. 

Making  use  of  the  same  notation  and  construction  as  in 
Ex.  15.,  we  shall  find 

-f  {  c*  +  J*  +  5^*  —  2  ^  (x  cos  ^  +  j^  sin  J5  } 
+  {  6*+(fl-J^)*+y'  -  23(«-  i)cos  J8  +  ysin  B\  . 

Making  — -  =  0,  and  —  =  0,  we  find 

2  a  +  f  cos  A  -^  b  cos  B 
X  = ' . 


r  sin  ^  +6  sin  B 
y=i — 


If  we  apply  the  test  of  a  maximum  or  minimum  in  this 
case,  we  shall  find 

d*  1/  d^  u  d^u 
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consequently  DF  >  E^y  and  D  is  positive,  and  the  values  of 
X  and  ^  which  we  have  found,  make  u  a  mimmum. 

0 

If  it  was  required  to  determine  a  similar  point  within  the 
pentagonal  figure  ABCDE  (Fig.  104.),  we  should  find,  making 
^JB  sra,  BC=*,  CD^c,  DE=zd,  EA^e,  JM=^x,  and 
PMzzy,  that 

+  j  c*+x*+y*— 2  tf  (x  cos  A-^y  sin  il)  } 

+  {  **+ (a-ar)*+y-2^  [(a-x)  cos  B+y  sin  B]  \ 

+   {  d*+**+«*+y  —  2f  (xcos -4 -hy  sin -4) 

+  2  rf  [x  cos  (A  +  JB)  +y  sin {A^E)"]  \  ; 

1       ,  •      du  .  <2u 

and  making  —-  =  0,  and  —  =  0,  we  get 

• 

^  _  2  fl  +  2  f  cos  -rf  —  ^  cos  B  -  rf  cos  (il  +  -E) 
^ism  A  -{-  h  sin  B  -~  d  sin  (A  -|-  £) 

y  = 

If  the  figure  was  hexagonal  and  its  sides  a,  t,  c^  d,  e^f^ 
ve  should  find 

u=(x*+y*)+  io»-^y+^M 

+  {  &•  +  X*  +y*  —  2/(x  cos  il  +  y  sin  A)  \ 

+  {**  +  («-  x)»  +  5^*-2*[(a  -x)cos  B  +  ^sin  B]  f 
+   J  ^-^^efcoz  F'¥f^  +  x»  +  >■— 2/(x  cos  Ji  +y  sin  ^) 

+  2 r  [x  cos  U  +  iJ*)  +5f  sin  (^  +-?■)]  I 
+  f  ^•-2*rcosC  +  **+(a--x)* 
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+  ^»-  2&f(«~  j)co8  B  +  i^sinB] 
+  2  f  [(/I  -  j:)  cos  (B  +  C)  +  y  sin  {B-k-C)]. 

The  co-ordinates  of  the  point  P  are 

ia+2/cm  A—itcosB-ecosiA  +  F)+ccosiB+C) 
'- 6 ' 

_2/sin  i4  +2  ^  sin  JB  — f  sin  (-4  +  iO  —  ^  sin  (-B+C) 

vs —  "        ....  .  ■    ■  . ,    ■ 

^  6 

If  the  figure  was  heptagonal,  and  its  sides  a,  k^  r,  i/,  ^»^;^ 
we  should  find 

+  U*  +  ^*  +y  -  2^  (jr  cos  il  +^  sin  -^  t 
-H  }  *•  +  (fl  -  a:)»  -l-y  -  2*  [(a  -  *)  cos  jB+y  sin  B]  j 

+  {/»  -  S/g'  cos  G+^*  +  x»+y  —  2|^  (x  cos  A  +y  sin  il) 

+  2/  [*  cos  (^  +  G)  +5f  sin  (^  +  G)]  | 

+  {c*-2  6ccos  C  +  **+(a-J:)*+y-2^[(a— x)cos  B 

+jf  sin  £]  + 2c  [(rt-T)  cos  (5 -hC)+jf  sin  (B  +  C)]  { 

+  {  f*-2  <r/cos  F-¥f*—^fg  cos  G+g" 
—  2^^cos(G  +  iO  +  ^*+y  —  2|:(jPco8  ^+y  sin  .-#) 

+  2/[jr  cos  (-rf  +  G)  +  ^  sin  (-rf +  G)] 
-  2^[xcos(^  +  G  +  iO+i^«n(^  +  G  +  /0]  } 
and  the  co-ordinates  of  the  point  P  are  x  s 

Sgcos^->2Aco8j?~ycos(^+G)-fi:cos(B+C)+gcos(^+G  +  F) 

7 


j  A^Z  b  sin  B~2/sin  {A  +  G)-c  sin(B+C)  +^  sin  (^  +  G  +  IQ 

"  7  —       i 
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These  formulse  sufficiently  indicate  the  law  of  formation 
of  corresponding  formulae  for  polygons  of  any  number  of 
sides  whatever. 

(18).  To  find  the  point  within  a  triangular  pyramid, 
fiom  which  if  lines  be  drawn  to  the  angular  points,  the  sum 
of  their  squares  is  the  least  possible. 

Let  ABCD  (Fig.  105.)  be  the  trianguhr  pyramid,  P  the 
point  required  ;  let  PM  be  perpendicular  to  the  base  DBC, 
and  MQ  perpendicular  to  the  edge  DC  :  let  d^  d\  <i^  be  the 
edges  opposite  to  the  solid  angle  at  Z>,  and  Z),  IX,  Df'  the 
plane  angles  by  which  it  13  formed:  let  AD'=.a^  DC=kf 
DBssc,  DQ::zx,  MQ^iff  PMzzzy  and  let  0  represent  the 
angle  of  inclination  of  the  face  ADC  to  DBC:  then 

w  =  (x*+y*  +  2*)+  }(^-x)*+y  +  2«| 
+  {  x^  +y  +  2*  +  c*  -  2  r  (X  cos  D  +  ^  sin  D  { 
+  {  ^*  +y  +  z*  +  «*  --  2  a  x  cos  1> 
—  Qa  sin  D'  (y  cos  (p  +  z  sin  (p)  \  ; 

and  makinc:  -7—  =0,  -— -  =  0,  and  — —  =:  O,  we  find 
^  dx  dy  dz 

h  -{-a  cos  D  +  c  cos  D 
c  sin  D  +a  sin  D^  cos  <p 

y i ' 

a  sin  Zy  sin  0 

^  ^— ■ ,    i_ 

4 

* ,       .^  ^  ,       cos  D'  —  cos  Z)  cos  D^ 

Also,  if  we   put  cos  0  =  -, — =— ; — =- ,    we 

'^  sin  £)  sm  i>  ' 

shall  find 
Z)P=:Iv^W/'+'ir*cosD'+*'+2*ccos2)+rH2iircosl>'} 
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CP  a  i^  {  8  **  +  3  d»  +  8  <f »  -  (a*  + 1»  +  tf*)  }  , 

Hie  point  P  is  the  centre  of  grarity  of  t!ie  triangular 
P]rramid« 


If  the  point  P  was  required  whUn  a  pyramid,  whose 
base  is  a  quafArii^eral  figure,  .frqm.which,  if  lines  be  drawn 
to  the  angular  points,  the  sum  of  their  squares  is  the  least 
possible;  if  we  make  ADzza  (Fig.  106),  DC-d,  DBzri^ 
CBzza,  the  angle  CDEzzD,  the  angle  ADC^jy^  the  angle 
DCBs:  C,  the  angle  of  inclination  of  the  face  j/DC  to  the 
*  base  DEBC  s  tp^  jr,  y,  s,  the  oo-ordinates  of  the  point 
P^  referred  to  die  plane  DjSBCand  die  axis  DCs  their  origin 
being  at  D :.  then  we  shall  find 

+  I  Jf*  +!t  +  »*  +.**-2d'  (X  cos  D  +y  sin  D)  } 
+  f  (<i-ir)'+y»  +  a»  +  4»-2*[(i-a?)co8C  +  ysinC]  { 
+  {  ^ +y* +  »*  +  «*- 2aa?  cos  ly 
—  *S  a  sin  D'  (y  cos  ^-^  s  sin.^)  |  ; 

from  whence  we  get,  as  before 

2  ({  +  <f  cos  D  +  a  cos  IK  —  ^  cos  C 

X  ;=  1 8 : , 

•  o 

O   6 
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^  »m  D+i  sin  C  +  a  sin  ly  cos  d> 

y  = Y^ ^. 

a  8in  D'  sin  0 
z  —  ■    '        . 

5 

If  the  solid  be  an  irregular  triangular  prism,  within  which 
a  similar  point  P  is  required  to  be  determined  ;  if  we  make 
C£  =  a  (Fig.  107.x  CA  izh,  AB^  c,  BE  =  /,  JFC=/, 
DA:=:r,  the  angle  EBC^B',  BCF=:C,  DAB:=iA, 
fp  and  4>'  the  angles  of  inclination  of  the  quadrilateral  planes 
EBCF,  DABE  to  the  base  ABC,  xzzBQ,  y=QM  and 
;k  =  PM ;  -thfn  we  shall  find 

+  {  ^*  +y  +2*  +^'— 2 r  (x  cos  J3  +j^  sin  5)  I 

+  { 1^*  +  .y*  +  y  +  /*  -  «/rt:os  sr 

-  2  /  sin  B'  (y  cos  ^  +  «  sin  0)  J 
+  {(a-i')*+5^  +  r'  +  /*-2/'(a-i')cosC 

•     —  2  Z'  sin  C  (^  cos  0  +  z  sin  0)  J 
+  {  ar»  +  y»  +  a*  +  ^»  +  /"■  -  fir/' cos  4' 

-  2  (c  —  r  cos  ^')  (x  cos  J3  +  5^  sin  B) 
-—  2  /'  sin  ^'  [(«  sin  B  —  ^  cos  B)  cos  0'  +  2  sin  ^'J  }  : 

and  makmg  --  =  0,  ---  =  0,  -_  =  0,  we  find 
ax  ay  az 

^  _  2  a+2  c  cos  B+/COS  B^-Zcos  C-fcosA'  cos  B+/*  sin  A'  sin  Bcos^ 

*   —  — — — — ^ —  .  ,  ■  T4 

o 

«  —  2r8in  B+(/sin B'-i./'sin (7)cos0-r/'cos^8inB— rsin^'cosJScosi 
y g 

^  _  (/  sin  J'  +  /'  sin  C)  sin  0  +  /'  sin\^  sin  f 
z g . 

if  0a0'  =  90%  and  l^t^l\  or  if  the  quadrilateral  planea 
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«r6  perpendicular  to  the  base$  which  are  equal  and  parallel, 
then 

a  +  c  C08  JB  ^  sin  J3  / 

the  point  P  is  the  centre  of  gravity  of  the  prism. 

(19).  To  find  a  point  within  a  triangle^  from  which^ 
if  perpendiculars  be  let  fall  upon  the  sides,  the  sum  of  their 
squares  is  the  least  possible : 

Let  JBC  (Fig.  108.)  be  the  triangle,  P  the  point  re-^ 
quired,  PAf,  PQ^  PR  the  pecpendiculars  upon  die  sides, 
BJUssx^  PMz^y\  PQ^!^3  PU=y':  then  we  have 


fn 


u  s  y+  (j?  sm  J3— y cos  JJy+  I  (a-jr)  sin  C-*-y  cos  C  }  •; 

and  makiniF  _-  s  0  and  ...  as  0,  we  find 
ax  d^ 

and  X  s  — .^ Z : . 

£  (a*  +  4»  +  r») 

Also  Bf=    . /»^  i  >/|g^'  +  g^"-*M 

a'  +  A*  +  r*  .     * 

(20).  To  find  a  point  within  a  triangular  pyramid,  from 
^rhich  if  lines  be  drawn  perpendicular  to  the  several  faces, 
the  sum  of  their  squares  is  the  least  possible. 

use  of  the  same  notation  and  construction  as  in 


tt.  1 8.^  th^ahglAI  of  Ihdhlatloii  offli^  laces  to  liie  base,  being 
repreisented  by  tp,  ip',  ^'\  and  the  perpendiculars  by  Zi  /> 
s'',  2'^  we  shaU  fiM 

=  z»  +  {^aa*  — icos^t* 

+  i[(i-i)8infc -^c6sC3«n^*^  zfctt4^^*}^ 

Makingrn^  te  o^  :J1  =0^  ^  s  0|  we  shall  get  three  equsp 
ax  ay  a  z 

tions  for  the  detenhination  of  x^  ^j  t^  xA  the  form 

Ax+  By  '\'Cz::zD 

jftc^ffy^Cz^iy 

A"x  +  R'y+^'z^£r 

but  the  coefficients  ^,  jB,  C,  Sic.  ar^  very  complicated,  and 
a  complete  Solution  of  these  equations  would  be  a  work  of 
con^extJble  labout. 

A  mor^  simple  mediod  of  ^solving  this  problem,  is  the 
following :  let  E,  B^  E'^E^^  Topresent  the^reas  of  the  faces 
DBC,  jtDC,  ADB,  ABC,  and  let  T  be  the  soUd  content 
or  voliime  of  the  pyramid  :  then  weliave  a;  as  ^g*  +  i^*  +  /* 
+  z'"*,  subject  tcr  die  equation  of  condition 

Eliminating  2f'\  we  shall  find  by  Aeoidimury  process,  making 

dz^         dif^    *   Uz"        * 


_    3r  (JS'  +  .gcos») 


£"« 


23t  ,  .--; 

sin  D  sin  ^  sin  0' 

{JST'sin^-f  f'cos  D8in^'+ j5(cos^6in^  +cosi:)co?^  sin^Ol 
^-f  ^+^+jg^"" ]• 

(2 1 ).  Amongst  all  triangtdar  pyramids^  of  given  base  and 
altitude^  to  find  that  wUdi  has  the  least  surface. 

Making  use  of  the  same  notation  as  in  the  fiMediag 
Exanpley  if  A  be  Ae  akitttdetif  tht  fjitUMd,  and  ^«j  4l^ 
odes  of  the  base,  we  find 

tf  =  -  (^  cosec  ^  •¥  c cosec  ^  +  dcosec  ^'0 

which  is  subject  to  the  ^quatian  «f  <coadkion 

J  (^  cot  0  +  ^  cot  ^'+  d  cot  ^'')  sEy  where  B  is  the  area  of 

the  base. 

Eliminating  ^^  and  making^  ^^7^^  ^ 

we  get  ^  =  ^  and  therefore  also  bs  ^'^ :  or  the  f aoes  of  f<he 
pjramid  are  equally  inclined  to  the  base. 

Amongst  all  triangular  pyramids  df  giren  volume,  Ae 
regular  tetraedron  has  the  least  surface.  This  is  an  .imme^ 
diate  corollary  to  the  last  problem* 

The  same  proposition  is  true  of  pyramids  whose  bases 
aoty  polygonal  ifigwpes  whatever. 


(92).  From  a  given  point,  to  draw  the  shortest  line  to 
the  surface  of  a  given  sphere. 

Let  0,  bf  e^  be  the  co-ordinates  of  the  given  point;  a,  /?,  y, 
the  co-ordinates  of  the  centre  of  the  sphere,  whose  radius  is 
r :   the  equation  of  the  sphere  is 

(JT  -«)•  +  (y  -  /3)-  ^.  (z  -  'yye  r% 


X 
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and 

18  the  length  of  the  line  drawn  from  the  given  point  to  the 
point  in  the  sphere,  whose  co-ordinates  are  r,  y^  s. 

Eliminating  (z  —  cf  from  w,  making  -y-  =  0  and  ~  =  0 

and  putting  <i=  y^  {(«--)*  +  (*-  Z^)'  +  (^  -  ^^  U  ^ 
d^^ce  of  the  given  point  from  the  centre  of  the  sphere,  we 

find 

X  =  •  ±  -J  (a  —  •) 
a 

;K  =  7  ±  2  (r  —  7) 

and  tf  s'd  7  r,  according  as  the  upper  or  lower  sign  pre- 
vails, in  the  expressions  for  x,  ^,  and  z ;  the  first  being  die 
expression  for  the  minimum  and  the  second  for  the  maximum 
value  of  11  • 

(2S).    To  find  the  shortest  distance  between  two  given 
lines,  not  in  the  same  plane. 

Let  xsiiz  +  a,  ^=?iz  +  /?, 

and  y  =  aV  +  a,  ys=  V 7!^  P, 

be  the  equations  of  the  given  lines  :  the  distance  of  the  points 
whose  co-ordinates  are  x,  y,  js,  and  2^,  y,  z',  or 

«  =  >/  {  (z  -  ^/  +  (X  -  J/)*  +  (y  -  yr  } 

l!i=l   {z~  z' -ha(«  -  «'  +  fl«-ii'aO 
az      u 


2S9  . 

From  which  equations  we  find 

^  .  ^,  _  (afh^ab')  \  (b  ^y){a  ^  of)  ^{a^^{fi^fif)\ 
-  (a  _  ay  4.  (^  -  y)«  4.  (a'6  -  a  *')• 

-   ^-(y-^)(»-:o  • 

11  -   11'    =    (^'  -  fl)  (g  ■-    JQ 

and  u  =       {h^V){a^af)^{a^a'){fi^^ 

v/  {  (ii  -  fl?  +  (^  -  *")•  +  (^'^  -  flftO*  \  * 

If  the  angles  which  this  shortest  line  makes  with  the 
given  lines  be  required,  we  fin4>  since  x,  ^,  z  and  af^  jf^  7^ 
are  co-ordinates  of  two  points  in  it,  that 

a: -y  =  a\t -  tT)  and y -3^=*"  (z-/') 

where  /i"=   ,^  ^    „  and  V  =  -i!-Ilf~,  the  equations  of  this 
a  h^ah  ab — ao 

line  being  jr"  -d'  tr%  d'  and  y = b"  z^-^fifx  consequently 

^ 

since  ad'  -Vbb"  ^  1=0; 

and  therefore  0=90 :  in  the  same  manner,  it  may  be  shewn 
that  ^a90 ;  the  shortest  line  is  therefore  perpendicular  to 
both  the  given  lines.      Lacroix.  Traiti  iu  Cole*  D^.  p.  524. 

(24).    To  inscribe  the  greatest  rectangular  parallelopipe- 
don  in  a  given  ellipsoid. 


Let  the  equation  of  the  ellipsoid  be 


which  18  therefore  an  equation  of  coaditioii  to 

which  is  the  ezpre88io|i  for  the  inscribed  paraUelopipedon. 

If  we  eliminate  z,  and  make  -r-  =  0>  and  --—  =  O,  -we 

ax  ay 

find 

X  =  — T-  ,  y  =  — ,  and  a;  =r  — -  , 

J  %abc  . 

and  u  z=  ■    ■      •  a  maxmmtm. 

(25).    From  a  given  point  in  the  surface  of  an  ellipsoid^ 
to  draw  the  longest  line  to  the  surface  again. 

Let  a,  ^y  7  be  the  coordinates  of  the  given  point ;  then 
we  have 

u  ^y/  \  {X  -  «)»  +.(y  -  /3)*  +  (t  -  7)M  » 

irfiich  is  subject  to  the  equation  of  condition 


©•^  a)'*  (:-)■-  '• 


J  If 

Eliminating  z  and  making  7—  =  0,  ahd  -j^  e  0,  we  find 

ax  ay 

the  fcdlowing  equation  ^fbrithe  dtterminadrntof  x, 

(tf  a)*  +  £(aay  («  +  €')  aa:+  f  «♦  (f»+4r/+/*) 

-  («  a)«  -  (^  /:?)^  -  (f  7)*  \  «'  A*  - 
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8  \(a a)» (*  +  O  +  (ifif^  +  icy)**  -  «•*/(*  +  /)]ax* 

•                c*  '^  i^         mi      a*  —  r'        o-n^ 
where  ^  = ,  and  e  sz  — - — .      See  Ex.  67,  p.  13£. 

In  most  of  the  preceding  examplesi  we  have  not  put 
down  the  actual  verification  of  the  Maxima  and  minima  by 
Lagrange's  test,  as  the  reader  will,  in  general,  find  little 
difficulty  in  supplying  it. 


On    Curve .  Surfaces  and   Curves  of  Double  Cur^ 

vature. 

Art.  137 — 144.    Ex.  (1).    Let  the  surface  be  that  of 
a  cone^  the  sections  perpendicular  to  whose  axis  are  circles. 

Its  equation  is 

0 

• 

the  line  upon  which  %  is  measured  or  the  intersection  of  the 
planes  of  or  z  and  y  z,  being  the  axis  of  the  cone,  the  origin 
of  Xf  y  and  z  being  at  its  vertex,  and  t  b^ing=:cot  ^,  where  9 
is  the  semi-angle  of  the  cone. 

Since  -;-  =:  — ,  and  — -  =  ■: — ,  the  equation  of  its  tan- 
ax        z  ay        z 

gent  plane  is 

ax  ay 

H  H 
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z  z 

or  z  z*.  =  e"  {X  x*  +  y^)- 

In  order  to  find  where  this  plane  cuts  the  axis  of  the 
cone,  we  must  make  ar'  =  0,  y  =  0 :  this  gives  also  2=0: 
or  the  tangent  plane  passes  through  the  vertex  of  the  cone» 
as  is  evident  from  the  nature  of  its  genesis. 

The  equations  of  the  normal  are  *  *^*  v 


:'  -x^—{z'-*)-0  ^ 


X  —  _.  ._        „, 


If  the  point  of  its  intersection  with  the  plane  of  x,  z,  be 

required,  we  mu«t  makey=  0 :  this  gives  us =s  1 »  \ 

z  "*  ■• 

and  therefore  j'— x+x=af'=0;  or  the  normal  intersects  the 
axis  of  the  cone. 

The  general  equation  of  conical  surfaces  is 


the  origin  of  the  co-ordinates  being  at  the  vertex :  they  are 
all  characterized  by  the  same  property,  as  the  cone  of  geo- 
metry, that  their  tangent  plane  constantly  passes  through  the 

vertex :   thus  since  --—  = •  -r- »  the  equation  of  this 

ax      X       X    ay 

plane  is 

X  ^  X  \x/ 

and  if  we  make  x'  =  0,  y  =  0,  we  have  also  z'  =  O,  as  in 
the  common  cone. 
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(2).  Let  the  curve  surface  be  the  ellipsoid,  whose  equa- 
tion is 

&  *  (!)■  -  (-:)•  -  '•  « 

where  a,  *,  c  are  the  semi-axes  and  x,  y,  z  are  reckoned  from 
the  centre. 

If  we  make  x=09  ^=0^  jgrsO,  successively,  we  shall  have 
the  intersections  of  the  surface  with  the  planes  oi  xy^  xz, 
y  z,  which  are  expressed  by  the  equations 

these  sections  are  ellipses,  and  are  sometimes  called  dieprin- 
cipal  ellipses  of  the  ellipsoid.  It  is  also  evident  from  the  form 
of  this  equation,  that  all  sections  parallel  to  each  principal 
section,  are  ellipses  similar  to  the  conresponding  principal 
ellipse. 

Since  -j-  = r-   and   t"  =  ""  Tr^t  the  equation  of 

ax  a*z  dy  b*z 

the  tangent  plane  is 


'- « =  -  5?  (*'-  *)  -  S?  <y'-  y) «' 


-¥-¥-©'*  (0"K0*-'-  <^> 


If  we  make  2^  =  0,  we  find 


344 

which  is  the  equation  of  the  line  of  intersection  of  the  tan- 
gent plane  with  the  plane  of  Xy  y:  this  line  makes  with  the 

h*  X 
axis  of  X  an  angle  whose  tangent  is  —  -^-. . 

The  distances  from  the  centre  or  origin  of  the  inter- 
sections of  the  tangent  plafte  with  the  axes  of  x,  y  and  z 

respectively^  or  its  rectangular  subtangents  are  _  ,  —  >  '  ^ 

these  three  points^  or  any  two  of  them  and  the  given  point 
upon  the  surface^  determine  the  tangent  plane. 

The  equation  to  a  line  perpendicular  to  that  expressed  by 
equation  (7)9  is 

Ox  y 

which  is  the  projection  or  trace  upon  the  plane  of  x,  y,  of 
that  line  in  the  tangent  plane  which  makes  the  greatest  angle 
with  this  plane,  which  is  obviously  perpendicular  to  thdr 
common  intersection :  this  is  called  the  line  of  greyest  incS^ 
nation*  :  the  equation  of  its  trace  upon  the  plane  of  x  :s^  is 


a*  z    „  .  c^ 


z"  =  :i--x''  +  -.  (6). 

c*x  z 


These  two  equations  (3)  and  (c)  determine  the  line  in 
space. 

The  equations  of  the  normal  of  the  ellipsoid  are 

c" 


in). 


*  Ligne  de  plus  grande  perUe,   Monge.   AppUcalion  de  V Analyse 
d  la  Geomiiric.     p.  45. 
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li  e Sib,  or  it  the  ellipsoid  become  a  spheroid,  we  findi 
when  /  siO,  that  also  v'  =  0,  or  the  normal  intersects  the 
axis  of  Xf  which  is  that  of  revolution)  at  a  distance  jf  s 

— - — X  :   if  CI  =  ^  =:  C|  the  eUipsoid  becomes  a  sphere,  and 

when  a^'=  0,  we  have  also  y  ss  o,  and  o/s  0 :  or  the  normal 
passes  through  the  centre  of  the  sphere. 

The  length  of  the  normal  between  the  surface  and  a 
point  whose  co-ordinates  are  a/,  y  z',  is  equal  to 

V  {  («'-  z)*+  (J/-  xy+  (y-  y)M  , 
which  becomesi  when  /sO, 

If  ^,  ^,  ^'  be  the  angles  of  the  triangle  formed  by  the 
intersections  of  the  tangent  plane  with  the  planes  of  xy, 
yZj  xz,  wejfind 

tanO  s^ ,  tana's:-  -- — ,and  taa^  =  — -i^; 

c*xy  a*yz  l^xx 

and  the  area  of  this  triangle 

« 

and  the  areas  of  its^  projections  upon  the  planes  of  xy,  xz,yz 
are 

d'y      a^d"      **c*  ,.    , 
»  :; — 9  ■;: •respectively. 


I 
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If  c  be  infinite,  the  equation  (a)  becomes 

or  the  equation  of  a  cylinder,  whose  sections  perpendicular  to 
the  axis  of  z  are  ellipses^  equal  to  ^e  principal  ellipse  of  the 
plane  of  xy :  the  equation  of  its  tangent  is 


^1      ^      JL«  • 


X 

a 


which  is  that  of  its  trace  upon  the  plane  of  x  yi  it  is  there- 
fore constandy  parallel  to  the  axis  of  the  cylinderj  which  is 
in  this  case  the  axis  of  z  :  a  property  which  is  characteristic 
of  all  cylindric  surfaces  *. 

If  the  equation  be 

it  will  represent  a  surface  of  the  second  order,  called  tbe 
Jgperbaloid  of  one  surface  ^^  or  the  hfperhotcidoj  fmr  mmmits: 
its  principal  sections  in  the  planes  of  xy,  x  z,  yz  are  ex- 
pressed by  the  equations 

the  first  of  these  is  an  .ellipse  and  the  others  are  hyperbolas; 


*  Monge,  lb.  p.  4. 

t  Hypcrholoide  a  unc  nappe. 


\ 
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% 

and  all  the  sections  parallel  to  each  of  these,   are  figures 
respectively  similar  to  the  originals. 

The  /our  lummiti  of  this  fyperbohid  are  the  extremities  of 
the  axes  of  the /iniiCf/Mi/ ellipse. 

The  conical  surface  whose  equation  is 


©'K^y- (;)■=<>. 


whose  vertex  is  in  the  origin  of  the  co-ordinates,  is  an  asymp- 
totic surface  to  this  hy^erboloid. 

If  a  =  6»  the  principal  ellipse  becomes  a  circle  and  all 
sections  made  by  planes  passing  the  axis  of  z  are  hyperbolas 
equal  to  each  other :  in  this  case  the  surface  is  generated-  by 
die  revolution  of  the  conical  hyperbola,  whose  semi-axes  are 
a  and  Cj  round  its  minor  axis. 

The  surface  of  the  second  order  whose  equation  is  « 

©■  -  ©"-  (;)"  =  ■• 

is  called  the  h/pirboloid  of  two  surface/^  or  the  hyperboloid  of 
two  summits :  its  principal  sections  are  represented  by  the 
equations 

(0'- (0"- '-"'■- S^'-"'' 

-(0*-a)'-- 


*  Hypcrboloide  a  deux  nappes. 
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the  first  two  are  hjrperbolas :  the  third  equation  i$  impostible, 
aiid  shews  that  no  part  of  the  surfiace  is  situated  in  the  plane 
oi  y  z\  its  tnvo  summits  are  the  vertices  of  the  principal 
hyperbolas. 

This  hyperboloid  consists  of  two  distinct  surfaces  sepa- 
rated from  each  other,  like  the  two  portions  of  the  coniod 
hyperbola :  the  former  is  one  continuous  surface. 

It  also  admits  of  a  conical  asymptote^  whose  equation  is 

If  r  =  4,  all  sections  made  by  planes  passing  through  the 
axis  of  X  ^re  hyperbolas'  equal  to  each  other  :  the  surface  iSy 
in  Ais  case,  generated  by  the  revolution  of  the  hyperbola, 
which  constitutes  one  of  its  sections,  round  it$  major  axis. 
The  reader  will  have  no  difficulty  in  the  solution  of  the  same 
prohlems  concerning  the  tangent  planes  and  normals  of  these 
surfaces,  which  have  been  previou3ly  solved  in  the  case  of  the 
ellipsoid. 

(8).  Let  the  curve  surface  be  the  paraboloid^  whose 
equation  is 


z^ 


A  «y 

a' 


which  is  likevtrise  of  the  second  order ;  its  principal  sections 
are  represented  by  the  equations 

y*  =  4  a' X,    2*  =  4  a jr,    z  ^  y  k/ (  — j  : 

the  first  two  are  parabolas,  whose  latera  recta  are  4  a^  and 
4a:  the  third  is  imaginary,  and^  shev^s  that  no  part  of  the 
surface  is  situated  in  the  plane  oiyz:  all  sections  parallel  to 
this  plane,  when  x  has  any  positive  value  a,  are  ellipses 
whose  equations  are 
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this  surface  has  from  hence  been  called  the  elliptic  paraboloid: 
it  may  be  conceited  to  be  generated  by  the  second  section 
moving  parallel  to  itself,  in  such  a  manner  that  its  vertex 
may  be  constantly  found  in  the  first.  If  a  =:  a\  the  elliptic 
sections  become  circular,  and  the  surface  is  the  paraboloid  of 
revolution. 

The  equation  of  its  tangent  plane  is  ^  ' 

a 

Its  sub-tangents  upon  the  axes  of  x^  y,  z,  are 

2  a' X        ^  ^  ax  ., 

—  *,    •  and respectively. 

5^  z  ^ 

The  equations  of  the  normal  are 

8  a 

z 

,      ay    ,  ^   (a'  -  a) 

The  co-ordinates  of  the  point  where  it  meets  the  plane  of 
xp  are> 

x'ss  2  a  -{-  X  and  y  =  — j —  y,  the  second  of  which  vanishes 

a 

"when  a'  =  a. 

Its  length  from  the  point  of  contact  to  this  point,  is 

X=-v|4ax  +  4a'+j(|-l)y*}; 

and  if  ^,  ^,  0^  be  the  angled  formed  by  the  intersections  of 
the  tangent  plane  with  the  planes  xy,  x  z^y  z,  we  find 

tan(^=r-il^,  tan(K=-J£4.andtan(r=-?fl^. 

1  I 
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If  the  equation  of  the  surface  be 


a 
the  principal  sections  are 

y=4fl'jr,  2*  =  —4 ax,  andz  =  ±  V\/ •^\ 

the  first  two  of  which  are  parabolas,  whose  branches  are  on 
different  sides  of  the  plane  of  ^ :; :  the  third  represents  two 
straight  lines  passing  through  the  origin,  on  different  sides  of 
the  plane  oixy  and  making  an  angle  with  the  axis  of  jf  whose 

tangent  is  »  V/ -#  • 

This  surface  would  be  generated  by  the  second  of  the  prin- 
cipal sections  moving  parallel  to  itself,  whilst  its  vertex  moves 
in  the  curve  of  the  first  section. 

All  sections  parallel  to  the  third  are  hypierbolas,  whether 
X  be  positive  or  negative :  it  has  hence  been  called  the  A^per- 
hulic  paraboloid. 

The  centres  of  the  hyperbolic  sections  are  in  the  ass 
of  X :  their  major  axes  will  be  parallel  to  the  axis  of  z^  when 
X  is  positive  and  to  that  of  i/,  when  x  is  negative;   and  ii 
these  sections  be  projected  upon  the  plane  of  yz,  their  asymp- 
totes will  be  the  straight  lines  which  together  constitute  die 
principal  section  in  that  plane :  two  planes  therefore  which 
pass  through  the  axis  of  x  and  through  these  lines  respec- 
tively,  will    include  the   whole   surface  of   this  parahUd 
between  them  and  may  be  considered  as  asymptotes  to  it. 
If  a  =  a\  these  planes  make  each  an  angle  of  45^  with  the 
plane  of  xy  and  are  therefore  at  r^ht  angles  to  each  otfaer« 

(4).    Let  the  equation  of  the  curve  surface  be 
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or  such  that  the  parallelopipedons  inscribed  between  it  and  the 
planes  of  xy,  x-z  and  y  z  may  be  constantly  equal  to  a  given 
cube. 

The  planes  of  xy,  x  z  and  y  z  are  asymptotes  to  the  surface, 
and  all  sections  made  by  planes  respectively  parallel  to  each 
of  them,  are,  rectangular  hyperbolas. 

The  equation  of  the  tangent  plane  is 

xyz'  +  y  »  x'  +  jr  2  y'ss  3  tf'. 

Its  subtangents  are  Sx^  Sy^  S  z,  respectively. 

The  area  of  the  tangent  plane  included  between  the  co- 
ordinate planes  is 

where  As—  ^*\/  5  —  +  "%  +  "a  c  >  *^  ^^  length  of  the 
normal  between  the  point  of  contact  and  the  plane  of  x  y. 

The  triangular  pyramid  included  by  the  co-ordinate  planes 
and  the  tangent  plane  is  a  constant  quantity  stnd  equal  to • 

(5).  Let  the  surface  be  generated  by  the  revolution  of 
a  circle  round  a  given  line  as  an  axis,  'which  is  in  the  same 
plane  with  it. 

Let  C  £>,  Kg.  109.  be  the  given  line,  B  the  centre  of  the 
revolving  circle,  BA  a  perpendicular  upon  C  D  cutting  the 
circle  in  Ei  let  A  be  the  origin,  AD  the  axis  of  x :  let 
AQ^x^  QM^y^  MPssZf  AB=:a,  BE=r:  then  we  have 

and  ^  (2»  =  X*  =  r»  -  {  fl  -  v^(y*  -  2*)  }  * 

or   j  !•  +  j/2  +  ;z»  -h  a'  -  r«  }  •=  4  <i'  (y*  -h  z*) 
for  the  equation  of  the  surface.    ^ 
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This  is  the  equation  of  the  surface  of  an  antiulutox  ring. 
The  equations  of  the  normal  are 

y'  -  y  =  r  (^  •"  ^)-  • 

z 

If  2^=0)  we  have  also  y's=0|  or  the  normal  passes  through 
the  axis  of  revolution. 

The  length  of  the  normal  between  the  point  of  contact 
and  the  axis  of  Xj  is 


-VI^-}. 


which  is  infinite  and  therefore  parallel  to  that  azis>  when 
The  equation  of  its  tangent  plane  is 

If  the  generating  circle  be  inclined  at  an  angle  0,  to  the 
plane  passing  through  the  axis  of  revolution  and  its  centre, 
and  if  ^  be  the  angle  which  its  intersection  with  that  plane 
makes  with  the  line  ABy  then  the  equation  of  the  surface 
generated  is 

f*  =r  x«  4-  «•  +  (tt  sin  ^  —  JT  cos  <py  tan*  ^, 

where  u  is  determined  in  terms  of  x^  y,  and  z,  by  means  of 
the  equation 

2  fl  tt  =  II*  +  r"  —  x"  -  J/*  —  «•. 

(6).  Let  the  surface  be  the  cono^cuneus  of  Wallis>  which 
is  generated  as  follows. 

Let  ABCD  (Fig.  110.)  be  a  rectangular  parallelogram 
in  the  plane  of  xy :  upon  CD  describe  a  semicircle,  whose 
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plane  is  parallel  to  the  plane  of  x  2 :  the  surface  is  described 
by  a  line  PR  parallel  to  the  plane  ol  i/Zf  one  extremity  of 
^rfiich  mores  in  the  line  AB  and  the  other  in  the  circum- 
ference of  the  semicircle  CRD. 

The  solid  partakes  of  the  form  and  generation  of  a  cone 
and  a  wedge^  from  whence  its  name  is  derived. 

If  AP  =  X,  P(2  =yi  QM  :=z,  ACzz  c,  and  CD  =  2  r, 
its  equation  is  ' 

y 

The  equation  of  its  tangent  plane  is 

i^zy%'  —c*z*$^  +  X]^af  =  x*y . 

This  solid  was  the  subject  of  a  particular  dissertation  of 
18,  who  determined  its  volume,  centre  of  gravity^  &c.''^ 

If  we  suppose  the  point  P  to  move  in  a  semicircle^  de- 
scribed ^upon  AB  and  in  the  plane  of  xy,  we  shall  have  a 
•oiface  whose  equation  is 

Instead  of  supposing  the  curves,  which  guide  the  generating 
line  to  be  straight  lines  or  circles,  we  may  suppose  them  to 
be  any  curves  whatever,  and  we  shall  thus  get  a  series  of 
surfaces  of  a  similar  character  f,  whose  equations  may  be 
deCennined  in  the  same  manner  as  in  the  cases  we  have 


«  Wallisii  Opera,  Tom.  II.  p.  661. 

f  Deaominated  by  the  French  Analysts  '*  Surfaces  gauche$ :  '* 
aee  Bltmoire»  presenUs  a  I'  Academic  des  Sciences  par  les  Savans 
Eirangers.  Tom.  IX.   p.  623.  1780. 
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(?)•  Let  the  cunre  of  doiuhU  curvahtri  be  the  helix,  or 
the  curve  fbnned  by  a  thread,  wrapped  round  the  surface  of 
a  cyHttder,  so  as  always  to  make  the  same  angle  with  the 
aiis.  Or  a  cylinder  being  supposed  to  be  generated  by  the 
uniform  revolution  of  a  parallelogram  round  one  of  its  sides^ 
the  hilix  is  traced  out  by  a  point  moving  tmiformly  upon  the 
other.    (Fig.  111.) 

Let  the  axis  of  z  be  the  axis  of  the  cylinder  :  the.  plane  of 
X  y  which'  is  perpendicular  to  this  axis,  and  all  planes  pa- 
rallel to  it|  will  form  circular  sections  with  the  surface  of  the 
cylinder,  viiose  equations  are 

X*  +  5^»  =  a\ 

Also  z  bearing  a  constant  ratio  to  the  arc  described, 
whose  cosine  is  jt,  sine  y  and  radius  a,  we  find 


z  = 


z  = 


which  are  the  equations  of  the  helix. 

The  projection  of  this  curve  upon  the  plane  of  yz  is  a 
curve  called  the  Lineof  SineSf  which  becomes  the  QuadratrU 
of  Tschimhausen 

when  e  =s  — ^.    See  p.  172. 

IT  * 

r 

Since  3-  =r  —  -,  and  -~  r:  -  ,  the  equations  of  its   tan- 

ax         y         ay      X  ^ 

gent  are 
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z'—  z  =  -  1  (a/  -  a), 


2'- 2=     |(y-:y). 

X 


The  co-ordinates  of  the  point  where  it  meets  the  plane 
of  xyf  when  z'  =  0,  are 

-^  zts  .  X 

5f  =^  —  —  =y  —  j;cos-*-  J 
e  a 

and  its  distance  from  the  origin^  of  the  co-ordinates 

=  tf  v^<  1  +  I  cos~^  -  1  J >  Mehich  is  therefore  indepen- 
dent of  e. 

If  a  be  the  constant  angle  which  the  curve  makes  with 
the  plane  of  xy^  we  have 

dz  e  e 

tan  a  s 


^ 


% 


The  position  of  the  osculating  plane  is  determined  by  the 
equation 

(a/  -  x)  {dy  d}z  ^  dztty)  +  (y—  y)  {d  zd^x—dx  d*  z) 

+  (sf  -^z){dxd'y'-dyd*x)zzO: 

but  if  we  consider  z  and  y  as  functions  of  the  third  variable 
Xs  we  shall  have  J*  r  =  0,  by  which  the  formula  wiU  be  sim- 
plified :  thus>  we  have^  in  this  case 
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li  =  l;  therefore £i^f^f;i^l^  =- ii£ 
ay      X  ay*  x* 

-5 dxz 

Jz  _      «       %d^z^e    dy ex 

dx  y  dx*      y*   dx  y* 

dv X  ,  rf*.v_       }a*  — x*4-af{ «* 

dx'^      s/(a*-x^)^    dx*''  (tf»-x»)»       *"     y 

and  the  equation  of  the  osculating  plane  is 


.% 


a*{7i  —  %)  —  €  {xy'  -  yaO  =  0. 

If  we  make  af^O^  and  y  =0,  we  find  /=:z»  or  this  plane 
cuts  the  axis  of  the  cylinder,  at  the  distance  %  from  the 
origin^  as  is  likewise  evident  from  a  consideration  of  the 
,    genesis  of  the  curve. 

The  equation  of  the  normal  plane  is 

which  becomes  in  this  case 

e  (/—  Z)  +  (o^y  —  yx')  =  0 : 

the  equatibn  of  its  intersection  with  the  plane  of  xy^  when 
z'  =  0,  is 

/    y  f  .  ^^ 


367 

(8).  Let  us  take  the  curve  surface,  which  is  generated 
bj  a  horizontal  line  passing  constantly  through  the  vertical 
axis  of  z  and  whose  extremity  is  always  found  in  the  helix  of 
the  preceding  example. 

If  a  plane  pass  through  the  axis  of  Zy  it  will  intersect  the 
generating  line  in  one  of  its  positions  :  and  if  any  point  what- 
ever be  taken  in  this  line,  whose  co-ordinates  are  z,  x^  y, 
then  z  will  bear  the  same  ratio  to  the  angle  described  by  the 
plane  from  its  first  position,  as  in  the  case  of  the  helix,  which 
guides  the  generating  line  :  and  this  angle  is  evidently 

=  tan-'^  =:dn"-' — -^ -. 

X  >/  (ap*  +  y») 

=  cos ""  *  ^ :  consequently 


t  =z  e  un-'4  =f  sin-*  -7-^!^ — rr  = 'COs-'-— |-— k 

is  the  equation  of  the  curve  surface  in  question. 

*A  more  general  method  of  determining  the  equations 
of  surfaces,  subject  to  tlus  mode  of  generation,  is  given  by 
Mbnge  ^> 

The  equation  of  its  tangent  plane  is 

if  we  make  sf^  0,y=  0,  we  have  z'=  z^  as  was  the  case  in 
the  oeculadng  plane  of  the  helix,  with  which  it  coincides 
w^lclla?»+y•«fl^ 


Application  de  V  Analyse  d  la  Gwmkrie.  p.  26. 

K  K 


n 
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TI16  eqaatioM  of  the  normal  are 


y  -  X  - —^  (z'-z)  =  0, ) 
1:*+  y*  f 

*  +  y  -^ 

and  its  length  'from  the  point  of  contact  to  the  plane  of 
Xjf  or 

If  X  or  y  be  very  large,  we  have  x  =  —  Z|  or  the  normal 
is  perpendicular  to  the  plane  oi  xy  and  the  tangent  plane 
parallel  to  it :  if  xzzO^  and^=0,  we  have  Xs  oo^or  the  normal 
is  parallel  to  the  plane  of  xy  and  the  tangent  plane  perpen- 
dicular to  it. 

This  surface  possesses  some  remarkable  properties :  it  is 
one  of  those,  whose  area  included  by  any  given  curve  through 
which  it  passes,  is  a  minimum^. 

If  the  helixy  through  which  the  generating  line  passes,  was 
described  upon  the  surface  of  a  cylinder  whose  sections  pa* 
rallel  to  the  base  are  elliptical,  the  surface  would  be  the  same 
as  before :  for  these  sections  in  the  helix  merely  determine  a 
relation  between  x  and  ^,  which  have  no  such  dependence  in 
'the  equation  of  the  surface. 

This  is  the  surface  presented  by  the  superior  and  inferior 
surface  of  a  staircase,  attached  to  a  vertical  column  round 
which  it  winds,  or  to  the  concave  wall  of  a  circular  or  ellip- 
tical tower ;  its  thickness  being  supposed  to  be  uniform  and 
no  regard  being  paid  to  irregularities  caused  by  the  form  of 
the  steps. 

*  MeusnieTy  Memaires prescfUes  a  f^  Academic*. Tom,  X.  1785. 
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(9).  Let  the  cuire  of  thuUe  curvature  be  the  spiral  of 
Pappus.  * 

This  spiral  is  generated  by  a  point  moving  uniformly 
upon  a  quadrantal  section  of  a  hemisphere,  from  the  pole  to 
the  base,  whilst  the  section  moves  uniformly  through  the 
circumference  of  the  base.    Tig.  1 12. 

Let  C  be  the  centre  of  the  base,  D  the  pole  of  the  hemi- 
sphere, AD  the  generating  quadrant  in  its  first  position  :  let 
DB  be  any  other  position  of  the  quadrant:  PJIf  a  perpen- 
dicular upon  the  base,  MQ  a  perpendicular  upon  jiC :  let 
CA  =  r,  CQ:z  X,  QM  =:^,  PMssz  :  the  angle  ^C£s  « : 
then  since  the  arc  DP  is  one  fourth  part  of  the  arc  JIB,  we 
hare 

-  s  cos  X ,  — 7-f — ~  as  sm  0,  and  — rr— t:  =  cos  ^ : 
from  whence  we  get 

the  equations  of  the  spiral. 

The  spherical  area  which  is  included  between  the  quadrant 
jiD,  the  spiral  and  the  base  of  the  hemisphere,  is  perfectly 
quadrable  and  equal  to  the  square  described  upon  the  dia- 
meter of  the  hemisphere.  This  singular  property  is  demon- 
atrated  geometrically  by  Pappus*. 

The  equation  of  the  surface  generated  by  a  line  parallel 


•  Math.  Collect.  Lib,  iv.  Prop.  SO, 


to  the  plane  of  x  y,  which  passes  through  the  axis  of  z,  and 
is  guided  by  this  spiral^  is 


4  COS""'  -  =  COS""* 


The  equation  of  its  tangent  plane  is 

If  st'zzO,  y  =  0,  we  have  a/=:  z^  as  in  all  surfaces  gene- 
rated in  this  manner :  the  other  subtangents  are 

If  the  spiral  be  generated  by  a  point  describing  the 
quadrant  uniformly,  whilst  it  moves  uniformly  thxoii^h  a 
quadrant  of  the  base ;  we  shall  find,  assuming  the  same  axes 
and  origin  as  before,  that  its  equations  are 


f*  — r»  +  rv  =0/ 


and  the  equation  of  the  surface,  generated  in  the  same  man- 
ner as  in  the  former  case,  is 


rx 
z  s 


./(j?*+y)' 


(7).  Let  the  curve  of  double  curvature  be  formed  by  the 
intersections  of  a  sphere  and  cylmder,  the  axis  of  the  cylinder 
not  passmg  through  the  centre  of  the  sphere. 

Let  the  origin  of  the  co-ordinates  be  the  centre  of  the 
sphere,  and  let  the  axis  of  the  cylinder  be  in  the  plane  of  jr  s, 
parallel  to  the  axis  of  z,  and  distant  from  it  by  a  line  equal  to 
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c  :  let  n  and  b  be  the  radii  of  the  sphere  and  cylinder :  then 
we  have 

X*  +^^  +  z*  =  a*f  the  equation  of  the  sphere ; 
(jp— tf)*+y*  =  *■,  the  equation  of  the  cylinder : 

from  whidi  we  get 

^•  =  e»-«rjr,  if^  =  a»  +  4:»-6»; 

which  are  the  equations  of  the  projections  of  the  curve  upon 
the  planes  of  x  2  and  y  z. 

IS  a>b  +  c,  the  cylinder  penetrates  entirely  within,  the 
sphere  and  the  second  projection  consists  of  two  separate 
orals :  the  limits  of  the  values  of  2;  are  ^/  {  a*  —  (^  —  c)*  \ , 
and  V  {  a*  —  (t-^cf  }  :  for  all  other  values,  y  is  impossible, 
or  the  curve  has  no  existence, (Rg.  113.  No.  1.) :  itatsb  +  c, 
the  cylinder  falls  just  within  the  sphere  and  the  two  ovals 
meet,  (Fig.  118.  No.  2.):  iS  a>c<i+c,  a  part  only  of  the 
diameter  of  the  cylinder  penetrates  the  sphere,  and  die  pro- 
jection is  a  single  oval  with  points  of  flexure,  (Fig.  US*  No.S.)- 
as  ^4-^— A  still  diminishes,  these  points  disappear,  and  when 
the  cylinder  cuts  ofi^  a  very  small  portbn  of  the  surface,  it 
assumes  die  form  of  an  ellipse.    (Fig.  113.  No.  4.) 

The  equations  of  the  tangent  are 

z'  -«  =  __— £iJ (•-•)[ 

The  length  of  the  tangent  between  the  point  of  contact, 
and  the  plane  of  xy  is 

—  ^{c'y*  +  «*  r*) . 
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The  equation  of  the  osculating  plane,  is 

Thus,  if  we  apply  this  to  the  points  P  or  P"  of  the  curve, 
which  are  most  distant  from  each  other,  and  in  the  plane  of 
J7  z :  we  have  ^  =  0,  jr  =  r  -  3,  a*  =  a*  —  (^  -^  J)*  and  the 
equation  becomes 

(«'  —  a;)  «  +  r  (/  —  x)  =  0,    or 
jT 2)+  ff j/  =  «*  +  ex,    or 

the  plane  is  parallel  to  the  axis  of  y  and  the  equation  is  that 
of  its  trace  upon  the  plane  of  z  x,  which  makes  an  angle  with 

the  axis  of  x,  whose  tangent  is  ±     ; ,    ^ — ; — ■  .,  ^  » 

>s/  \a^  —  (c  —  br\ 

If  6  s  <:  =:  -  y  the  equations  of  the  curve  become 

if  sinular  sections  be  made  on  the  other  side  of  the  centre,  ift 
shall  have  four  similar  and  equal  sections  upon  the  surface  of 
the  sphere,  which  possess  these  remarkable  properties,  that 
if  they  be  subtracted  from  the  surface  of  the  sphere,  the 
portion  that  remains  is  absolutely  quadrable  and  equal  to  die 
square  of  the  diameter,  which  is  likewise  equal  to  the  area  of 
the  cylindrical  surfaces,  which  are  enveloped  by  the  sphere. 
The  first  of  these  properties  constitutes  the  celebrated  problem 
of  Vimni. 

(8).  Let  the  curve  of  double  curvature  arise  from  the 
intersection  of  two  cylinders^  whose  suces  intersect  at  right 
angles. 
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het  the  origin  be  the  intersection  of  the  axes  of  the  cy- 
linders, and  let  these  axes  be  assumed  as  the  axes  of  x  and  ^  : 
the  equations  of  the  intersections  are 


5»  +  y»  =  60 


The  equations  of  the  tangent  are 

The  co-ordinates  of  the  point  where  it  meets  the  plane 

of  xjf;  are  a/  =  — ,  and  y'  ss  ~ ;   and  its  length'  from  the 

X  y 

point  of  contact  to  that  plane 

xy 

The  equation  of  the  osculating  plane  is 

V'                              a* 
(^  -  X)  -— 1 i  -  (y  -  y ) 2 

(a*  —  z*)*  (3*  —  z*)* 

*«  (a« -«')!  x' -  a' (*•- z^)*  y +(«*-.*•)«»  ;b' 

+  (a*  -  ^•)  a»  4*  =s  0. 

Thus,  if  we  take  a  point  where  ^  =  Oj  and  therefore 
2=4  and  X  =  \/(a*  —  3"),  the  equation  becomes 

x'  ^(a"  -  *»)  +  z'h  +  a*  =  0. 

If  2  =,0,  and  therefore  x  =  a,  and^  ss  ^,  it  becomes 

a  x'  -  *y  +  (a'  -  *•)  a  0. 
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In  the  first  case  the  tangent  plane  is  parallel  to  the  axis 
of  ^  ;  in  the  second,  it  is  parallel  to  that  of  z.         ^ 

The  equation  of  the  normal  plane  is 

(IO)u  Let  the  curve  of  double  curvature,  be  formed  by 
the  intersections  of  two  cones,  whose  axes  intersect  at  right 
angles.    Fig.  114. 

Let  r  and  r'  be  the  vertices  of  the  cones,  A  V  and  A  T 
their  axes  which  intersect  at  right  angles  at  A ;  assume  A 
as  the  origin,  AV  the  axis  of  Xy  and  AV  diat  of  y ;  then  if 
AV  =  a,  and  AV^sza'^  the  equations  of  the  cones  are 

fl+j^arif  >/  {  z»+y' J ,  and^'+y=/v/ {  z'+x*  }  ; 
from  which  we  get 


e"  e^ 


and    ^■Ky/{^''^-z^}=^V{z'+^|, 

for  the  equations  of  the  projections  of  the  curve  of  double 
curvature  upon  the  planes  oi  xy  and  x z. 

If ^ — -—  be  greater  than     , ,  ^ 7-r-,  the  second 

cone  penetrates  entirely  within  the  first,  and  the  projections 
upon  the  plane  oi  xy  are  two  figures  with  their  convexities 
opposed  to  each  other,  such  as  are  represented  in  Fig.  1 15. 

other  as  in  No.  8. :    «  "^^^f^j  <;Ar?7)»  *^   ^^^ 

possess  points  of  flexure,  and  assume  the  form  represented  ui 
No.  3.  which  approximate  more  and  more  to  straight  lines 
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tDnverging  to  the  vertex  of  the  second  cone,  as  the  excess 
t>f  the  second  of  these  quantities  above  the  first,  continues  to 
Increase.  The  corresponding  projections  upon  the  plane  of 
X  %  are  ovals  included  within  each  other  in  the  first  instance  as 
in  No.  4 ;  which  in  the  second  touch  in  two  extreme  points^ 
as  in  No.  5  (  and  in  the  third  they  become  pairs  of  curves, 
with  their  concavities  opposite  to  each  other,  the  lines  join- 
ing the  extreme  points  of  each  pair  of  curves  being  parallel, 
as  in  No.  6. 

The  equations  of  the  tangent  are 

* 

The  only  difficulty  attending  the  determination  of  the 
osculating  plane  arises  from  the  complication  of  the  expres- 
sions which  it  is  necessary  to  differentiate. 

(11).  To  find  the  equation  of  the  curve  of  double  cur- 
vature, in  which,  if  any  point  be  taken,  the  sum  of  its  dis- 
tances from  two  given  points  is  equal  to  a  given  line  and  also 
the  sum  of  its  distances  from  two  other  p(nnts  is  equal  to 
another  given  line.    Fig  1 16. 

Let  J3  and  C  be  two  of  the  given  points  and  Bf  and  C' 
die  two  others  :  let  a  plane  pass  through  JB,  C  and  C,  which 
may  be  assumed  as  that  of  xy :  bisect  J6C  in  Af  and  assume 
^  as  the  origin  and  JC  as  the  axis  of  x :  let  ABzzJCsza  : 
and  let  r,  /  be  the  Oo-ordinates  of  C,  and  ^,  b\  b"  the  co- 
ordinates of  Jff:  then  the  distance  of  a  point  whose  co- 
ordinates are  r,  ^,  z, 

from  B   zz  ^  \  (x  +  fl)*+y +  ;:•  {  , 

from  C    =  V  { (x-i»y+j/'  +  2«  }  , 


4 


h  L 
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and  from  fi'  =  >/  {  (x-ft)»  +  (5f-.6')*+(^-*'0' }  •' 
t:oiisequently  if  e  and  e'  be  the  given  lines^  we  have 

from  which  the  equations  of  the  projections  of  the  curve  of 
double  curvature  upon  the  c6-ordinate  f>hnes  my  be  ob- 
tained. 

The  equations  (a)  and  (/?)  ate  tho^  of  bvo  spheroids, 
whose  foci  are  B  and  C,  Bf  and  C  and  whose  axes  of 
revolution  are  e  and  / :  the  curve  itself  results  from  the 
intersections  of  these  ^heroids. 

These  examples  may  be  sufficient  to.  give  the  vtudeot 
some  notions  of  the  elements  of  the  theory  of  cutve  surfaceSi 
and  curves  of  doable  curvatuV^i  iind  to  ekcite  his  curiosity 
in  the  pursuit  of  a^more  accurate  and  extended  knowledge 
of  them  :  but  the  nature  of  this  ^6tk  and  th^  ivant  of  any 
treatise  upon  the  subject  in  our  oWn  language,  to  ^hich 
reference  could  be  made,  has  prev^iited  our  discussing  many 
questions  of  great  and  essential  importance  in  this  subject: 
such  as  the  curvature  of  curve  surfaces,  their  evolutes,  in* 
flections,  remarkable  points  and  lines :  the  fiature  and  cha- 
racteristics of  surfaces  which  admit  of  developement  upon 
a  plane.  See. :  the  whole  of  which  are  treated  with  singular 
elegance  and  generality  in  the  celebrated  work  of  Monge, 
to  which  we  have  referred  before. 

We  have  chosen  examples,  wluch  are^  for  die  most,  only 
simple  cases  of  more  general  problems,  as  the  best  calculated 
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for  a  student  to  whom  this  subject  i$  new :  the  contemplation- 
of  figures  possessing  three  dimensions,  is  at  all  tknes  attended, 
with  considerable  difficulty,  which  is  not  much  diminished 
bj  any  representation  upon  a  plane  surface  :  and  it  is  only 
by  a  careful  study  of  particular  examples,  that  the  mind  ia. 
enabled  to  grasp  the  full  force  and  meaning  of  general 
theories;  where  all  reasoning  must  be  conducted  by  symbolical 
language. 
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xdx 


<*^  f-^urn  -  f-^^*»«<''  +  **)• 


x*dx 


V(A\    f    **^*     ^  /"^      ggit*      2a*j-»      4  0*^ 


-^Iog(tf  +  *x). 


^- 


870 


*'>•  Si 


x^dx 


-^-hxY 


1 


2.ax^    ,   l;2fl*x 


1*  X      9  a*\ 

4    "*'iry 


6a» 


(8). 


9  a  -  X '     1 1  a 


2*^         6  4 


— ,  +  —  log  (a  +  *  x). 


.      f-    x*dx    __      /J'     3a  j*     a*x     a*  \   I 


+*xy 


(10).  r£Zi^  =  iiog-V. 


**•      fl+4x 


1  1  i^^«+4x 

tf  (fl  +  4  x)      a    ^  '  X 


V 

(14).    /f~'/^  =  f^4-if)     -^^   -    -ilogg^. 

(,5).  ff^  =  -  (-L  +   9i  ^  3^) 

<''    (a  +  ixy  \ax       *"  a*    >» 


1       .   .    ^*i      a^JT 


i,n 


x~*dx 
+ixy 


(- 


Sbx 

+  - —  + 
a       2a» 


a+ix 


{n^ixy 


-  A  log  li-i. 


<")-/S^-e* 


2«6  .  10** j:  .  44» 


Sa* 


■♦ 


") 


(o  +  *  xy  "^  n»   *^       X      ' 
<,8)./^  =-L-  tan-  (*  v/-) 

.    =  TT^n       \/l   — ; — 1  =  — fc-.— COS""* 

N/(ri^.)=75T)-V(^)- 

(19).     /-      ^^    -=         ^      logV'^'^^V^* 


1       logA/^jL^y* 


V(flt»)  ^'V'C^ --^•^*)  * 


+  JL    /*  _££.  .    (Ex.  18.) 


x^dx 


dx 


^^      P    x^ax        X       a     p     jix  .^^   -^ . 
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x^dx 


■ 

+  _L    f -4^'    (Ex.18.)' 
8ahJ    a  +  ix*      ^ 

/o7^     r-J^If—  --  (^  +  ^I^^i ^ 

/»     it*dx  /"  x*         "A         J 

^^®^' «/   (o +  *!»>•  "^  ~  \ 4*  ■*■  12^/  (o+Ix^' 

^     '' y  (a  +  6a*)»"~\  128 fl«     128a       128*     128i'>''' 


3  /*     dx 


^     ''  «/    a:»(a  +  *a:»)  Sar»      2o*     *a+*x» 


(S«).    f—il—= 1 +  -Liog_£l_ 
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Si    />    dx 


_  ILf-^I^.     (Ex.18.) 
^     "J   x{a+bx^f       \4a      2a*/  («  +  *x*)* 


+ 


1     .  *• 


a»  ** an- 


sa*    "  a+hx* 


(35).  /--l£_=  -/"-L +  !!*£+ 31^ 
35t*j»\  1  35^     p     dx  „ 

(36).    /^       /^ = ? tan-:-i£l±* 

/37N     f—Al—.  ^cx^b 


3c 


6^         p        dx 


-}  (2ra:+*) 


+  — 2i— -    r       .  .    (Ex.  36.) 
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xdx 


(39).    f f^A_  =,  JLlog(a  +  ^x  +  c**) 


dx 


o>      p  ax 

9,c  *y    o  -J-  *x  + 


CJP* 


(Ex.  36.) 


X 


^     ^' J   {aJf^bx^-ex'Y  2c(a+*^+rx«)       ^c 

gfX  +  6 h  f         dx 

{^ac'-b*){a'^bx  +  ex*)  ""  (4flr— 6")        /i  +  6x+f 

j^  d  X  1    .  jc* 

^     ''  J   tTo+TJ+T?)  ""  2^  ^  fl  +  ftx+f  x* 


2a 


dx 


/ax 


rA( 


(Ex.  36.) 


^' J   x^ia-^bx-^cx^)^      ax       2a*    *a+6x+cJr* 

+  (iL  .  1)   f~4l—^.        (Ex.  36.) 
V2a'       a/  t/    a  +  ftx  +  rx^ 

Let  -  sr/;*  in  the  (II)  following  Examples. 

■o. 
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(50).  f 


dx 


dx 
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.     rEx,  43.) 


a  +  bx* 


5b 


dx 
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276 


dx 


<'*>-/rri='°«^'^">- 


dx 


(55).   Z*-^,  =tan— X. 
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dx 
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(66).    / ^f =^logf± 
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(68)     f '^ =  — ^  log  (*+*) 
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(36)-  /^ 


»      X 


e+/x)y/(fl  +  6x+rx«)      ^A 


where  k  es  «/•  —  h  ef-^c^. 


(S7).      /• ^ -=:log^-*-M'+*+^. 


^^^^*  J  (H-x)v^(l-:r  +  «»)  ~  ^3^ 


.      8— S  JT-g  ^3  .  v/(l  -J+a*) 


.      /» Ax 1    J, 

—  log 3i 2C^ . 


(40).  y 


1-* 


dr  .. .        1  +  8* 


— -  =  tan 


(i+i)vAi+T-*')  2  vAi +'-*■*) 


^^•>-  /(T 


891 


*  1+x 


dx 


(42).    f, i£ ' 


=  loe  -l+3<c-2  4/0 -*-**) 


+  (a>-l)+lj2v'(*-l). 


(46).    /^ ^ = 

-llogJvjLzfhli}. 


+  f  tan-'v^(«-l). 

4 


893 


(48).   fJ^i±^=^  {i  («+*^y-««  («+**)-«•}  X 


(a+*a?) 


i^  \/(fl+bx)' 


(49).   /_^=-  {i  +  s}_i— 
(50).    /*  -^^^  =  -  ts/ia+ix)  -  5  « J  X 


**(a  +  *x)» 


W/-^= -!->+•* -5'} 


(«+*  JO 


^•(tf+ftj?)^ 


(52).  / 


xJiV 


(«+*«)* 


=  _^ly(a  +  ft,)_l«J 


»»(a  +   *»)T 


(S3). 


/dx         _  /  8        2  6r\  1 

x(a  +  *«)«  ~  ^8«         «'  '^  (a+*»)* 

fl   t^'    j:\/((i  +  *J?) 


^3 


(54).    f^^^ =  (J^  +  illi  +  2il£!^ 


ar(fl+*jr)^ 


1      /*        d  X 


(55).    f-^^Jti 


ax(ft+b  ar)T 


-—    /  .     (Ex.54.) 

*«*^    x(.a  +  bx)T 


(56).     /"  'l"  s/(a+bx)  _       »/(aj-M 


^x 


o     /*        ax  .„       • 

+  «    /  — v/   1^   X  •    ^Ex.  2.) 


(57)./^^^^  +  '^^.=  {i(a+ftx)+^}2v^(a+*x) 
+  fl»    Z' f"^  ^      .     (Ex.2.) 

./     X  V(fl  +  *X) 


Assume  a4*£jr  s->  . 


\ 
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(60).   r_i£_=-ll±i£^ 


0       /*      c 


dx 


+*r)* 


(Ex.  59.) 


(61).     f— 

"^    X(i 


dx 


+*ap)* 


^  X 


-  v^Stan 


or 


(a+4*)*+2.ya>' 


(62).     rliii+ff)?  =  3^(a  +  i  ,) 

+  a.    /'__i£___.  (Ex.61.) 

/*      dx  X 

^^*^-  J  s/^a^b^)" * 

<^^-  y  v(«+*x»)  — 2* — 


_iL  /* — £iL_.  (El.  8.) 
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<««>-/^a=)=-U'-*o'}^<'— > 


J.  3    •  -1 

4.2 


(69).     f-SlL.  =  n  ^  +  -i_;t» 

^     '  y   V(**-l)        l5       *5.3 

^     '  «/   V(a-  +  1)        16  6.4 

(71)      /•  ^^  -      ./(g+^a^)' 

''  »/  «»>/(«  +  *«»)"  a* 

(7«)      r  ^'  =  -  >^(''  +  ^^*> 

^  ^    X*  ^(a  +  *  *»)  2  a  «* 


2*/  *!7^^7x») 


(Ex.  7.) 


<'*  /  A^  —  C4* + 5:4-.)  ^<'  -  «•>•  ■ 
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(75).    /"-r-if =-  C J t— 

(76).   / — ^i f  JL,  +  _i_ 

+6-1^1:^} -'<''- ■^) 


.   5.3.  1        _^ 
+  -z — '. — -  sec     ^  X, 


6.4.2 


(77). 


xdx 


J  {a  +**»)!       ""  r7(aT7?) 


(78).  / 


x*J 


(fl  +  6«»)*  ^>/(a  +  6a?«) 


+  ^  /__^i_.  (Ex.3.) 

(79)      fJ^jiL^  =  T-  +  — "^  1 


I 


(80).    /    ^'^^  =-("!! -if^__L_-!8m- 


(81).  / 


0* 


Jj? 


2-/V(l-«^      2 


.r(a  +  bx^y       a^ia  +  bsiF) 

(82).     f ^±-^^^(±+111) L__ 

^    x^{a  +  bx'iy  ^ar         a*   /^(a  +  ^jr*)* 
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(83).  y-JiL_ «_  f_L  +  ^) L__ 


-f.log- 


^/(l  +  «)-l 


(84).    r^Jl^  a  /'lif!  +  A 1 

(«  +  **•)+       ^3««        (i/(^+^ 


+4^ 


(85).  f 


xdx 


1 


(a +**•)!  3*(fl+te*)l 


(86). 


€?X 


.  / — ^f —  =  c± +i£r) ! 

x(a  +  *x»)+       ^^  «       «•  ^^  (a  +  * x»)t 
^7*  J  x{a+bx*r  ^^^^'^ 


*^  (1  +  *')*     ^^-^       ^        *n+. 


(!+«•)* 


(88).  y*<ix  v'(a  +  »x«)  =  *V(*  +  ^^*) 
<89>/^£^^^iifl>  =  V  («  +  **») 


+  «  /* — : 


tfjr 


a+*«*) 


(E«.  7.) 
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(90).  ji£k+l^  =  ^(£i±£!) +  a}v/(o  +  **») 


+«'/. 


rfx 


xv^(/i  +  ^a:*) 


~,.     (Ex,  7.) 


a-  d  J?        _  >/(flX  +  ^'^'y 


_^        /^  a  a «  V  V**  •^  ~ 


9.h  J 


dx 


2b  J    V(a *  +  **') 


r, .    (Ex.  1 1 .) 


^^^'' J  ^(ix-x*)  tr      3.2     ^S.25 


^/(2  X  -  ^»)  +  3^^  ▼«  Mn~ '  *• 


v^*''- y    v'(*+**)       ^*       4.8.2  4.3.«.«' 

7.5.8       \    ..,.  I  ^.v   ,         7.5.3 


log  {  2  *  +  1  +  2  >/(»  +  »•)  I 


Jt*   ,    nr«*  .    II  .  9r»*» 


11  .9  .Ir^x*        11  .9.7.  5  r^JT 
"*■     6.5.4.3  6.5.4.32 


6.5.4 
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+  6.5.4.8. 2. iJ  v'^^r*-,') 


.   11  .9.  7  .5,8/         .       ,x 

"T-s — ; — : — ~ — ;: vewin  — '  -  . 

6.5.4.3.2.1  •     r 


(96).     r If ^       2^(ax+b^) 

J    *^(oa'  +  6a:»)  ax 

9 


(98),  f ^ C_L+_i__ 

)         ^'^1         4.3.2  4.3.g. 1       > 

S-T-Si^**    9.7.5.S.»-j:»*9.7.5.8.1.r»*5 

V(2  r  X  -  X*). 


(99),    f       ^«^        J.  ^.r 

(100).  r — ^ ,= g 

4  6    /*       dx 
""rr*/    ^-     (Ex.91.) 

(101).    / ^f ^{2cx+b) 

•^    (a+6a?+^x*)*      (4«^-^*)v'(a  +  ^»  +  cx*) 

<102).    /*  ^^^  gj,  v^(a+63:+gj*) 

^   ^      /•  dx  _ 
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(103).  f 


dx 


^^(fl  +  AjT+rx*) 


Kf{a^hx^c3^) 
mx 


dx 


2a  t/   x^/iaJk-hpt-^-ca^y 


xdx 


(104).    f i^i 

•^    («+*x+**»)l 


3(2a  +  &«) 


(♦  a  e—y)  n/ffl  +  6  * + tf  «»)  ■ 


(105).    /* p. 


d: -^  tan- A/Cii) 

__!__.       (a-bx+2s/xW(-abn^ 
y/^-ab)    '  I  a+bx  3 

^  »/    (!+*)»  v''*       l+x 

/,/»*v     rdx  ^x         „    j_  .  i„Vi+J-f2  Vj^ 


dx 


.  /»  C**  J 

^^^  ^' »/  (a  +  bx*)>/x  ~  TFT/l 


'x  +  l  V2 X  +  4»\       jj^_,  ij^Sx 


aoi 

dx y/a: 


(io9)f.  r if ^    ya 

./   (l+a.•»)»^/x      2(1  + 


(l+jr") 


(110).    /*  ^^ '^+hx) 


dx 


where  k  zzbc  --  ae. 


xdx 


<111).    /• l?LiL_=:i    jT        ^^ 

(112).    /* ^'^^ 1 

*  ./   (c+eaj«)  v'(«  +  *«»)      ^{a^-bce)^ 

log  f  *  v^(<»+**')-V(ae*-^f/)> 


(lis).  /*  — — £l^£_— _  -  '    /•     rfj 

"f/(?+7^%T*:^*    (E«- «•  »«»  33.) 

(IMX/ -^^^ .=  -  1(1  +  ,)+ 

•Z   (1  +  j9*  +  (1  +  *)*  2 
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Assume  l  +x=ai*.    Euler.  Co/.  /«/•  Tom.  I.  p.  S4. 

Multiply  numerator  and  denominator  by  ^/(l  +  a:^  + 
^(1  —  x«) :  Euler.  iJ.  p.  56. 

Euler.    Jrfa.  Petr<p'  Tom.  IV.   1780,    and    CaU.  IiOtg. 
Tom.  IV.  p.  10. 

^ggume  -^-^  =  u.    Euler.  J},  p.  22. 
1  —  ar 

""^'  7  (I  +x»)  ,/(!  +«♦)       -^2  1  +  X* 


Assume  -^^-^ —  =  u.    Euler.  B. 

1   +  X* 


(„9).  /'^£^^<i±£L)  =  -l_iog^^iiiilt^^ 

'''*^^*  J         i—x*  2-^2.  1  -x» 


30? 


.*• 


Assume  u  = ^^ .    Euler.  U. 


^120^      /*  X'ax  ^      A      I 


1  -X* 


1       .   _,  xs/a 
—  8in""*     ^ 


4^2  I  +  J* 

Assume  -^^y    ~  =  u.     Euler.  i5, 

(121).    /*^^\/(^  +  ^'y*-^^^)  -^         /*        u^du 

*/  a— rar*  ""      */    (»*  — 6)*— 4ar' 

where  «  =  ^^:^£±i^±££!> . 

Euler.  J},  p.  41. 


(122).  f 


x""-*  dx  ;y(a-¥bx''  +  cx**) 


a-^  c  X** 


=  _  Z^,     "'f"  ;  Where  «  =V(^  +  »^+^^') 

Euler.  B.  p.  42. 


»^+*d« 


„  =  \Af±»£N:£f!) .    Euler.  A.  p.  46. 
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(.24).     rfdx^(a^c^)^_f_^£u_ 
where  «  =  .'V(fl  +  gJ^      £jjg,  2j   p^  47^ 


(125) 


a— ex*       "      J   1^  —  4iae 


latere '«  s  v^f<'  +  <^**) ,    Ealer.  B.  p.  48. 


dx  ^      du 


i.m./ 1£ x=/rFF 


ii«»' 


X 


where  u  a j-  .    Euler.  i>.  p.  49. 


(127).  / 


dx 


(a  +  ***)  (a*  +  3  ^*af +  S  6»  j:»")?» 


Euler.  /(.  p.  56.  . 


(128).  / — ^ 


I 


(«  +  *^)  \{aJfbs^f  —  V'x'"'\>^n 
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/  rTT-»  where  »  = * — , — -. ^ 

Euler.  JJ,  p.  53. 

dx 


(129),    P  • ££ 


«Un-' 


Eulen  iJ.  p.  54. 

(130).    f ^£ 


=  tan-*— f. 


>/  {(1  +a:^)*-x»j' 
Euler.  lb.  p.  55. 


(131).  y 


x*-»rfa? 


(fl  +  *x«){(a  +  ft:r-)^.6*r^|S 


«*""*dM       ,  jp 


1     /»   «*""'dM       , 
=  -     /  where  w  ss 


1  +  h^u^  \(,a^h3if'f^b^x^\ti 

Euler.  lb,  p.  b6. 


where  »  r: ^ 


1  • 


(133).  J 
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m 
(*jc-  -a){b^x^  -  (*x--  at  |  ^ 


b  u     —  1 


iK^here  u 


Euler,  lb.  p.  58. 


The  fluents  of  many  of  these  expressions  may  be  found 
^  by  methods  explained  in  a  valnable  paper  '^  On.ihe  fluents  if 
irrational  Junctions/*  by  Edward   Ffrench  Bromhead^   m.  a. 
F.  R.  8.  printed  in  the  Philosophical  Transactions  fot  1816. 


\ 


On  the  Integration  of  Logarithmic  Functions. 

(1).   fdx  log  a:  =  *  log  *  —  x. 

X*  1 

(2).    fx  dx  log  X  ss  —  log  X X*. 

x^  1 

(3).    fx^dx  log  X  =  --  log  X  -  -x*. 

(4).    /x»d*logx=£^|logx--i-jJ. 

(S).  fil  log  T  *  1  (log  xy. 
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(6).   Jx'^dx  (log  xY  a  '^  \  (log  *)•  - 

111+  1  f. 

(OT+1)»3- 


in 


2 

'-^  loe  X 
+  1     * 


/ 


(7).  /i-rf*  (log  xf  =  ^{(log  *)•  -  ^^(log  *)* 

3.2     ^.  8  .  2  .  1  > 

(»  +  1)»  ^'      (ot  +  1)»V 

(«>•  /(t4^.  log  ,  «  ?^'  +  log  (1  -,). 


(9).  /•-ll-iog_L-  =  aiogl±i!?--a-iog-l 


(10)./ 


dj? 


X  log  X 


=  log  •  log  j:  s  log*  X. 


dx 


X  (log  xy  log  X 


*• 


<'*/.-^'°«f=j'»«'-'^(H^)-:- 


■*■  sJj  ~  3V?  "•■  ^*  «/ "S***""*- 


=  ilog  x.log  (a+**)  -  ^  (log  **)»  +  A  -  -  "*  - 


*  s^if«» "  4»fc  ■*"  ^^' '"  ''J^*'""' 
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dx 

X 


ix 


(IS).    /"tilogCii +  *x>  =  ioga.log*f +— - 
%J      X  ^  a 


b*x^ 
2*  a* 


+  ^--^  "^  &^  in  iitfinkum. 


/i^\     /»   djT        ,      ,  log*       1     (k)gx)» 


+  S  « ,    ^    Q  +  ^*  ^*  infinitum^ 


(15)./ 


«-  +  ' 


i^dx 


^(kga:)      (W  +  l)v/(log*) 


J 


1     +^ 


1  .3 


2(fit  -¥  l)log9c      2*  (m  +  1)»  (log  xy 


(16).    fa'dx 


log  a 


«'. 


«'. 


(17).      ftfxdx^r^€fx-'—l^_ 

•^  log  a  (logo)* 


(18).   /   ^3^dx^Aj^^l£Zl 

'^  liSi^    (iog^» 


+  ; — ^  ^-   M  +  &£•  in  it^ttitum. 
1  •  2  •  5  •  3 


ao9 


<«»-/^=-?  +  l«g"/^'         (E...9.) 


m\    r^AE <»'  _  <^iogg  .  (logo)' 

»/       ?»"■      2a:*       2.1.x         2.1 
f^.  (Ex.  19.) 

(22).    /•  21^  =-2l  ( -1- +  __±_  + -_L  » 


(togfl)* 


+  &c.  m  $$^mtum.  f 


(93).  r^^^A L,— 1 

*/    i_,  <.(j-«)Ioga      0  -  *)•  (>og «)' 

1.2 


<-)-/o^^0^)=V(f^). 


On  /Ac  Integration  of  Circular  functions. 

(1).  /-^da?8b-"*x  =  sin— *af .   f  Xdx 

/dx  f  Xd9 

(«)•  /Xd*co$-'a:=:co8"'*.   f  Xdx 

pdxJXdx 


908 

(IS).  /  If  jog  (a  +  *«)  =  log  a  .  log  * +^  -  ^ 

+  S  «  ^  ^  +  8cCi  f«  infinitum^ 
(15)./    '"'''  '"■'' 


^(kgx)      («i»  +  l)v^(Iog*) 
I     ^{»-¥  l)Jog«      2»  (IB  +  1)» (log *)" 


2«(«+l)»(k)gx)»  ^  i 


(16),    [€edx9i- a 

log  a 


(17).    /a'*djpsir-^a'«- j_L_a'.  ' 
^         ^  logo  (loga)*     - 

(18).   /   o-J-rfx-o-^-fl-"!^ 
"'  tlogo      (log<*r 

.   «.(«~l).i*'-»      «.<n-l).(«-.g).J»-*   ,a,^  ,v..wl 
(log«)»  (log«)*  ^  > 

^       ^  ff    :,.  4-  8cc«  in  infinitum^ 


ao9 


(.0)./l£f=:-J  +  ,og./f:|f  (E,.19.) 


(21).   f?L^  ^-JL^  £^Ma  +  (>og q)\ 

•^       ?*  2a:*       2.1.x         2.1 

/tfd*  ,_ 

-^  •  (Ex.  19.) 

«>^      V*        ^/«  tlog  a       2  Jt(logay      4«*  (log  «)» 

(83).  /«:i£.^.5 1 » 

»^    1— T  L^^x)loga      (1  -  »)•  (log a)* 

^  occ.  i/i  tnfimtmm,  \ 


(1  -  *y  Oog  a)» 


(24).  /  '^dn^-^  ^  ^  \/(l±L\ 

'^     «/  (i-x)iv'(i+x)      V  vnr;/* 


On  the  Integration  of  Circular  JFimctions. 

(1).  /  JTdxsin-'*  =  8in-'x.   fXdx 

/ds  f  Xdg 

(«).  /X(i*co»-'ar  =  co8-'*.   /JTi* 

pdx/Xdx 
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(3).  fXdx  tan-"«  =  ^xsl^^x  .fXdx 

/dxfXdx 

(4).   /Xdjpsec-'a?  =  sec-^w-Z-iircix 

/dxfXdx 
a:>/(x--l)- 

(6).  /<i«Mn-'«  =  ««in"'**  +  v^O-**)- 


.   /*dx8in-'x=:(f -j)»m-*+J««/a-*0. 


(6). 


sin""'*  +  7-. 

4 


j:8m""'x 


(12),  y.£i£.  tan— *=(*-5tan-'«)tan— * 

—  log\/(l  +  **)• 
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(13).    r-i£_tan-'xz=f 


«(l+a«)       4 


i  tan-*rl 


tan""«  + 


1 


4  (1 +0 


15>    /  -: —  =  log  ^^-^ -r  =  loc:  tan  -  . 


,^x      pdB  cose        p  dd        ,       .    ^ 


tan  ^ 


^^^   y^d^jine  ^^^^  ^^^  ^  =  ^logcos  e. 


18)1  / 


^0 


cos  B  sin  ^ 


s  log  tan  Q. 


19).  /dd  sin  a  =  -  cos  ^. 


20).  /d  ^  (sin  ^)*  sc  -  i  sin  ^  cos  ^  +  1  a. 

2  2 


21).  fde  (sin  a)»  =  -  i  (sin  ^*  cos  d  -  ?  cos  ^. 

3  3 


22)-  /da  (sin  ay  =  -  ^(sin  eycosB  -^  ill  x 

4  2*4 


sin  a  cos  B  +  — ^  a. 

2  .4 


23).  /da  (cos  a)  =  sin  a. 
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(24).  fd%  (cos  fl)»  =  1  sin  «  cos  fl  +  2  *< 


V»  •»  _    est 


2    . 


(25).  fd%  (cos  ^*  =  -  sin  ^  (cos  a)"+  -  sm  6. 


1     . 

4 


1  ^3 


(26).   /d^Ccos  a)*=:i  sin  ^  (cos  ^  +  -—  x 


1  •  s 

sin  ^  cos  6  +  — ^  6. 

2.4 


(27).  /d^  sin  Q  (cos  a)*  = (cos  W""*'*. 

(28).  /do  cos  a  (sin  0)"  =  — L.  (sin  ^*  + ". ' 


(29),  /  d  0  (sin  ^*  (cos  0)*  =  -  (sin  0)»  (cos  0) 

4 


—  -  sin  O.cos  d+-6. 
8  8 


(30).  /d  a  (sin  0)»  (cos  &f  =  fi  (cos  0)'+  -)  (sin  0)». 
(31).  fdQ  (sin  0)»  (cos  Of  =  {-  (sin  0)* 

(32).  /ifl  (sin  n  (cos  «)»  =  (i  (cos  &f  +  ^)  ($in  V) 


SIS 


4 

(38).  fd  9  (nn  ey  (cos  *)»  =Yg  (dn  «)•  -  ~  (sin  0)* 

sin  A  cog  9  4-  -^  0- 

,16         /  16 

(S4X  /dB  (sin  (0»  (cos  V  =  (i  (cosO)*  +  ^)  (sin  ^. 

V 

(35).  /da(8in*y(cos^=:  -5^(^««»1^^ 


cos  6^  +  5  cos  2^ 


> 


(36).  /iff  (sin  «)•(«»«)•=:  (—(cos  *)*+^)  (««» ^>*- 


<">-/^ 


cos  6 
sin  6 


s  —  cot  6. 


(3B)-   /r^=-J^.  +  S  /-i^-    (Ex.15.) 
•/   (sin^y  2(sm0)*      «t/   sind 


<^^>-  /(l£^  =  -  (sTsby  •*■  s^ff)*^ ' 


cot  a  -  i  (cot  (>)»• 
3 


'  de         sin  ^ 


(40).  /• -2JL^^  ==  ::::i^  =  tan  a. 

^        %/  (cos  6)*      COS  a 

^^'^s     /*     do  sin  0       .   ^     r  do        /ti     ,*v 

(♦I)-  /  ; — :;:;  =  :r7 — s^  +  :;  /  — s  •   (Ex.  u.) 

^      '  %/    rcos  ^V       «  (cos  6)*        2  */    COS  ^ 


(COS  a)»      2 


R  R 
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-42).  /-^£-=r_i 

•/     (cos  BY  VS  (CQ 


(cos  ^)*       VS  (cos  0)^      3  cos  B 


h 


un9 


tan  «  +  i  (tan  0y. 


(43).  y 

(44)./ 


d  B  (sin  gy 
cos  6 


=  -sma+y-^.    (Ex.  U.) 


d  e  (sin  By  _       (sin  ^y 
cos  ^      ""  2 


cos  ^ 


+  log  sec  B. 


(45).  / 
(Ex.  15.) 


da  (sin  ay           (sm  By        .    .        p   dB 
— i — — 1  s  -  ^  —  sm  a  +  / 

cos  as  •^'^    cos  a 


da  (cos  a)' 


dB 


(46).    r2^E2i^=cosa+  /-.Jll^,    (Ex.  IS.) 
^     ^  •/        sina  t/   wna      ^  ' 


(4.7).   /^ 

t/  SI 


dB  (cos  Bf  (cos  By 


sm  a 


£ 


+  log  sin  a. 


'/.ION    /» da  (cos ay   (cos a)'     '         /»  da      „ 


) 


da  sin  a 


/Af^\      /•of  sin  a  1 

(49).    / — -  s 85  sec  a. 

*^    (cos  By     COS  a 


<^'>' /'-^ -i<"»  •'•-«i;ii=— +-'. 
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^''>j-W^=-(i^^'^'l'^') 


COS  0       2 


^     (sm  fl)»  8in  0 


c/0(cosO)*        />     (20  cosd 


(54).    fzH^BLzL  s,    f     ^^     x_-^^ 


sm  0 


—  ^  =  -  cot  0  -  9. 


-      (55).  /  ^iiE^=  [(cos  «)»- 2]  4 
^       (sm  0)»         *-^  -^  sin 


=  —  sin  0  —  cosec  0. 


«/       (sinfi^*        Vg"^        ^        2  /  fiinft      2 


(57).  / 


<2  0  sin  0 


(cos  fl)"       8  (cos  «)» * 


^    '  y     (cos «)»        2  (COS  0)*      2c/    cos  0  ■    ^  '^ 

2(cos^*         * 
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i. 


«/^^'=-{<'^''-|*'}(Sb 


-1/ 


de 

COS  6 


.    (Ex.  14). 


<">/73 


d0CM9 


2  (sin  0)* 


m-f 


= £2!i i  /-il.  (Ex.  IS.) 


<fg(C08g)*_  COStf 


(64).   f^^^lt^  {(co8tf)'-.2co»«J  -^ 


3  ^  de 


-i  r^.    (Ex.  IS.) 


(66).  f 


a«/   8in0 
({ffsintf      I      1 


(cos  «)•       S  (cos  «)* ' 


(66).    rli<2HLiZ  =  J«°^=l(tantfy. 
^     '   »/      (cos^)*  l^         '        S5(C08#)» 

(68). /^i^  =/rfntan(0*-(|(si«<V-sin«)x 


»/"^ 


J0CO3O 


(sin*)* 


3  (nn  0)* ' 
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/>TA\     pi  *  (COS  Of  (COS  tf^*  1  , 

(71). /^«;^ =- ((CO, «).-.?)  _L- . 


doicose)"^       J*   de 


*-^     (sin  Oy         J 


(tan^)« 


—  (|(cos.)»-cos(r)-±-  +  i^. 


(sin  fif  T 


~~  5 (<»**)*  + «ot  »  + ff- 


(73).  /rfff(tan  0»  =  }  (tta  0)*  -  i  (tan  0)»-  log  co»  ». 


do 


(75X  /rfO  (tan  «)•»  J  (tan  »)•-  1  (ton  »)•  +  tan  0  -  tf. 

(76).   /•.     ^^^         -_L-.wt^g 
^    '  */ sin  0  (cos  ey      cose*^      «• 


^^^  f  l^TTT^Tg*- ZIZTTn^  +  log  tan  tf. 


^''^^  »/ sin  «  (cos  A)* "  SIS^  *  Sn  "*■  *^  *"  I 
<^>/(sh«>^(co,^'="^"^''- 
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de 


<«»>•  /(d^ 


COS  a        2  (sin  ey 


;  +  log  tan  0- 


^    ^'  t/  (sin  ey  (cos  6)^      (sin  ey 


Scos  0 


cos  e      2  (sin  ^* 


+  -  log  tan  -  . 


(83).    /• ^ ^_2cos2g  .  ^ 

^  ^  ^  (sin  e>)'  (cos  a)»  (sin  2  0)-^*^"^ 


<«*>'  /?S 


da 


1 


(sin  ey  cos  a  S  (sin  fff      sin  a 

+  log  tan  Q  H-  5)-. 


de 


(85).     /* ?L^ =- 

^    ^    «/  (sin  a)*  (cos  ay 


4       2- 

L__-§cot2tf. 

3  cos  a  (sin  ey     3 


(86).    fde  cos  (a  a  +  6)  =  2  sin  (a  a  +  6). 


(87).   /rfasin(«a+*)=r-i  cos(*a  +  6). 

a 

^^^^'  «/  [sin  (fl  a  +  6)]»  [cos  (a  a  +  6)p 


S  cos  (a  a  +  *) 


a  [sin  (a  a  +  ft)]*  cos.(«  ^  +  *)       2  a  [sin  (a  a  +  fr)p 


2a 


'»« •«•  C-^O- 


(89).    /  i/a  sin  (fl  a  +  ft)  cos  (o'a  +  ^0 

cos  [(g  + 11^)  a  +  ftH-yj      cos[(a-gOa -h6-^] 
'  2  (/J  +  a)  ^^.  2(a-0  ' 
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(90).    fd^  sin  (<ia  +  ft)sm  (^'6  +  h') 

_sm  [(«  -  aV  +  » -y]  _  sin  [(g  +  fl^)0  +  t  +  y] 
2  (a  —  fl')  2  (a  +  flO 

(91).   /d  ^  cos  (a  ^  +  ft)  cos  (4'  a  +  *') 

^sin  [(g  +  flpe  +  ^  +  ft!      sin  [(a  -  a^)  g  +  6  -  y] 
2  (/I  +  aO  2  (a  -  fl  ) 

(9«).    f^dQ  cos^d  =  d  sin  d  +  cos  ^. 

(93).    f^dQ  cos  ^  =  e*  sin  e  +  2  0  cos  6  ^  2  sin  0. 

(94).   /^rf^cos^ss^'sin^  +  Sa^cosa— 6dsina-6cos6. 
(95).   /ada  sin  0  =  -  0  cos  0  +  sin  0. 

(96).    /a*d0  sin  0  =  -  0*  cos  0  +  2  ^  sin  0  +  2  cos  ^. 
(97).   /a»  d0  sin  0  =  -  0»  cos  0  +  3  0*sin  0  - 

+  6  0  cos  0  -  6  sin  0. 

(98).   /e-^rf0  sin  0  =  ^-^(^rin^-cosa) 
•  (99).   /«-*rf«  (sin  «)•  =  ^'''«"0(^8i°g-gco8fl) 


1  .2 


fl(fl*+4) 


rOtf 


(.00).  /,»>da(,in(y  =  -"(""^'<^^ 


-  3  cos  0) 


2  .  3  gg^  (g  sin  0  —  cos^^ 


sao 

»     ^    -j^       /.     €^(tf  cos  g  + ling) 
(101).   f€^^de  cos  6^  ■        ^,^-- . 

-J./      .K»     €««  cos  ^  (fl  cos  e  +  2sin^ 
(102).   /^ d e (cos (0*  = V+4 


1.2 


fl(a«+4) 


€««. 


eo^rcos  e)*(a  cos  e  +  Ssin^ 

(103).  /^deifiossy^-^ — ■  Vh-9 

,  2  .3.e«^(acose  +  sm^ 
+ (a»+l)(^i'  +  9)  • 

€«*(fl  cos  bS  +  i  sin  tg) 
(104).   /€««  d  ^  cos  *  e  n "STfV '' 

««^ (a  sin  ft 6— * cos^ 
(105).  /c««rfasin*a=: jr:^;^ • 


e 


de 


(a  —  i)  tan  ^ 


—  tan-" 


>/(a*  -  **) 


v'Ca'-n 


_.  ^  (a*  -  y)  sin  e 


cos 


6  +  a  cos  0  +  V  (A*-fl*)8ing'> 


1  C6  +  gcosa+  V  (0*- 

"  V (ft* - «*)  ^^ ^""^  J+TcosT 


s  -  tan  -. 

cos  6      tf       ^ 


e     a    r     do 


am.  fdecoif)  ^o^  f_J±_    (Ex.  io6.) 

^      '•  »/  ^  +  »  cos  tf)»  "  (*»  -  «•)  i«  +  6co8« 

_«/.^i_^}.         (Ex.106.) 
»/   a+A  cos  ^  > 


[+i^  cos  ^ 

sintf 


*       ^*  ^  (T+TciSslJ*      (a*  -  *•)  tfl  +  *  COS  tf 

-  *  /  — ^J—S{ .      (E%.  idtf.) 

^   fl  +  dcostfj  ^  '^ 

Nearly  all  the  integrafs  of  logaridkimc  and  circular  func* 
tions  which  we  liave  put  down,  are  to  be  ^ound  in  the  fourtl^ 
find  fifth  Chapters  of  the  Integral  Calculus  of  £ul^. 


On  the  Integration  of  D^erential  Equations  of 
the  First  Order  and  thp  First  Degree. 

h  Bifferential  eiqpresstons  or  difti^ntial  equations  which 
result  from  the  simple  differentiation  of  a  function  or  an 
(equation  inyolving  two  variablcfs^  and  which  answer  the  tesf 
^sUled  the  criterion  affntegrabilky.     See  Ex,  IS.  p.  204. 

dP  __{^x'^jf^)S      dQ 

S  9 


and  therefore 
fi^dy  r=  V^  ^^',  +  3^'>  +  Jr=  /f  +  JTr  where  X  =/(*> 

andrfjf  =  f  P—   — •  ldx=sO,  or  Xasci 
consequently, 

and  y  zz  c  -  ^  log  y, 

57      0^  -  >)l  ~  rfF  * 

and  u  fi=  sin""*  -  +r. 
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(4).    Let  the  equation  be 

il  _  x^.y-y<?*    and  if  Pd«  +  Q<iy  «  0.. 

<iy  '(«»+y»)«       <** ' 

filler.  Ca/c.  Jnteg.  Tern.  1.  Art.  ^55. 

(5).    Let  J*(tfAr+*y  +  c)  +  £fy  (*r  +  ^y+y)a=0, 

1  1 

Euler.  J6.  ilft.  454. 

(6).    Iiet  2axydx  ^  ax^  dy  --  j^dk  ^  ^xy^dy  s*  Oi. 

dy  ^       dx' 

.7).  Let  J^rfj^  +  '^^'^-gJ^^*  =  0 

({^     {y  —  sy     dx' 

6^  y  ^  X 


Of  *'  JT 


m 

>    (yjx  -  Xdg)  >/(«*  -fV)  ^  ■;  j 

£uler.  ^0v.  Comm.  Petrep.  1760. 

/o^     Let  ydx  ~sdy  a 


(10).    Let  dxsin^-fxrf^cos^+dysirii+yd^rcosjrsOi 
---•  =  cos  X  +  cos  y  =  -r^ 

/Pdx  =x  sin y  +  J^  sin  ;p,  an4dy=0; 
••i  X  sin  ^  -f  ^  sin  X  =  r. 

il.  Equations  which  do  not  satisfy  the  criterioh  of  Si- 
UgraHlityy  but  in  which  the  variablet  admit  o^  separation  bjf 
different  artifices. 


3S& 

(1).  Homogeneous  equations  in  which  die  variabies  ma^ 
be  separated  by  making  y  zizux^  qx  x  ^  uy,  as  may  appear 
most  convenient  from  the  form  oi  the  equation. 

We  from   hence    get  —  =s  "^^     :   integrating  and 

putting  ^  for  u,  we  get  the  primitive  equation,  which  is 


^Qa£±n.-)=^.'i 


Etiler.  Ca/c.  Jbtttg.  J\^m.  I.  Art.  418. 

(12).    Letxdy  ^ydxisidxy/ix^-^-y*):  make^=:tli-| 


•  • 


*        >/(» +«*•)* 


and  «*  =:  r*  +  £ffy. 
feiiler.  i;^.  ^rt.4]5. 


(13).    Let  ^—^  =  j:  +  y  :  m^ke  x  ^  tiy; 

dy 

1(14>    )jety*d«4-(4:jr4-:c*)iy  =  Q:  makexctfj) 
V.  -if  =  -  -; — ^  ,  and  y  \/(--,      J  =rr; 
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(l5).    Let    xydy 


—  y^dx   ::i  (x  +  t/yjs £"' :   make 


dx        €^du 


X       (1  +  uy 


y  and 


(j:  +  v)  log  -  =  ar  €* .    (Ex.  10.  p.  7S.) 


(16).    Let  jrrfy  —ydx  =  y  log  0)  dx. 


Make  i^^ux,  .\ —  = , 

"^  X  II  log  M 


and  y  =  a:  €**  .     (Ex.  9-  p.  73.) 


(17).    Let fydx  =  ?!^ ,  or  (a:*y  +3^»)  d  x  =  3  ;ry«  dj^. 


Make  jf  as  w  or,  .*. « —  = -— r ,  and 

J?  1  —  2  M* 


(jr»  — Sjf^y  =  ex* 


(18).    Let  d^  v^(Jt*  +y*)  =>d x. 


du 


dv 
Make  jc  =  vi/,  •'.  -=^  =  — - 


,  and 


'^^\/{s  +  Z^^J  =,i;{-+v(.-+/)l 


(19).    Litaydx  =i  [ax  -  <y(A»+y*)  }  rfjr. 
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and   ^ 7-  :p  c 

(20).    Let  X*  iy  =  («*  -  fl  y*)  rf  J?-     Make  y  =  u  x, 

<2x  ^n 


•  • 


-,  and 


X  1  —  U  —  fl  u' 

~  ^ay^x\  1-^^(1+4  on  '^ 
Euler.  J}.  Art.  414. 


f5)^^^T^'  =   g^^^/(^y-^^y-^*) 


.  .  —  —  -TT- I  wnere  *  —  ^ , 


^1         .  6  -  a' 


/=!,,  and^=  -— ~  , 


log  (i)  =1.,  ^(/n»-^)  +  (I  +  0//fi^.- 

There  are  three  cases  to  consider,  according  as  jf  is  posi^ 
tive*  nothing,  or  negative.  See  Ex.  36.  p.  373.  Joh.  Bern. 
Op.  Tom.  in.  p.  Uy.  1726.  Euler.  lb.  Art.  412. 

(«9).    Let  dx(3x  +  2y)  srfyCSx+y).    Makeyssux, 

X  3  -  «•     ' 

£!  _  (a:  V  8  +  y) 


3S8 

This  equation  becomes  homogeneous,  by  making 
therefore    x  =t    ■  ■   ,.  1 — t, t 

^=^ 6737?       ' 

and  rf/(c'f+*'ii)qrrf«(*«  +  ^0» 

which  coincides  utrith  Ex.  21. 

Mbo'  zzeb\ die  e!xpro«sip» for  jp and y  btowAe  infinites 

\n  this  case,  if  -  =  e,  and  a  a:  +  cy  =  /,  we  find 

b 

_  {a'  +  et)dt 

^'~ac  +  a'b  +(«  +  **)/* 

where  udf  =  a r  +  a'*>  zadB  zsc  +  ek. 
|f  «  -f  ^  &  s  0,  we  reac^  find 

«(tfc  +  a' 6) 
Jf  a'  =  0,  A'  =  Q,  r'  =  0,  or  if 

rfy  =(fl  +  >x  +  c^)rfar,  we  find 

Euler.  /*.  Art,  417,  418,  419r 


t 

i 

1 


tn.    The  variables  in  the  general  linear  equation  of  the 
first  order 

dy  +  Pydx  =  Q^dx. 
where  P  and  Q  are  functions  of  x,  are  separable,  and 

^  =  €->^'-'  \f^''^'  e  ?*  +  C  }  . 

This  equation  satisfies  the  criterion  of  integrabilityt  when 
multiplied  by  c^^""* 

(24)*    Let  d^  -|-^(2x  =  as^dx\ 

.'.fPdx  =:*,  and 

Eoler.  A.  Art.  424. 

(25).    Let  dy—x^dy^xydx  =arfx; 
.'./Pdxzz  -  logv/d-'"),  6--^'**"=:v/(i«Jf»),  and 


i^: 

=  tf  jr  +  f 

>/(l  -  X-). 

Euler.  3, 

.  Art.  425. 

« 

(26). 

Letdjr  + 

nydx 

=:  adx^ 

.'./Pdx  =  n  log  {  x+y/(X  +*•)  j  ,  and 
9  m   {  x-y/il  +x*)  \  '  \/ad»  [jr+v^(l  +x')]-+C  | 

t 

2(11-1)       2  («+l)' 

where  u  =  {  x^  ^(1  +  x*)  |  . 
Euler.  3.  Art.  428. 

T  T 


(W>    Lat  dy^xdti^aydf-'bd»^hndx 
fP  dx  rz  a  log  (1  —  x),  and 


•     y  = 


(1  -  *)•      (a  4.  L) 


(1  -  X). 


y/>«v     T      J         (i»— 1  — mar),,         («— l)dx 


X  {I  —  x) 


J  (1  —  *) 


••.  «/'"  = ^— ,  and 

This  15  the  expression  for  the  sum  of  the  series 

n  («+l)  »(»+l)(n+2)  ^ 

Lagrange.  Thiorie  des  Fonctions  Analiftiques^  p.  102. 


<«9) 


.   Let  dy  +  C»Il^li^  „  (2llllif 


,   mdr         xdx 

4- + 


^=:Z»— J 


1-x       (1  -  *)• 
/.  €/'•"  =  r"-S  and 


l  *^/  1  —  JT  ^     (1   -  X)r*  > 

This  is  the  expression  for  the  sum  of  the  series 
Lagrange.  /A.  p.  103. 


SSI 

I 

(SO).  PROBJLEJtt.  To  find  the  nature  of  the  currt  EM 
Kg.  117m  ^  that  if  AQ  be  a  line  passing  through  the  origin 
A,  and  making  an  angle  of  45^  with  the  axis  AP,  then  the 
subtangent  PT,  is  to  the  ordinate  PM  as  a  given  line  a,  to 
the  difierence  of  PM  and  PQ. 

If  AP  =:  Xf  and  PM  a  y,  the  differential  equation  of  the 
curve  is 

»y  —  -^ —  .| ss  0 ;  which  gives 


But  f  s  0,  when  ^  ss  0»  and  therefore  c  =  -  a ;  the 
equation  of  the  curve  is, 

t/  zz  X  +  <f  —  a€«. 

This  problem  was  proposed  by  a  Mr.  De  Beaune  to 
Descartes,  and  resolved  by  John  Bernoulli*,  who  gave  in 
common  with  Leibnitz  and  De  I'liopital,  methods  of  con« 
structihg  the  curve  by  points.  It  was  afterwards  proposed 
under  a  more  general  form  by  James  BernouUity  who,  in 
place  of  the  line  AQ^  substituted  any  given  curve:  the 
differential  equation  then  becomes 

adji  -^ydx  =  qdx^ 

where  q  is  the  function  of  i>,  which  is  equal  to  the  ordinate 
P(2  of  the  curve  which  is  the  locus  of  Q. 

(51).    Let  dy  +  Pydx  =  (25f*  +  'rfx,  where  P  and  Q 
are  functions  of  k. 

♦  3 oh.  Bern*  Opera.  Tom.  L  p.  62,  1695. 

f  JVofr/ema  BeaunMnum  generalitu  conceptum.  Opera.  Tom.  II* 
p.  732.    1605. 
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Make  ti  := '     ,  and  the  equation  becomes 
it 

du  -^  n  Pudx  ss  —  nQds. 
Consequently 

If  =  -^  =  -  €-/'"  l/e— /'''n  erf*  +  C  I  . 

This  is  the  form  under  which  the  problem  in  p.  S29.  vas 
proposed  by  James  Bernoulli  * :  it  was  solved  nearly  at  the 
same  time  by  Leibnitz  t  and  John  Bernoulli t. 

(32).    Let  dy-i-ydxzizxy^dx; 

.\/Pdx  =  or,  n  ss  2,  and 

y"  « 


(33) 


^ydT   _ 


.    Let  dv  +  — 2 =  X  ^/v  dx, 

^       (1— X*)  ^ 

.\/Pdx^  -log  ^(l-«»),  /f  ==:-!,  and 

2 


u  =  ^/y=r^(l-x-)  -  ^-^-j^. 

IV.   The  equation 

dy+y^dx^aaf^dx 

admits  of  the  separation  of  its  variables^  when  m 
where  f  is  any  number  from  0  to  infinity. 


2t  +  l 


*  Jac.  Bern.  Opera.  Tom.  I.  p.  663.  Dec.  1695. 

t  Acta  Leips.  March.  1696. 

X  Job.  Bern.  Optra.  Tom.  L  p.  175.  JIfarcA  169<S. 
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(54).    Lttdy+^*Jx  =  a*dxi 


.'.  dx  —    .    '     .  and 


a*dx 


(35).    Let  rf^  +  i^*  </x  ;= 


Make  y^i-iL     andx  =  l, 
when  it  coincides  with  the  last  Ex.  and 


9  m 


a*  dx 


(56).    Let  J^+j'^rfx+^^-priO. 

X* 

The  aame  process  as  in  the  hst  Example,  gires 


(87).    Lttdy+y*dx=:^^. 

x^ 

Make  x  =  /-»,  and  y  = ,  which  gives 

^^hicb  coincides  with  Ex.  35 ;  consequently 

<.y(l-3ax*)  +  3fl*x~*3   *  ^* 


(SB),    httdy-^y^dxisi 


a'dx 


Make  x  =  -  ,  and  y  =:  -  —  -.  «  /— #•  x» 

t  XX* 


apd  the  equation  becomes 


r. 


(89).    Let  Jy  -y  rfx  =  —7^ 


In  the  same  manner^  as  in  Ex.  $8,  we  get 

a*       3V2  *■  3^2x*(l+*5')> 


(40).    Let  rfy+y*rfj:  = 


a^d  X 


5tf* 


Make  x  =:  /     %  and  y  s  -.  -^ ,  which  giTet 


dz'¥z^dt^ 


Sz 


^^r'^dt. 


which  coincides  with  £z.  38.9  and 


-«M« 


-:} 


=:  c« 


9S& 

(41).    Ijttdy^Aff dt^Bt^dt. 

and  the  equation  becomes 

dy  +y*dM  ss  — .  ^^—^ x\F^ ds:sa  J^ d s. 

This^s  the  form  under  which  the  equation  in  page  332. 
was  proposed  by  Cbunt  James  Riccati  in  the  Leipsic  Acts  for 
173«. 

V.  Equations  whose  rariables  are  separable  by  particular 
substitutionsy  not  induded  under  any  of  the  preceding  cases. 

(«>   Let  i^dx  =5  (*+5^)«</«- 

Make  x+p=u^  .-.  dy  =    ^  ,  "e^ 


<4S).    httdy--^^^x*dx. 

Make  y/(a  +y)  =  z,  and  «* 

that  get  die  homogeneous  equation 

udu  +  4udz  ^  4zdz, 


■••^-U:7^>+0-«} 


fJr«+g(l+^/2)v>^a^■.y)>•7« 


<*4).    Let  xdx '+ dy  rnmSf^d*. 


i 
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Make  y  =:  z* :  which  gives  us  the  homogeneoas  equadmi 

I 

xdx  +  2  zd  z^m  zds. 


and  log 


y/  {   JT*—  IWX^^+2y   { 


m 


^{S  -  m«) 


tan 


X  v/(8  —  »*•) 


(45).      Let  a^rfa'+6j:dy+i*'j^*(a'3(J*+yx£/^)=0. 
Make  ^y^  ^ty  and  ^''y  s=  fi :  we  hence  get 


/- 


tl 


a'n—Vtn       an  —  b  m 


=:  c. 


If  of  n—i'mssO,  or  an—bm=0,  we,  must  put  log  ^ or 
log  f/  ifi  the  place  of  either  of  the  preceding  expressions. 

Euler.  Calc.  loteg.  Tom.  I.  Art.  43  i . 


(46).    Let  /y  d«  =  2  x^  +  —  ,  or 

J     J  ^     J     .    9A*dx      Sj^dy 
udx  +  ^xdy  ^ 2 -s  0. 

5^       y 


Make  j?y*=/,  and  —  =  ti, 
.*.  Cf  +  QuT  zzc,  or 

(47).    Let  €'dx  +  ^dy^dy-yds. 

Make  y  =  ««';  we  hence  get 
tan-'5ff-'s=r  +  log  ^  j  e»'+j^*  | 


1% 
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(48).    Let    {{x'-ay)dy  +  ydx](l+»'y^)^^ydx 
Make  xy  :^  u:   consequendy 

or  r  y  —  h  tan    '  *i^ ^  as  r. 

(49).  letyrfv +d^(fl  +  6«  +  tf J?*)  =^i/«(f  +  tf*). 
Make  ii  =  --^  =      ,  ^  \.  T    J"      .; 

and  therefore  ^  =  ?i^i±ii^±£il^- 

Difierentiating  the  logarithm  of  this  expression  iotjf^  collect- 
ing together  those  terms  in  the  result  which  involve  dx  and 
du  and  multiplying  them  by  ^  +  r  jr  —  u,  we  find 

dx du 

(a-fi* +c «•)('  +  <•*)     w  {  atf  + /«—tf *+(*-«/) ii+»*  | 

where  the  variables  are  separated.    Euler.  J}.  Art.  ASS. 


m.  .^ (,-.,. ,=«-5£ii±^. 


Make  V  — ,  which  gives 

1  +XU 

dx  udu 


and  putting  1  +«*=/',  and  /  =  — —  ,  we  get 

%  s 

vv 
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Un->,=2tan-.--;^jtan-..y'(^)+. 
Euler.  lb.  Art.  4S4. 

(51).    Leti^d«-J:rfy  +  fl«"yrfy(**  +  *)»  =0. 

Make =  uy, 

when  the  equation  becomes 

II*  (fl(  ft  +  u) 

where  the  variables  are  separated.    Euler.  lb.  Art.  490. 

V.  Every  differential  equation  admits  of  factors  or  miil- 
tipliers,  which  render  it  a  complete  differential  and  satisfy 
the  criterion  of  integrahiliti^ :  no  general  method,  however 
is  known,  by  which  these  multipliers  may  be  found  for  any 
assigned  equation. 

If  Mdx  -{•  Ndy  =:  0,  be  homogeneous,  a  multiplier  is 
-. ,  as  the  reader  may  readily  ascertain  in  any  of  the 


examples  of  homogeneous  equations  which  are  given  above. 

jc    \    /dM      dN\        ^     ,        ^  

Nyrjf".  "57/  ^^^""^  =  ^'    *    multiplier  is 

fXdx 

e  :  this  applies  to  all  linear  equations  of  the  first  order, 

see  p.  833. 

Whenever  the  variables  can  be  separated,  a  multiplier 
may  be  found  :  thus  if  z  and  /  be  the  new  variables  intro- 
duced, if  we  get 

*     Zdj5  +  Tdt  =  U(Mdx  +  Nd!f),  where 


339 

Za/(«)  and  T=/{t)i  then   U  is  the  multiplier 
required. 

I 

Thus  in  Ex.  So,  by  making  :r  =  -  »  and  y  zit  —  ft, 
we  find 

X 

and  dividing  by  f  («*—«*)>  we  get 

where  — — ^  is  the  multiplier  required  to  ren- 

der  the  second  member  of  this  equation  a  complete  diffe- 
rential. 

J  1 

d  ;5f  aas  -  --.  and  JTzz-  >^  +  Ci    the  complete    integral 


therefore  is 


*  Euler.  Cafe.  /ii<<^.  Tom.  I.  Art.  491. 
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The  multiplier  in  Ex.  S7>  in  a  similar  maiiiier  ia  foand 
to  be 


and  the  same  method  may  be  applied  to  its  determination  in 
any  of  the  Examples  which  are  given  above. 

Euler  has  reversed  the  problem  and  in  several  cases  in- 
vestigated the  nature  of  the  functions  *,  which  must  enter 
into  a  difierential  equation  of  given  form,  in  order  that  it  may 
become  integrabUper  se^  when  multiplied  by  a  given  factor : 
thus  suppose  it  was  required  to  determine  the  functions 
P  and  Q  of  jt  in  the  equation 

in  order  that  it  may  satisfy  the  criterion  of  itttepraUlity  when 
multiplied  by 

1 

where  M  and  N  are  also  functions  of  x  :  the  condition  noli 
be  answered,  when  M  is  any  assigned  function 

andP=?6(2<i^ilf)^ 

ax 

where  a  and  b  are  arbitrary  constants. 

These  investigations,  however,  frequently  involve  <8fie» 
rential  equations,  which  cannot  be  integrated  by  any  known 


Euler.  Cak,  Integ,  Art.  493.  to  339. 
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method^  and  it  cannot  be  said  that  the  cases  in  which  they 
are  successful^  are  of  very  great  importance  or  extent. 

In  order  to  ensure  this  method  aU  the  success  of  which  it 
18  capable,  it  would  require  a  very  complete  classification  of 
the  forms  of  differential  equations  of  the  first  order,  as  well  as 
a  knowledge  of  the  forms  of  the  multipliers  which  are  suited 
to  each  class*  The  immense  extent,  however,  of  this  enquiry 
and  'the  great  difficulties  which  are  met  with  even  in  the 
simplest  cases,  preclude  all  hopes  of  its  proving  of  much 
service  in  the  general  integration  of  differential  equations  of 
die  first  oroer. 

.->.v     -r      adx      bdy      csl^dx 
(52).    Let +  — ^  as        ^    . 

^  X  y  ^ 

The  multiplier  is  3fy^^  and 

m+a-h  1 
(55).    Let  X  dy— 2  ydx-Va  c2ar=0. 

The  multiplier  is  -;. ,  and 

or 

y         a 
or  tf  +  ra?*—  -  =  0. 

(54.)    Let  .j,-rfy  =  i£i^3^. 
The  factor  is  y,  and      v 

»  +  2         X 
(55).    Let  ay^iy  ssnxdy  ^  ydx. 
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-     Hie  multiplier  is  —  'SL—  :=  —  _^^^ ,  and 

r— »         ^ 

(56).    Let  a9ed]f  +  2  ay  ix^xifdy^ 

The  factor  is  — j  and 

xy 

.  if 

.*.    x*y  =  tf  €«. 
(57).     Let  yxdx  :=:(x*ydy  -¥  y^  dy)  ^ y -- f  dy. 

The  factor  is •  and 

y(**+^') 

.••log\/(x'+^")  =  |-y»+  C. 

(58).     Let  dx  +((idx  +  2  by  dy)  ^  (1  +x*)  =  0. 

The  factor  is  — ; — ; — - »  and 

V(l+ar*) 

.-.  log{  x+>/(l+j?*)  J  +flj:  +  6y^=C. 
(59).    Let  (2  ar— y)  djf  +  (2  tf  -  y)  d  r  =0. 

The  factor  is -,  and 

K^a^y^' 

.\  X  ==y  -  a  +  c(2a  —  y)\ 
Euler.  Cak.  Integ.  Art.  493. 

(60).     LetiLi3^-4rdj:  +  (»+l)ydy  =  0. 
The  factor  is  { y+VCi  +ar') } " ;  and  if  »=1,  we  hate 


(6l).     Let  acxydx+i/di/(a  +  bx+cx*) 

—  «i</y(tf— cjr*)=0. 

The  multiplier  is 


(<i-h*^  +  r.r*)y-  a  (2  a+4r)^  +  <i' 


and  tf  log  >/  I  a  (y  —  a)*  +  a:«  (j^  -  a)  j?  +  ry*  *y  | 

Euler.  Gi/f.  //i/ej.  Art.  499. 

(62).    Ilet  xdx+aj^  dx +  2  xtfdtf^2a^y  dyssO. 

The  factor  is  ; ^^     .^  , — : — ?,   and 

Euler.  It.  Art.  520. 

(63).    Let  ydy^xdx Jl  + -i^  ==  0. 

The  factor  is  (y'  -  j:^)*,  and  the  integral 

Euler.  A.  Art.  524. 

(64).    Let  a^  +y'  rf  j?  + ^ r^ . 


^r**"  .r 


3^ 
The  factor  is 


a'* 


Xr 


and 


,,l  tan-  (Cin!:^±l) 1 = 


Euler.  H.  Art.  5S8. 


(«,t«.,+^..+^^-|^>=0. 


1  —  X* 

The  factor  is 


Jy(l-x«)+cr+fl«' 


Euler.  /».  Art.  58S. 

(66).    Letflxrf^-a^rfx  =  (aprfx+yjy) VC^'+J'*— «^ 
If  the  first  side  of  this  equation  be  multiplied  by  — }  iu 

integral  is  — :  the  second  side  of  the  equation  is  integnUe 

jper  se :  the  factors  of  the  first  side  of  the  equatton  are  indod- 
K  ed  under  the  formula   -^  t  y^j$  and  those  of  the  secosd 

under  the  formula  4>  («*+y*— a*):  also  since 


'^'^  ^  TT^^^/O/' 
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it  is  a  factor  common  to  both  side^  of  the  equation  :  con- 
sequently 

atan-  ?  =  -/(^•+/-'^>  -  f  sec-  ^(^'"^^^  +  C. 
X  2  9,  2  ^ 

By  a  similar  process,  we  shall  be  enabled  to  find  a  factor 
common  to  both  sides  of  the  equation 

aydx  -k-  b  xdy  ^  x'^y*  (la'ydx  -K  ^'  xdp);' 

See.  Ex.  45.  p.  386.     Paoli.    Elementi  d^ Algebra.  Tom.  II. 
p.  175. 

V.  The  following  equations,  in  which  the  variables  are 
separated,  admit  of  algebraical  integrals,  although  the  in- 
tegral of  each  part  considered  separately,  is  transcendental  • 

(67).    Let  "^"^ 


^(fl  +  6  X -hr  X* +^  jf' -h/x*) 


dy 


=  0. 


Consider  x  and  y  as  functions  of  ty  and  make 

at 

Make  also  *+^=/?,  and  x-^y^q,  /.  since 
—.+~^2r  +  r,   and— +--—  +  _. 

dr 

X  X 


rfjr 
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dt* 

I 

Multiplying  equation  (a)  by  ^,  subtracting  equation  (fi) 
from  the  result,  multiplying  the  .remainder  by  -^-^ ,  and 
integrating,  we  shall  get 

at 
The  integral  of  the  equation 

is  ^X-  ^r^ix^y)  s/  \  C+^(*+y)+/(x+y)M 

x^r 


or  s/X  •—  'JT  "=. 


N/-s:+>/r 


This  is  the  process  given  by  Lagrange  in  the  Memoiresdt 
Turin  Tom.  IV.  p.  108  ;  the  integral  had  been  previouslf 
determined  by  Euler  under  an  equivalent,  though  much  less 
simple  form*. 

The  transcendent —r;,  is  always  reducible  to  the  fonn 

»>/X 


*  ISopi    Comment.    Pfirof.     Tom.  VI.   et    VII:    Ca/c.  £iC^. 
Tom.  I.   Cap.  5.  6. 
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Ade 


—,-. —  «  .-^^sri  where  A  and  c  are  constant  quantities  and  c 

always  less  than   1  * :  the  equation  becomes  by  this  trans- 
formation 

de  dip 

+  -77: r-T-r— v=0: 


V^(l-c*sin«^)       >/(!-!?»  sin*  ^) 

and  its  integral  found  by  the  same  method  is 

^(1—^*  sin^a)  +  >/(l— ^*  sin^  ^)  =  C  sin  (0±<p). 

In  the  same  manner^  we  may  find  the  integral  of 

de  d<f> 

V(l  -<^  sin'  9)  ~  y/(l  -f»  8in«  ^)  ~    ' 

which  b 

^/(l  -  c«  sin*  a)-  v'C I  -c*  sin»  ^)= C  sin  (^±0). 

(68).    Let 4^^ + ^ =0. 

Make  ^  =  VX  §  =  Vr,  X  +y  =;», 

and  we  find  as  before 

V4r+\/y=^  \C  +  ib(x  +  y)^e  (*+y)»  |  . 

This  result  is  obviously  not  deducible  from  the  integral  of 
Ex.  67j  by  making  ^  =  0  and/sO. 

The  integral  of  — ^  -  -^  =  0,  is 


•  Legendre  Kvercices  du  Culc.  Inieg,  Tom.  I.  p.  10. 


(69).    Let 
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dx       _       dy 


V(l-'*)      >/(l-y*) 

The  integral  is 

jr^/(l-y*)=:^  V(l-x')+C, 

or  deducing  it  from  Ex.  68, 

V(  1  -x>)  -  ^(1  -y)= ,/  j  C  +  (X  +y)»  J  . 
Lagrange.  Memoirei  de  Turin,  Tom.  IV. 

(70).    Let-^  +  -f^-=0. 

This  is  a  case  of  Ex.  68.  where  y^(a  +  *«  +  ^a:*)asa+i8j, 
and  therefore  0sa%  ^=2  a  /9,  and  c=/9' :  consequently 

Euler.  Acta.  Petrop*  Tom.  II. 

(71).  Let ^ ,  +  -r^ ;  =  o. 

The  integral  of  this  equation  is  not  deducible  from  tfadit 

of  Ex.67,  by  supposing  ^/J^Tsa  +  S6  x+cx^;  for  in  that 

case,  if  we  exterminate  the  radical  in  the  final  equation,  it 

a* 
reduces  itself  to  C  =  ---  ^  from  which  no  inference  can  be 

drawn. 

Make  therefore  -7-  =  a  +  2ftj+rj:*  =  jr, 

di 

^7=  -(a+2  6^+rjy*)=-r,  «  =  xy,  and^ar*— jf; 


Tt 


duydx^xdif  V  V-       / 
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dtdx      dtdy  ^      icu-a)dt' 

or  —  +  ^  =  ^^^'* 
dx         dy        cu  —  a^ 

.'.  log  dx  +  log  dy  =  2  log  (rii-/i)  +  log  C, 


or 


d  X  dy       ^  J 
^ zzLdft  since dt is  constant : 


or  —       ^^      =  C  =:  (^  +  Q  ^  "^  +  ^ ^*)  (^  +  2  ^^ + ^  f) 
{cxy-af  ""  {cxy-af  ' 

or  subtracting  unity  from  both  sides  of  equation 

2  ab  {x  ^  y)-^a  c  {x  +  yf  -^^  h*  xy  -^2  h  c  X  V  (x  -{-y)  _  ^ 

1       {cxy^a)'  ^• 

Eul^r.  lb. 


(72).    Let  -^  +  iiL_  =  0. 

tan— »x+ton— 'ystan-'  -^~-L.  —  C 

\  -  xy 

or  -1±^=C, 
1  -  xy 

the  same  result  as  is  given  by  the  second  of  the  formula  in 
Ex.  71.    Euler.  a. 


(73).    Let  -^  +  -^^1—  «  0, 
l+r  +  r"       i+.y+y 


_-tan-*-.i^+  _.  tan  - '  ^->i:: 
v/3  2  + a       >/3  2  +  y 


360 


—  —  tan 

V3 


or 


2  +  x+y-*5^ 
The  second  formula  in  Ex.  71*  gives 

(xy-l)* 


or 


(l+g+y)(3^4-y  +  Jy)  _ 
(xy-l)»  ' 


one  of  whose  factors  — ■ ^  ,  coincides  with  the  solution 

deduced  by  the  ordinary  method,  as  may  be  yeadlly  0CMi|  bf 
subtracting  unity  from  its  reciprocal.     Euler.  3. 


(74)-    Let 


dx 


dy 


a  +  23jr+rx*       a+2*yH-ry*' 


XT 


^    dtdx       didy       qdt 

or  log  Jo: +log  i/y = 2  log  ^  +  C, 


or  adding  b^-^a  c,  and  extracting  the  square  root  of  the  suni) 
we  find 


a^rb(x-\ry)-^cxy  _  ^^ 


Euler.  lb. 
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iy 


=  0. 


This  example  coincides  with  Ex.  67^  if  we  make  a=0> 
and  put  X*  and  y*  in  the  place  of  x  and  y.    Euler.  lb. 

This  example  coincides  with  Ex.  6?^  if  we  make  asO> 
and  6  ;&  0;  and  put  x^  and  ^  in  the  place  of  x  and  ^. 
Euler.  lb. 


On  the  Integration  of  Differential  Equations  of 
the  First  Order,  but  not  of  t/ie  First  Degree. 

I,    By  resolving  the  equation  with  respect  to  -j^  or  —  ^ 

-^   ax      ay 

and  thus  reducing  it  to  an  equation  of  the  first  order  and  first 
degree,  which  must  be  treated  by  the  methods  in  the  pre- 
ceding section. 

(1).  Let  dy^-'d^dx}  =  0: 

,'.~  sz  ±  a  J  and^  =  a  x-^-Cf  or  j^=— /ix  +  f', 
dx 

both  of  which  values  of  ^  satisfy  the  equation. 

^ 

The  equation  is  also  satisfied  by  the  product  of  these  in- 
eegrals,  or 
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which  is  equivalent  to  the  equation 

(2).    Let  dy^  —  a  x  d  x* = 0, 

dy        *  2    1    *  2        1     , 

/.  ^  =  ±  V«^i  V  =  -  «*  x'  +  r,  ory  =  -  -,  aJjrt+f, 

or  combining  these  integrals  together^  we  get 

4 

The  two  first  integrals  represent  two  separate  branches 
of  a  cubical  parabola,  which  are  both  represented  by  the 
third. 

(3).    Let  dy  +  d  a'  =  0 ; 
.•.j^=  -x+r,  or^=^^ 3^^ x+r,  or^=: — — ^^^ ^x+r ; 

or  combining  them,  we  get 

I  2  2  3 

or  y  +x^  -  ay*  —  3  ;vy  -<:  X*  +  u^j^  +  B  x  +  C=0, 

where  the  constants  ^,  By  C  must  be  so  related  to  each  other 
that  the  equation  may  ^dmit  of  resolution  into  simple  factors. 
Euler.  Calc.  Integ.  Tom.  I.  Art.  680. 


353 

tt^tolring  the  equation  and  integrating  it^  factOTS,  we  fiiM 

i  x*  1 

ijf  a  c?  +  c,  y  fcfe  J  +  c ,  jr  =?  -  •  +  ^",  or 

(5).    Let ^ dy* -^tgdydx^ydx^ 

dx  y 

3LJLti— jj.  z:  ±  dx  :  eonsequentfy 

trhich  combifledj  produce 

y  =  2^x-fc\ 

(6)-    La  ^{dx^^dy^szadxi^hdy, 

ilbkedjfssedx^  .'.y^ix-k-c:    cdnsequentlj^ 

Make  dtt  =  — ^ ,,  and  therefore  u  =  — r-i ; 

(0*+*')*  V'CaHx*)* 

'by  making  dysudu,  we  find  as  before 

¥  Y 
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n.   When  the  equation  invohres  d  x,  dy,  and  x  only. 
(8).   Let  ix»  +  rfy  =  —  .  Make  ^  =  p, 

I 
.'.  X  =  7— -J,  and^  ^fpdx^xp-fxdf 

=  -£--   /'J^=:-^_tan-/»+fi 


and  eliminating  p,  we  find 

j^  =:  v'(«-x')-tan-'  y/(-^)  +*. 

(9).    Let  xdx  +  adif=b  ^{dx^  +  dif*): 

y=  -^+^ >/(!  +P*) - 5 log  f p^^ v^l  +/»•) }  +e, 

and  the  elimination  of  p  would  give  the  primitiye  reladon 
between  x  and  y.    Euler.  3.  Art.  672. 


(,o>  wf'  =  ^(.+'-5). 


^'y 


Make  If  =;.... •.j,^^!^^!*^. 
(]]).    Letdy+ifdyrfj^-dJi*=0.    Make---=:f; 


P 


i  s=  -  p*  +  log/?+f. 
4« 


3S5 

(12).    Let  Jc*dj;*+</ya:aaWj'd^, 

or  J^+j^  =  apx. 

We  must  resolve  a  cubic  equation,  in  order  to  express  ^ 
in  terms  otp  :  make  therefore /7=k  r,  which  gives  us 

^  =  77-T>/'  =  7T^»  and 
-     ,  ^   />»*dM  (1-2  li') 

1    .    2t<»-l  ^  1    ,       1      ^ 
6        (l+ii»)*      3         !+«» 

Euler.  /ft.  p.  44 1 . 

IIL    When  the  equation  b  homogeneojus  with  respect  jto 
jr  and  y. 

(13).    Letyrf»-jcrfy=j  ^(djc*+/iy). 

Make  y  :=  u  «,  .••  « 5b/>+  >/(l  +/^), 

dx        du  , .  ,  .        /•    <{fl) 

—  =:     ■   ■   9  and  log  x  5c  —  log  (./?—«)  +  /  — *-— 
jr/7  —  «  *^  p  ^  u 

SB  -log  n/(1  +/»*)-log  {/>+  ^(1  +/>•)  }  -flog  o 


or  or 


=  7(1^)"'-^"*'^' 


and  elimuiating/^y  we  find 

X  =  0,  and  i*  +  y*  +  2c x  =  0. 

The  value  x  =  0,  resulto  from  the  second  of  these  solu- 
tions, by  making  r  =  oo ;  it  is  not,  therefore,  a  particular 
solution. 
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This  equadon  fjecomes,  by  nsolviag  U  with  respect  to 


ax 


9xyd^  +  t*d*  —  y*dx  =  P, 
the  Kitegnl  of  which  is  lerj  eauly  found.  Eoler.  3.  Axt.  68S. 

(U).    Letjf</^»+y<f^=rf^dxv/|«Jf(dj*+d|r*)|» 
or;^  +  «  =  p  V{9il  t/'*){>  nuking^  =»*•, 

.-.  «^if-f + if* + */'*  va  +/)  0 -V  +  A 

and  log  *  =  -  log  0'-«)+i/j|^^|^^ 

yher«  f  '^  V(!\+^    )  ' 
j^uler.  J».  Art.  684. 

.•.-Uftft  ox  Ussp  {f*  +  IJ, 

the  seomd  of  which  gives 

^  F 

TTie  other  value  of  m,  gives  J«5r,  wWch  is  a  ^wr/otfa- 
lolution. 

*p±y. 


s/d  +/) 


V(2f*) 
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and  making  p  s '  in  the  expression  for.>-  r   .  we  find 

it;  ;/»— u 

and  tf  cs^  s  -  (1 4* 9)*:  consequently 

^i^er.  lb.  An.  685. 

(16).   I*t /V<d  J* +;iy)=r>/Cy' +  '«*)» 
or  •(!  -hfO  =  jj^V*;.)  •    M!»kejr««x, 
/fom  whence  we  get 


X 


t  _  Cy^^^/(y'+g*^)|t^/.'^, 


X 


If  /s  1^  the  original  equation  becomes ydx^^^xdy  &  0, 
or  y^cXy  the  equation  of  a  straight  line  passing  through 
tfie  origin  of  x  tnd  jr.    Euler.  B.    Art.  693, 

IV.    Equations  included  under  Ckdraufs  formula 

INfhich  are  integrable  by  diflferentiation* 

(17).    UtydX'^xdy=:as/(.dx'  +  dy^), 


358 

difltttntiating,  we  find 

apdp     . 


—  xdp  =s 


V^(l+/>^)* 


a  p 

consequendy  rfp  =  Q,orx= /(i  Ip^)' 

The  first  of  these  Yalues  gives  p=c,  and 

g^cx  +  a  >/(l+c»), 

which  is  the  gemral  solution. 

The  other  givesi  by  the  elimination  of  p 

an  equation  involving  no  arbitrary  constant,  and  not  dedocibk 
from  the  formeri  unless  by  making  c  variable  and  equal  to 


X 


it  is  therefore  z  particular  sdution. 

If  we  had  resolved  the  equation  with  respect  to  ^-j^  i  we 

ax 

should  have  found,  {x^>^a^)  dy'^xydi=a  dx  -s/Cr*  +y-^ 
which  might  be  treated  by  the  same  method  as  that  used  io 
Ex.  66*  p.  344.    We  thus  find  the  multiplier 

1         ^  y  ^  1 

y  (a'-O      ^(.x'+y'^a^)  ^  (x'^-a^)  v^(x»+ j»-fl^)' 

which  makes  both  the  sides  of  the  equation  complete  difie- 
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renttals.    This  process  however  will  furnish  us  with  the 
general  solution  only. 

Hiis  is  the  solution  of  the  following  problem :  ^'  To  find 
the  nature  of  the  curve,  so  that  the  perpendiculars  upon  its 
tangent  from  a  given  point,  may  be  constantly  equal  to  a 
given  Ime* 

The  circle  which  results  from  the  particular  solution,  is 
the  locus  of  the  intersections  of  the  straight  lines  which  are 
expressed  by  giving  every  possible  value  to  c,  in  the  general 
solution,  and  which  are  likewi^  tangents  to  the  circle. 

In  general,  the  curve  expressed  by  the  particular  solution  is 
the  locus  of  the  intersections  of  the  curves  whidi  are  expressed 
by  giving  every  possible  value  to  the  constant  in  the  general 
solution. 

Euler,  Hist.  diP Acad,  de  Berlin.  17dS»  p.  301  •  Lagrange, 
Mtmrira  de  Berlin.  1774.  p.  2S0. 

(18).     Let  j^  d  JT  —  xdy  =  a  ^(dx^  +  dy*) 
The  general  solution  is 

The  particular  solution  is 


Euler,  3.  p.  306. 


(19).     Let  xdtfdx^dy*=ydx*^dydx. 
The  general  solution  is 


3^ 

^e  particular  solution  is 

45^  =  (1  +  xY^ 
the  equation  of  a  parabola. 
Qairauty  Memaires  de  T  Acad,  de^  ScUhces^  p.  210.  1^34. 

(20).  Problem.  To  find  the  nature  of  the  corre 
BMCf  of  which  the  hypothenuse  Tiot  the  right-angled  tri- 
angle JTti  the  sum  of  whose  sides  ^Jaftd  Atisz  Constant 
quantityi  is  al^a^  a  tangent.    Fig.  116. 

Make^Psjr^FAfey,  Md  AT-k-At^a^JC:  that 
we  have 


Ay 

=  y+(fl- 

w  px  —  y 

-py  +  (« 

-*);*». 

The 

general 

solution  is 

ex  - 

ae 

/ 

■ 

* 

9 

{tit  pariicutar  solution  is 

the  equation  of'  a  patabola.     Simpson's  fluxions.  toL  tf* 
p.  514.    Clairaut,  Bf. 

(31).  Problem.  To.  find  the  nature  of  the  cune 
AMA\  sa  that  the  rectangle  under  the  lines  A  T  and  J'  Tt 
whidi  are  perpendicular  to  A  A\  and  meet  the  tangent 
TMT  in  T  and  T'^  may  be  constantly  of  the  same  magn(- 
tude.  Fig.  1 19. 

Make  AA'^%a^  Ap  =s  x,  PM^ijf:  then  we  hafe 

ax  ax 


and  therefore 

or 

y:=ipx  -^  ap±  V  (*'  +  flV). 
The  general  Sdlution  is 

The  particular  solution  is 

the  equation  of  an  ellipse^  of  <which  it  is  a  well  known  pro- 
jp^tj.  Euler.  Ik  30g^ 

Xti2),  Peomsm.  To  fipd  4he  nature  .of  thp  ,curve 
A  M,jf,  ao  that  if  £  T  be  a  perpfiidkmhMr  ^^yi  its  tangent 
y  Mixom  a  given  point  JB,  the  line  J?'  ^  drawn  from  another 
giTcn  jpoiivt  B'j  may  4>e  conattntlj  -of  -the  /ssh^^  length. 
fig.  1 19. 

Let  BTs  o,  B^=  a^,  BPar,  and  PM^jfi 
then  we  have  IT  r*  =  f^-L»+  B'l'  or 

and  therefore 

^  =  p.X  -t-t(j/^  tJ-  fl  v^  (1  —  :€»  H-  -p').J 

the  particular  solution  of  which  equation  gives 

V       V  (1  -  /*  ?f-  p'/ 


2' 

z  z 


aes 

all—  «*) 

us         -  *           .  f 1 

- 

and  diminating  fy  we  find 

iae-xY              9* 

-  S5  ly  or  makings 

a*           '    a*  (1   -  /• 

fl*  (I —#*)'=: 6*  and  ae  —  x  =: a/,  wegct 

(^S).  Problem.  To  find  the  nature  of  the  cune 
MMJPf  8o  that  the  rectangle  contained  by  the  perpendiculari' 
BV  and  B  V  upon  the  tangent  V MV  may  be  oonstantif 
of  the  same  magnitude.    Fig.  1 20* 

Let  B  B'  =:  2  a  ^,  BP  rzxy  P  Mzzyi    then  we  hm 

atid^ ^jr+j^» b. 

or 

The  particular  solution  gives,  if  i*+a*^«tf% 
ai^x  ^  ap  jr ^ 

and  .•.y=^{fl»-(a/-x)»f, 

tr  ^  (a*-*^),   if  flf  -  X  =  jr^. 
Eutefi  A.    Lagrange,  Calcul  des  FoncHonSf  p.  280. 
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(M).  To  find  the  nature  of  the  cunret  so  that  tlie  locus 
4»f  a  perpendicular  drawn  from  a  given  point  upon  its  tan- 
gentj  may  be  a  given  straight  line.    Fig.  121. 

Let  S  be  fhe  given  point,  STz  perpendicular  upon  the 
tangent  TM,  meeting  the  given  line  AE  m  Ti  and  let 
Sjizra,  be  a  perpendicular  upon  JE :  let  SPzis^  PJHs^yi 
then  tre  find 

a  particular  solution  of  which  gives 

the  equation  of  a  parabola,  whose  vertex  is  A  and  focus  S. 

V.  Equations,  which  are  integrable  by  difierentiatioil^ 
though  not  included  under  the  preceding  formula^ 

(25).  Let  ydx-  nxdjf  =  a  ^/^(d'*•  +rf^*) »  or 

y^  nxptxa  ^ i\  +  /?*). 

Pifierentiating,  we  get 

,  nxdp        a  dp 

A  linear  equation  of  the  first  order. 
Consequently! 

n 

^  1  -fit/    v'Ci  +/»•) 

.  If  «  =  il±i ,  we  hate 

2  A 

>B  A 
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2A(f     .r .  2  a 


—        *  —  f      —  a  A 

I 

fcttlrf.  CnA:.  /fy/^3f.  Art.  70S. 

VI.  Equations  which  may  be  treated  by  particuMif  nMChoA^ 
not  included  under  any  of  those  above-mentioned. 

(26),     Let  dy^zz  (2  x'  +  by)  dx^. 

Make  j/^z*  and  the  equation  becomes 

which  is  homogeneous. 

Consequeritly  lfi=iwfaiidi?±:>/(a  +  i  W*), 
we  find 

li  St  >f.  I  ?  ^^1?  h  (E«.  W.  p»  280.) 
Eulcr.  /*.  Art.  704. 

Make  x  =  m  z  and  ^  =  m  >/  ( 1  —  z*),  when  the  equation 
becomes 

or 

« 

where  the  variables  are  separated. 


Consequently 


sin 


Make  x  s  a z  and y  ss  u  >y{l  —  z'^,  which  gives 
CanwqueBtly 

lotf  •>^(»'-^^)  - # 

(29).  Problem.  To  find  the  nature  of  the  cunre 
whose  normal  bears  a  constant  ratio  to  the  part  of  the  axis 
intercepted  between  the  origin  and  normal. 

The  AfiiHremial  oqtiatiQtt  of  the  curve  H 

which  is  homogeneous  and  may  be  treated  as  the  Examples 
given    in   p.  356. :    or   more    simply^   by    resolving,    the 

equation  with  respect  to  ~^ ,  and  multiplying  the  result  by 

,  when  It  becom^  integrable  per  u  s 


^xre  thus  get 


y^({+ea-y)+x  =  C': 
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D)r  making  <^  =:  C  +  1 , 

which  is  the  equation  to  a  circle. 

The  particular  scdution  deduced  from  this^  by  coositeiif 
c  as  variable^  is 

the  equation  of  a  parabola,  which  obriouslf  resdvet  die 
problem. 

The  reader  will  find  a  most  instructive  discuadon  of  this 
Example  and  of  the  different  solutions  of  it  giTen  bj  Leihnxts 
and  John  Bernoulli^  in  the  Ca/cii/  dti  FonOkm  of  Lagraogt. 
p«  S63» 


On  the  Integration  qf  Differential  EqM^om  ^ 
the  eecond  and  higher  orders. 

I.    Equations^  in  which  if  we  make 

-^  zzp  2nd  ^  nz  Of  we  find  a  a  function  of  /. 
dx      '^        dJ*      ^  ^  ,      ^ 

( 1 ).    Let  d  d^jupd  Jtdy\  or  y  =  ^ » 

••.  rf  JT  =  ^  =  f-^ ;  and  X  as  4+a  log/  : 
-P         P 

rf^  e  5j^  szadpi  and  ^  =  t'  +  « p» 


3&7 

Cbneequentlji  by  eliminating  v,  we  find 

Ettler.  Caic,  btieg.  Tom.  IL  Art.  1^5. 

(«).    Let  d'9::zdt  -/(rfV+rfy)  or  q^s/{\  +p*) : 

,..log{4Lt^^!=lf:5}, 
(S).    Let  t^"7  y*  «.| 


and  (x  —  ry  +  (y"^  ry  s  a\ 

Euler.  73.  Art.  726. 

« 

(4).    Let  iiil^l^,  where  ds  a  ^/(dx•+rfJf•) 
d^x         dy 

is  coofltant ; 

.-.  rf'isOsd^jr  V(l  +»*)  +  Jlli^  •,  therefore 

V(i  +  P) 

J^x  sB-^    ^  ;  ;  and  the  equation  becomes 
i- — J    J  =  -  t  consequently 


j^  =  C 


ap 


EuIer.  i%.  Art.  728. 
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(5).     Let  ^li^  ^a  ttm*-*^  where  tfj==  ^(*r-  +  rfi^*} 
is  constant.    Col|seqiient)y>  tii  in  {he  Ismt  Example,  we  get 

dx  ;z  ■  "niff  m'ttW^yy 
(1  +p'r 


'^^  =  ^ 17^ — ^ — r-tan—'p -—^ — p, 

This  is  the  solution  of  the  following  problem :  ^^  To  find 
the  curve,  whose  T:a<lius  of  curvature  is  proportional  to  the 
angle;  wiii<|fa  itfi  .^angen t  make(^»rlth  )th^ .  axis  of  tihe  abscissae." 
Euler.  73.  Art.  729. 

IL  Differential  equations  of  higher -oidors,  frhes^.tlie 
highest  differential  coeiEcient  is  a  function  of  the  one  next 
inleiior  to  At. 

(6).     Let  ad^^iPsf  =  rfj^v^tf  J^  +  d*^), 
•    Qt  agi  fwsd»  y/ {I  +  g*i,  where  gifs -£i 

.'.  X  =  c  +  a  <•(!  +  q\ 
dx      ■'^  J   v^(l+0 

= ^  va  +?•)  - 1  log  {,  f  +  ^{i + f)  \  +/, 

and  3>  =  y  -  J  >/6  +  9«)  log  I  y  +  ^^(1 +,•)  i 


a* 
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The  divination  of  jf  from  these  expressionsi  will  gtre  the 
primitive  relation  between  x  and  ^4 . 

••.  X  1:1a  log  r'\rc* 
&-  ^r  +  —(log  rf  +  fl<^'  logr  +  ^^ 

(8).     Let  fl'y  :=:  adx^^{ifiy  d  x)  5 

X  =     ^      +  r. 


m.    Where  9  is  a  function  of  x. 

(10).     Letrf»«  =  l^j 

r 

.-.  dp  as 9  p  «  4  log  X  +  ^f 

X 

and  j^zzax  log  t  —  tfjf-f-rx  +  c' 

Euler.  i}.  Art,  739. 

<11),    Let^4?^  =  -«o»f.  where 

d/  ■&  \/(rf«*+rfy*X  »  constant. 
Consequently  J /<{*/  ss  dxd^x  +  dyd*f  ssO; 

S  A 
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ft 

and  since  rf*  x  =  HE — ^--£ ,  Ex.  4.  p.  367.  we  have 
d;,  =  (I  +j,«)^  = -_??  =  -.  CO.-. 

.'.  p  =  -«  8in  Y  +  c 
'^       a       b 


3^  = cos  -T  +  r  X  +^f . 


Euler,  lb.  Art.  740. 


(12.)  Problem.  A  body  7  moves  uniformly  along  a 
straight  line  B  C,  whilst  another  body  M  moves  unifonnir 
in  pursuit  of  it :  to  find  the  nature  of  the  curve  described 
by  M.    Fig.  122. 

Let    BP  =:  Xj    P  M  ssy,   A  M  szs;    then  we  hare 

Aff  fi  V 

^L X  s^  es,  where  e  expresses  the  ratio  of  the  velocities 

of  the  bodies :   differentiating  this  equation,  considering  dy 
as  constant,  we  find 

iP  X  ed^ 


^      .,     — r:j  where  p=-~^: 

-        .-.  P  +  n/(1  +P*)  =  0)', 

and  J?  =  — II. + f!! L  C 

2(^+  1)^      9(^-  1)5^-*^ 

This  is  one  of  the  simplest  cases  of  the  problem  for  de- 
termining curois  of  pursuit.  See  Bouguer  and  Maupertms 
Memoires  de  P  Acad,  des  Sciences.  1735.  Simpson's  Fluxim. 
vol.  IL  p.  516. 
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IV.    Where,  y  is  a  function  of  ^. 
(IS).    Let  a»<?_y  =  yrf«'i 

a* 


■'"■':7^,'«*'''H{'^'¥^h 


or  expressing  y  in  terms  of  x,  we  find 

Euler,  li.  Art.  745. 

(14-).     Let  fl'd*j/+^rfx'«0. 

j:  =  rt  sin""**?  +C. 

c 

orj^  =  Csinf +Cco8-. 

a  a 

Euler^  lb.  Art.  746. 

(15).    Let  d*^  \/(/jy)  =  rf  x\ 

where  f'sfv'fl.    Euler,  JJ.  Art.  748.    * 


am 

VI.    Where  a  diflerential  coefficient  of  ^  is  a  functioa 
of  one  whose  order  is  inferior  by  two  unides. 


ttf 


2  2^ 


Cr+  C'€  --f-Cx  +  CT'. 


VU.    Where  Ae  equation  inrolyes  x,  |9  and  q  onlf . 

axvff  s« 

dp      __  rf£      2»dx 

m 

equation  of  the  elastic  curve.    See  Mr.  Wheweli's  MiAa^ 
nus^  Vol.  I,  p.  2ia.        Euleri  j&«  p.  757. 
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(18).    Let  (i^^t^  =i^; 


•  •  P  ss  — ; — J i and 

(19).   Let  dx(dx^+dy')+xdsfd'if^aiPsf%/(jix^'k'd^), 
or 

cljp(l  +^)  +  xpdpma  dp4i/{\  +/>•) 
wluch  is  integtable  wheii  dirided  by  i^/(l  +p^). 

Therefore 

Euler^  J}.  Art*  759- 

(20).    Let  fl?d*yv^(a'+«^)  +  a»rf«dljf=ar«i/jp». 


or  rf/>  + 


prfx  ^  J^^rfjT 


linear  equation  of  the  firet  order* 
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Consequently 

and  /I'}/  =  ^  i  a;'  -  ?  a' j:  +  I  (a'  +  x-)*  -  ^  ^x- 

+  _  V(a'  +  ^')  +  —log  \ p \  . 

Euler.  /^.  Art.  76 1. 

(^1).    Let(a*rfy+x*dx*)d*jf=««rfx»dy, 

or  {a*p'+x^)dp  =  npxdx, 

a  homogeneous  equation  of  the  first  order,  with  respect  to 
X  and  p. 

Therefore,  if  x=:pu»  we  find 


p  =:  c{  a'4-(i-/i)M*  { ^*i~% 


x=fu=cu  \  a--f'(l— «)«•  }  2(1-11) 
J^  =px^/xdp 

If  nsT,  we  find 
X  =  up  y/(2  log5),  ye^p*  log  ^2  Ibg^) 

Euler,  /*•  Art.  762. 

{^<£).    Let  a  dx dy  j^x^  d  xd'ymnx  dtf  n/(i/x* -fo'dy)^ 


375 

-which  is  homogeneous  with  respect  to  x  and  p  5 

,  dp  _      ^au'  +  nu  ^/il-n^a^u' +  a^a*)  . 

dx  «*ii-u'-l 


•     a 


X         q — u 
du  -     «"«*«•— 1 


If  n^s/%  we  have 

Euler.  jB.  Art.  764. 

(28).    L&tdx^dy—xds*d:*tfszadxdsy/(d^x*^d*i^'), 

where  ds^^/idx^-^-dy*)^  is  constant. 
Since  d^s=iO,  we  have 

and  the  equation  becomes 

•  »         •  - 

i^hich  comes  under  Clairaut's  formula^  p.  357. 
If  dq=iOp  or  tf  =:  -  ,  we  have 

;?=-—-,  andys  — — —  +  c. 
c  %  c 

If  xss  -tf,  wehave/?  =  0,  andy=r,  which  is  a  particular 
in^g^a^  arising  from  making  rss  00  ,    Euler.  -3^  Art.  767. 
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(24).    Let  dK'dy-xds^ d^y  -      ^ff^^f^     , 
when  dtwa^(d**  +  dy*),  Is  constant. 

» 

In  the  same  manner  as  in  the  last  Examplei  we  find 


p-q*- 


V(i+a'j^' 


Consequently  «  =  ■),./=  f  '^  ^(/+a-)* 

m 

and  y  = r^ ::*  +  r, 

is  the  general  solution. 

The  elimination  of  ;  from  the  equations 

_     ft 

'"      (1  +a»j»)l 

+  -_l^i_+-^tan-a,  +  *', 
^  16(l+fl«j*)       16  a  "^    * 

will  furnish  a  particular  solution  of  the  eqoatioo.    Euler.  Ik 
Art.  768. 

Vn.   When  the  equation  is  between  y,  p  and  f . 
(25).    Let  a  » iPy  =  rf«  >/(y»  «/**  +  aVjr*), 


»« 


an  eqaatioa  wluch  is  homogeQeous  «rath  respect  to  y  and  p< 
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Consequently,  if  y  -p  w,  we  get 
dy^  ab  du 

and  by  making  ^(a*  +  «*)=/  m,  and  t  =  ^>  ^«  ^"^ 


and  dxzz.  — 


ids 


Euler.  2i^.  Art.  780. 

/26)     Let  jdlt-^l/'dx')^ =  n»,  or 

dy  (p»+y)»  2=  2np*y  dy  +  «y  iy  -  hy^pdp, 
which  is  homogeneous  with  respect  to  p  and  j^. 

Therefore 

dy  ^^ nudu __^ 

y   *(tt*+l){«-V(u*+l)}* 

,, ^^ 

'*''■"  (!*•  +  !)  ln-V(t«*+ 1)1 

Euler.  a.  Art.  78 1 . 

(27).    Let        ^^  V    ' —  "=  ^• 

Let  ?•  +y*  =  z*  ;  then  we  have  fdp  +ydy 

3b 
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m  qdy-^-ydy  :^  zd  Zt  and  y  +y  =-3 — > 

ay 

.*•  the  equation  reduced  becomes 

z*  Jy  =  2  a  2  </y  —  ay  rf  r. 
Consequently^ 
»*«-^^,anddx= ic-^u)dn  jf^^y^. 

Euler,  ii^.  Art.  785. 

(28).    Let  d^y  (ydy-^-ads)  =  dyid^^-dy^), 
or  d/;  (py-^a)  =  dy  (I  +j>*), 

j:«:a  log  p  +  r  log  f  /^  +  ^(l  +r*)  1  +f . 
Euler.  a.  Art*  788. 

(29).    Let  dy^^yd^y  =  rt  ^{dx^ dy'^-k-a^d^y^) 

n  A  n 

or  making  y  =:  — ^  =  p  «,  and  therefore  dps^udy^ 

p  -  «y=«^(l+a»ti-), 
which  comes  under  Clairaut*8  formula. 

If  duszO,  we  have  tt=c,  /?=^y  +  n  v^(l  +a*c^f 

and  r  jr=log   {  ry +«  ^^(1  +a*r»)  }  -f-f'. 


T/-  na*u 


I 


v/(l  +  a*M*) 


I 
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p  3; X  ^  c  —  a  tan "~  *  a  «• 

I 

and  =  sin"*  -^>  a  particular  solution. 

a  na 

Euler.  A.  Art.  789. 

VnL  Differential  equations  which  become  homogeneous^ 
by  considering  the  dimension  of  :r  or  y  as  Ij  of  p  as  0^  and  of 
J  as  —  1. 

(80).    Let  x*d*y  zz  xd  xdy^Sy  dx^,  or 

x*q  =  xp-^Sy. 

X 

^              ^«    <2x      dp         dp          du 
Consequently  ^^  kz-^  :^  — *—  = ; 

X  V        p+8i«      p— « 

or  (p  +  3 u)  dussp dp'-u dp, 
which  is  homogeneous  with  respect  to  u  and  p. 

Therefore 

P  =  «  +  \/(^+4tt*)» 

log.=/-=5log  I ± I 

"      -         C  Cx         ' 


or  «  =  C»r* . 


Zoler.  U,  Art.  802. 
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(31).    Ut  ^^  5s  %/{m  »» 4/y  +  «i^»  dx% 

Making    the  same    substitutions    as  before,    we  £nd 
du  >y(mp*'{-nu^)=(p^u)d pi  and  making  ]^=t</»  we  get 

du  _  (j—l)dj 

u        ^(iif  »*  +  n)— «*  +  j 

A  ^3  —       du      ^  ds 


(/-  1)  u       *^(tns*  +  «)  —  /*  +  X* 
Euler.  lb.  Art,  SOS. 

(32).    Let  nx^d^y  zzQfdx  ^xdif)\ 
Make^  =  t/x,  and  9  =  -,  which  gives 

ndp  =  (p  — 1#)  dtt,  or  if  p  -  If  SB  /, 
dtf : =;  0:  consequently 


,  ncx 

=  nx  log -;. 


Euler.  3.  Art.  804. 

(33).    hbt(dx^^d^*)i:^Hdxd'y  ^(2^-^^% 
Making  jf  =  i^x,  mdq  :;f^,  we  get 

X 

(1  +p*)*  rf ««=«  (p-»)  rfp  v^(l  +»•)• 

In  order  to  integrate  this  equation,  make  p  =  tan  ^, 
u  =:  tan  ^  :  this  gives 
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"  1  -«  sin  (d-0)  -  l-/,8in>/.'       ^=^-0  : 

and  —  =   ^^    —    rf»  cos  d 
X       p—u  ""  cos  <p  sin  >/^ 

—  ^»  (cos  0  cos  >/r  -  sin  ^  sin  yj^)  _  J»  cos  V^      rf0  am  ^ 

cos  0  sin  ^  "■     sin  ^  cos  0 

n^2L£?Li:  L  l£8Wii0    o;«..  ^^       nsinyl^dyfr 

1     ZTuTTJ         >  since  a  0  = ^^ — ^  j 

l-wsin>^  COS0    '  ^        l—wsin^^* 

/.  ^  =:     ^  cos  0  c  sin  0 

l-«sin\^'      "^  l-«8in  >/r' 

and0=:    r-!Li±_^ 
•/    1  — «  sin  \/^ 

Elder,  i^.  Art.  806. 

VIII.  Differential  equations  which  become  homogeneous 
by  considering  y,  p  and  y  as  of  n,  «  -  I,  and  /i-2  dimensions 
respectively. 

(S4).    Let  x*d*if  =  aydx^^-bxdxdif. 

This  equation  becomes  homogeneous^  by  making  p  =  -^  ^ 

f  =  -;*  «  being  equal  to  0}  consequently  v^ay  +  */; 
but  dp=sg  dx,  or  xdt  —  tdx  =  vdxj 

I  and  (/yapi/x  s — 1, 


ortdt=(v-\-t)dy^  \  /iy  +  (^+  1>/  |  rfy, 
which  is  homogeneous  and  of  the  first  order. 
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Consequently 

where  a  =/^,  and  6  +  1  =g—/» 
Eulcr.  J>.  Art.  817. 

or  x^q  =:x*p-^2xyp  -4sf. 
Make  y  =  »•  ti,  p  s^  tx,  y  =  v,  and  therefore 

Also  dyizs^ du'\-Stuxdx^pdx'=Ltxdx, 

and  .'.  —  = 


ar         t  —  ^u 


Al90  dp  ::=:  qdxzzvdx,  \ 

or  a: J/  +  tdx  =  vrfa  - 
dx         dt  dt 


X        V— /       2u/— 4u»' 


<2u      _         d^    

9 


/  —  2i/       2«^— 4i«* 
or  2  tt  Jtt  (/  —  2  tt)  s=  d/  (^  —  «  «). 

Let  2ui2u=<2/>  and  .-. /=«4*-hc  j 

da?  dtt 


tt*  -  a  tt  +  ir 


lfr=l,a?*=(x'-y)log5-. 
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If.=  l+^,S;^  =  tan{,log|}. 

If  / —2  tf  ssO,  we  have  —  s ,  and  .•.  di*  =  0  j 

.'.  u  =i  Cf  and  y  s  ex* :. 
this  is  a  particular  solution*     Euler.  3»  Art.  8£0. 

IX,    Equations  in  which  y  and  its  differentials  amount 
to  the  same  dimension  in  every  term. 

(36).    UtayiPy  +  bdy^zz^Li^^^; 

Make  y  s=  c-^"'' :  and  the  equation  becomes 

udx  b  u*  d  X 


du  +  u*d X  ss 


as/(^-^x*)  a      ' 


hj  making  m  ss  ^  ,  this  becomes 

J  sdx  /,       b\  J 

ds  + — .  ^     v,^  =  (1  +-  )rfx, 

a  linear  equation  of  the  first  order,  whose  integral  is 

(a  -f-  1)  c  J 

^     Euler.  B.  Art.  828. 


(37).    lA:txyd'y^ydxdy+xdy*  +-^^y 

Make  y  =  e^'*'^  and  the  equation  becomes 

,    .    ,  ,        udx  .     ,  J  bu*dx 

du  +  u*dx  = +  «*«*  + 


xdu—udx^     hxdx 

Euler.  3.  Art.  830. 

X.    When  the  equations  are  linear  with  respect  to  one 
of  the  variables  and  its  differentials. 

(38).    Letd^y  +  Jdydx  +  Bdx^  =  0,  where  A  2XiiB 
are  constant. 

Make  y  zz  €-^"'',  from  whence  we  get 

du-^u^dx-^Audx+BdxssO. 

Consequently 

du 


dX  ss:    — 


u*-\-Au  +  B' 


(1).    Let«'  +  ilii+JBs=(u— fl)(i/— 6),  then 

if  u  =  Cj  we  have  y  =  f  e"; 
if  u  =  ^,   we  have  y  zz  c'^'; 

and  the  complete  integral  is 


y  =  c  f  ■  '  +  c  €* 


» 
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(2).    If  a  sz  bj  theft  We  have 

(3).    If  a=:a+/?^(^l),  andirra-/?  v^(-l),  we  have 

where  C=f +/,  and  C'ss  (c— cO  v/(— 1) 
Euler.  /*.  Art.  775. 

(39).    Letd^y+5dyd»  +  4fydi^=iO, 

(40).    Letd*y^ifdydx+iSydx^szO, 
y  =:  «•'  {  r  cos  3  «  +1^  sin  3*  { 

=  C€"sin(S«  +  C')$ 
making  r=C  sin  C,  and  cizC  cos  C. 

(41).    Let</*y  —  lOdydx  +  25ydJi^  rr  O, 

y  =  c»'(r+r'x). 

/.•/^\     T      J.         Adydx      Bydx* 
(42).    Letd*j  + ^^ +  _2_!La,0. 

Make  —  =z  dt;  then  we  have 

X 

m 

dx       xdt 

d'y       d^y  dy 

</*•       x^di"       x*dt' 
3  c 
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Substituting  these  expressions,  we  find 


^+(^-,,^+^,.0, 


■ 

the  integral  of  which  is  given  in  Ex.  38.    Euler,  lb.  Art.  847. 


\ 


(4S).     Let^j.+  ^y^+^j^:=0. 
^     ^  a  +  bx        (a^-bxf 


Make 


dx 


a  +bx 


=  dtf  and  therefore 


'y 


bdf, 


dj^ dy^ ^ 

dx  '^  {a+bx)dt'  rfa?*""(a+*x)*d<-       {a  +  bxydV 


and  the  equation  becomes 


(Ex.  38). 


(44p).     Let  d'y  -  ^  ^  ^  +Atxf'dydx  +  BsTjfdfzz^* 
Make  a;"  J^  =  dt^  and  the  equation  becomes 


^+^H-i<,=0 


(Ex.  38.) 


Euler,  /*.  Art.  850. 


(45).     Let  1^+5^  =  0. 

,',  if  =z  c  sin  j:  +  ^'  cos  *. 
Woodhouse.  Physical  Astronomy ^  p.  23. 


d'y 


(46).    Let  jT  +  y  =  X,  where  -JT  is  a  function  of  *• 
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.*•  y  =  r  sin  jr  +  c'  cos  :r  +  sin  xf  X  qo%  xdx 

—  cos  xf  X  fXn  xdx. 
Woodhouse.  lb.  p,  97. 

(47).    Let  ^  +  y  +  -^  cos  m  x=:0- 

.  il  cos  171 X      wi  cos  X 
y  =  r8m*+cc<»x+-^j:-j -^FTT- 

Woodhonse,  /*.  p.  99. 

(48).     Le<  jpf  +  y  +  ^  cos  jr  =  0. 

.*.  y^c  sm  j:  +  c  cos  J cos  *. 

Woodhouse^  lb.  p.  107. 

(49).    Let  --4  +y  +  ^  cos  m  X  +  J?  cos  n  x=0. 

.-.  y=rsinx+c'cosx+  ^^^^^^  4-  Bcos_«£ 

w'—  1  «•-  1 

—  I  -^ r  +  -T — *  jcos  X. 

'Woodhouse^  76.  p.  100. 

(50).    Let^+^^  +  B^=X 

irhere  a  and  b  are  roots  of  the  equation 

«•  +  il  w  +  J?  =  0. 


(51).    Let  ^^  +  4^  +  Bs=n  («-l)V- 
ax*        dx  •^        V         / 

jr  « ! r— 

«—  0 


ft  — fl 

+  a:" 


Euler,  a.  Art.  859. 

(5a).    Let'i+^+2y  =  ,. 
ax         ax 

The  roots  of  the  equation  «*+8«  +  2z:Q,  gre— l+^(-l)b 
and  — 1  —  >/(  —  1):  consequently 

y  as  € ""'  cos  X  {  C  -^f^  Xdx  CQ9  »  \ 

+  €  — 'sin*  {  c  -k-f^' xdx  sinx  } 

=  6 ■"•  COS  X  {  r  —  -  (x  sin  JT  —  «  cos  x  -f  cos  m)  \ 

+  £"'sinx{r'— -(x  cos  X  +  X  sin  X  —  sin  x)  I 

% 

=  e^'  {c  cos  X  +  r'  sin  x)  +  -  («— 1). 

(53).     Ut^-^4^-\-  \9ymAcMmx. 
ax         at 

The  roots  of  the  equation  u^—  6fi+lS=0 


389 

are  S+«  >/(—!)  and  3-2  >/(— 1)  ;  therefore 
y  =  €"  (f  cos  2  X  +  c'  sin  2  x) 

£    {(»«  +  5)6in(i«+^)j?+0w  — l)co8(i»  +  2)j?} 
4"  f»»  4^  4  iw  +  13. 

.  ^     f(m- 5)8ln(m  -  g)x  —  (w  +  l)cos(m  -  2)3?} 
4  '  in*—  4m+  13 

(54).     Let^-i^  +  4y,,». 
The  soots  of  die  equation  u*  ~  4  u  4-  4  z=  0,  are  2  and  2. 

m 

(55).     Let^^+if-4  =  -i_. 
A  particular  integral  of  the  equation 

is  y  =  -  :  consequently 

-/•if 

— 2 — dx  \  /eJ  M  V  Xdx  \ 
A  particular  integral  of  the  equation 
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d*»  St; 

T^      (1  -a*)'"    * 

10  t?  as :  therefore 


dx     /^  2  vd 


^  J  ^'^      J 


X 


O-x')* 


(57).     Let  d^y  (1  —  ax*)  =  bxdxdy. 

Make  Jy  =/?  </x.    See  Ex.  17.  p.  372. :  we  thus  get 

^  =  r  (1  -  fl«*)    ^5  and  y=c/dx  (1  -««•)    «•. 
Kuler,  Calc.  Integ.  Tom.  TV.  p.  534. 

(58).     Let  d*y(l-fljr»)  — axrfxdj/-ryd**=:0. 
Multiply  by  d  y  and  integrate  :  we  thus  get 

dy*(l— ax*)- fy*rfx*=  Cdx*;   or 

^^         =  — —--2 the  integral  of  which  is 

>/(l-ax*)       V(C  +  cy»)^  ^ 

2^2,=  C{aX+  V(l+a'**)]« 

where  a*=:—  a,  and  7*=  C. 

There  are  many  cases  in  which  it  is  possible  to  traniform 
the  equation 


391 

-90  that  it  may  coincide  with  one  of  the  two  preceding  ex- 
amples :  thus,  if  we  assume  v  =  -r-  >  ^^  equation  becomes 

ax 

iPv(l-'ax^'-bxdxd^V'-cdx^dv=:0; 

and  by  integrating  every  term  and  collecting  the  results,  we 
find 

d^v(l—a^*)'-'(b—2a)xdxdv^{c''b+2a)vdx*=:0, 

an  equation  in  every  respect  similar  to  the  original  and  ad- 
mitting of  integration  in  the  same  cases. 

Thus  it  c  —  b  +2a  =  Oy  or  if  i  =  Sa^  the  equation 
admits  of  integration. 

By  making  v  =  -—  ,  and  repeating  the  same  process,  we 

d  X 

find 

rf*!?' (1 -a  «^)— (3 -4  tf)  A?  rfxd  V +(<r  -  2  6 +  6  tf)  t/ix«=:0 ; 

which   admits  of  integration,  when   ^—4^  =  0,  or  when 

c-  -  2  A  +  6  a  =  0. 

By  continuing  this  process,  we  should  find  that  the  equa- 
tion admits  of  integration,  whenever  6  =  2  i  ^  +  ^ ,  or  when 
r=:i^  — f  (f  +  l)tf,  i  being  a  positive  whole  number. 

Another  transformation  of  this  equation  may  be  effected, 
by  supposing  y  =/zdxj  which  gives  us 

dz  (I  --ax^)  —  bxzdx^cdx/zdx=:0, 

which  becomes,  by  differentiation, 

d*z{\—ax*)  —  (^+2  a)xdx''  (r+*)zd**=Oj 

which  admits  of  integration,  when  b  -i-  2  a  =s  a  or  when 
r  +  ^  =  0 :  a  repetition  of  this  process  will  shew,  that  the 
integration  may  be  effected,  whenever 
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i=— 2  ia^a  or  when  cm  -i^  — f(»—  l)a, 

(59).    Let±2  +  il^  +  jf2  +  Cy  =  0. 
If  tf  I  0  y  a"  be  the  roots  of  the  equation 

» 

f*»  +  ^tt*+-Bu  +  C=0, 
then  we  have 

If  If'  =  a  +  /3  v^(— 1)  and  0*^=  «  ^/9^(-i),  tfien 

y  zic^  ^  C cos  px+C" mi  fix. 
If  fl  =:  a'=r  a",  then  we  have 

Ettler^  Calc,  InUg.  Tom.  11.  Art.  1117. 

(60.)    Letj,--^+^--^  +  ^  =  0. 

The  root9  of  the  equation 

1  -et«+2M*— 2tt*  +  w*sftO 

are  1,  1,  %/(-!),  ■*%/(-!):   thercfoit 
y  =  €*  (f  +  f'  x)  +r"  cos  x+c"'  sin  x. 
Euler,  lb.  Art.  113 1, 

(61).    Letii»*»y  +  (^*  +  *«)£^  +  ^=0. 

y  =  r  cos  «x+r'  sin  <jx+r"  cos  ft  x+c"  sin  fx> 
Euler,  i&.  Art.  1132. 
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(60).    tetd*y+'«4^  +  ^=<;. 

ax*  ax* 

y*^ic-^c'x)  cos  tf  x+  (C  +  Cjt) eth  a  #. 
Euler,  A.  Art.  1132. 


(61).     Let  is^y 


4„.^'y 


da:* 


0. 


Euler,  n.  Art.  use- 
es*)*    Let  «*y  -  ^  «0. 


yarc-'+c 


«»_i_  .tforcot 


5  1^  r  COS  fl  J?  8in  ~  +  /''sin  a  i-  sm  —  f 

} 


+  «•*«»  5  [a cos nx  sln^  +  e'  mi  ax  nn—^ 
=  r  «"  +  «•,€-«*•«•  cos  (ax  sin  74*  +  <^) 


+  C.  «—"•:«•  COS  (rt  *  Mu  36»+  C^. 
Euler.  3.  Art.  1 1 36. 

(68).     Let««y  +  ^=0. 


(§"'+*') 


iii 


»  =  ' 


cos 


+  r.  COS  (a  X  +  f'l) 


Baler,  U.  Art.  1136. 


(64).  Let ^  +      J^y  Brfy.  ,   Cy 

^  rf*«     (*+*r)<ix«^(a+*xy£/»^(J+K7 


3  D 
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dx 


I^al^e  —dt,  and  the  equation  become* 

the  aolution  of  which  is  given  above.     Ex.  57.  p.  392. 

(65).    Let  ^  -  19  —  +  SOt/  -^  cos  x. 

The  roots  of  the  equation  u»- 19  «  +  SOeO,  are  2,  3  and 
—  5  :  dierefore 

*  7^5  ^*  co8*-8mx)  ^**  +  X  +  ^) 

^-— '(3  cosa?-sinx)  I  x*  +  —  +^y 

8x10  ^  ^         ^ 

1  /  5x   .     1«\ 

+  — r  (5  cos  xH-sin  x)l  x* tz  +  Tjr:  I 

7x8x26^  ^  13       ^^^'^ 

-^  ^  ^      (cos  X4-2  sin  x)  (  X  +  •:  ) 
7x25^  ^  ^^ 

? — .(cos x  +  3  sin  x)  ( x  +  -   1 


8x  100 


.  ? (cos  x-5  sin  x)  (x-  _)  : 

+  7x8x26*^  ^        13>^ 

the  integrations  being  performed  by  means  of  the  formula, 
f€—'  Xcosmxds  =^-7: — .  <(flCOsm 


(a         dX     -  a*-m* 
^  (a»  +  my    dx*  ^  y 


d'X 
da* 
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(G6).    Let  — --^-^+-^-^ _.  +  12y«:x. 

The  roots  of  the  equation  ti*-8tt'  +  23u*-28tt+12  =0, 
ire  2,2,  },  S  :  therefore 

e'/€-'xdx         €^'/€-*'xdx 

"^(l-2r(l-3)       (3-2)*(3~l) 

(67).    Letp-64>p^2\6i^-240y^x. 
^  ^  dx*  dx*  dx  ^ 

The  roots  of  the  equation  m*— 54  u*  —  2l6  w  •-  240  =  0, 
are  —  3,  —  S,  ^  S,  and  9:  consequently,  making  as^3» 
we  have 

_  g-»^{  jC^/^^xdx-^x/^x^dx^/i^x'dr] 

d(-L) 

^-^(ft^'xdx)       \a^'y        ^f^-^'xdx 
■*'  2  </fl»  "*■         (9-a)'       * 

and  since  j^  «  ---j^,  and  j^-  »  -  — , 

have 


12»x9        12»x9* 
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dx 


Make —  =  dt,  and  the  equa^ 

a  +  bx  a. 


^H^->i)^*iB-^>* 


i 


6 


the  solution  of  which  is  given  ab  ^       i^ 


(65).    Let^-19^^ 


d3^  ~;     > 

The  roots  of  the  eqr  \'^ 
—  5  :  therefore  ^ 


1 


d//1 


> 


If 


^ 


1^ 


Xd. 


/+^r 


4  («-a)*  ^  +  [(a  -  «)»  _  ^ j«  fi- 
=  (i  +  r'«)  €»*f  (C  cos  S  *  +  C  sin  5  *) «" 


(69).    Let63/-6jr4^  +  8**^-  x»^  +  ar=0. 


4* 


Make  -tr-^dt,  and  the  equation  becoous 


consequently 


% 


3»7 


> 

P 


u  T'  +  a:  log^JT. 


-4 


^  ^  is  an  odd  number. 

?  u,  and  the  rest  are  included 


^  — Sati  cos  B  ^^sO| 
=^  ^2  f  + 1)  -^  9  admits  of  every  dxfferitU  value  which 

cm  arise  ^rom  integral  values  of  u 

d  P 
IfP^gt4*  +  fl*.  we  have  -r-  =/ii«*— *,  which  becomes, 

N^heu  -s^ssa  cos  ^  ±  a  v/(  -  0  w«  ^y 

sni^  — »{cos(#i- l)^±v/(- l)«in(«- 0  ^}«>rf±  B\/(-l) : 

coHse^uentljr 

"^*  I  2  Jcos(tf#shi^)+g BsfaiC/iJ^sing)  l/^r"^^' ^" ^ jrijcos(fl Jfsin  ff) 
! JT^ 

**<»•<  j  gil8in(g^sing)-gBco8(gJsina)}/€~^''^^Zd3:sin(flJsin(?) 

' — attet* 

*c. 
,  and  since  J=^na'"^'  cos  («-l)  ^=— wa"  — *  cos  cr, 


(fi3).    Juet 


4f* 


me 


?10^+»§ly=€' 


Tl^jB  rpQU  of  the  oqiwtion 

II*— 10  u'  +  62ti*— 210»  +  261  =  0 

are  «+5  v/'(-l),  2-5  v/(-»).  VS,  «  af  the  fonn 

s 

a  +  ff  ^{- 1),  a-/S  ^/l:-l),  «  Mwi  « :  therefore 


_  €«*  \  *ft-'*  Xix-ft-**Xxdx  \ 


•    '       "  (a-o)«+/3» 

_  2  (g -g) «'*/«"'* Xtf  J 

til'  \  g(g-ra)/3*»q^j?4-  [^--(a-ay]/gao8/9j  iy6-°'yrf»sin/9« 

+ "  4  («-«)• /3«  +  [(a-a)»-^J' /a* 

sc  (tf  +  f' «)  t*' +(C  cos  S  *  +  C  sin  5  *)  «" 


(69). 


.    Let6«-6x4^  +  3a*?^- x»^  + *=P 


'^' 


</«• 


«/«» 


<{« 


Make  -■«.  s«  </^,  and  the  equation  becomes 

X 

consequently 


I 

j 


i  * 


^ 
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^--^ 

(70).    Let  --^  +  a"  y  S5^,  where  «  is  an  odd  number. 
ax^ 

One  root  of  fr  +  a*=:0»  18  — a,  and  the  rest  are  included 
in  the  quadratic  fornxula, 

u*-8au  cos  e  +  i^ssO, 
where  (^  =  (£i  + 1)  -^ »  admits  of  every  diWerttU  value  which 

can  arise  from  integral  values  of  i  • 

If  Pett"  +  a*,  we  have  -;-  =«»»—',  which  becomes, 

when  »s/i  cos  6  +  a  y/{  —  l)  sin  #, 

=fij»-»{cos(«-l)a±^(-l)sin(ii-l)d}B^±By/(-.l): 

roasequently 

fscMtf  I  2  Jccis(tf#rinO)+2 B»to(/tJ-sing)  | /•'^•'^~^jri«co8(fl*sin^ 
;3q:^g5 

■xco»»  I  g^8in(tfj?sing)-gJBco8(aJ8ing)  {/c'-^^'^^ZdysinCa^sin^Q 

kc. 

.  and  since  A^na!''^^  cos  («  — 1)  ^aa  — nn*""*  cos  tf, 
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JBsEBa"-' sin  (n-l)  fl=«a"-' sin  «,  and 
4^  +  B*  Sift*  «••-%  we  find 

y       nor-"' 

QX  COS  9 

J.^ --{cos(e  +  axsme)/€^'"'^^Xdxcos{mxAn&) 

+  sin(a  +  arsina)/€'^**"^^2rrf«8,in(axsin«  J  -&c.  : 

«  + 1 
the  number  of  terms,  including  the  first,  bepg  — ^  . 

Euler.  Calc.  Integ.  Tom.  II.  p.  1189. 

(71).    Let  — ^  —  a*  y  5s  X,  where  n  is  an  odd  number^ 


In  this  case 


«  = ! — j€—'Xdx 


^^''''^^     }  co8(6  +  ax8in6)/6""**^**-Yflrxcos(flX8in«) 


/i/i* 


+  8in  (a  +  ax  sin  a)/«    "*^*  JTif  x  sin  («*  sin  a)+  8lc,  | 
where  ^  =  — -^  ,  and  the  number  of  terms  including  the  first 


n 


is  5-±i.     Euler.  lb.  Art.  1192. 


(7^).    Let  -^  -  y  =  cos  ar. 


•.  J/  = /6-'cos  j:rf*  +  -— /f'cos  xrfx 


r 
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•f  -  {  sin  x/(fiM  xydx— cot  X  ./coax  sin  xds  \ 


=  tf  ^  +  tf'6  — '  +  -  COS  X 

8in  X  /^  ,  X    ,   sin  2  a7\       cos  x  /^,      cos  2  xX 


ss  re'+r'c— '  +  r,  sin  x  +  c^cos  x  '\t 


X  sin  dr 


The  factors  of 

1— tt 
are  included  in  the  formula 

1  -  2  u  cos  d  -f  tt*, 

2  iir 

where  6  = :  by  substituting  u  =:  cos  0  ±  ^(  -  J )  sin  (?, 

n  +  1 

d  P 

in  -; — »  and  reducing  the  result  by  making  sin  (ii  + 1)  B^sO, 
du 

cos  (ii+  l)^=:l>  and  therefore  sin  n  Bss  —sin  By  and  cos  n^ 
8  cos  Bf  we  get 

-^±  i»V^(-  1)=  --^(n+l)(l+2cos(>)  ±5(n+i)  x 

stn(^(l-^2cos6)         _        ^j  ^-  +  5«  =      f^+'^\  : 
1-cosa  «(1  -  cos^) 

consequently 

«  s 1! — e'^^'sin-^sin  1(3  0+2  *  sin  B)x 
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/«— «-  •  Jf  rf  ff  €08  (« AM  ey—cos  -<»»4.«*8mf)jr 

/€-'«■«  irrfx  sin  (X  fiin  a)|  — gcc, 

making  ^  succesaivcly  equal  to ,  — -— , >  kc., 

"  '^  n+ln  +  in+1 

as  long  as  it  continues  less  than  tr. 

If  n  + 1  be  an  even  number,  \\u  \%^  factor  of  *P,  and 

2 

we  must  add ^^'  f^ Xdx  to  complete  the  integnl. 

i»+l  -^  re 

Euler.  a.  Art.  11 94. 

(74).    Let  uT  =  y  +  ^?^  +  1^  +  &c.  i«  infinitum. 

ax      dx^ 

where  -X  =  a  +3*  +  ^ /tf*  + rfx» +^4f*  +  &c. 

Let  v  =  il  c'  ^  ^  cos  {x  sin  ^  +  4>)  ^^  >Q  integral  of  the 
equation 

where  ^  aid  ^  are  any  angles  whatarer :  then  we  hare 

y  =  («  -  #)  +  (*  ^  2  f )  X  +  (c  -  8  c/)  *•  +  (rf  -  4  f )  «» + acc  • +w 

==  X  -^  ^  +  il  €'«••  cos  («  sin  ^+^). 
Euler.  i3^.  1198. 

(75).    Let -T  _  y  +   ^^   +  — j-^- .^^ 

■  n(«-l)(«-2)<fy   .   , 
1  .  2  .  S  rfx» 
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In  dtit  case,  the  factors  of 

1  +  „„  +  ^L^Llll «.  +  &c.  =  (I +«)• 

i    •  « 

t 

are  equal  to  each  other  :  therefore 

1.2  -^ 

1.2.3  ^  ^     y 

If  X  =  «^',  the  integral  becomes, 

«-._£lZ! — f.  — Ll! — f     u^i,    jM^. 

^      1  .2.3. -fi  ^  1  .«...(«-!)*   '  ^* 

+  &c r,»,x+f,  J  . 

Euler.  3.  Art.  1200. 


(76).    LetJr  =  ^-- 


M  («  — 1)    dl/ 


a          1  .  2a«    ix 
. .  x-  — , 


whose  factors  are  contained  in  the  formula 

0*— 2tf  (tf— 1^)  cos  2  ^+(a  — ii)% 

where  2  ^  =:  — ;- :  the  integral  it 


n 
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[tiaise-axtmi  «)/«-«"<*••  Zdx  cos  (a  *  on  2») 
+  co8(«»--««Mn««)/«-««'<»«"«*X<l«8in(«*8iii«»)  \  +8ce. 


putdi^  for*  the  values -,  ~,  — ,  &c.  as  long  asAejr 


continue  less  than  -  . 

2 


If  X  be  an  eten  number,  we  must  add  the  integral 

n 
tin  sz  oDy  and  a  =  n,  the  equation  becomes 


and  its  integral,  when  ^  =  —  is  indefinitely  small^  and  thcw- 


lir  .    , 

n 

•m 

fore  ax  Bm^Ozs^ivx,  is 


y  =  4f  IT  J  cos  (2i IT  x)/X d X  An  (2  i ^ x) 
-.sin(«iirx)/Xdxcos(2iT»)  J  +  &c. 

omitting  those  parts  of  the  expression  lirhich  are  indefioitelf 
smally  and  putting  1,  2,  S,  &c.  successirely  for  i.  Euler.  K* 
Art.  1206,  1209. 


(W  u.x  =  ,.,<lrJ).^ 


n{n-\)(n-i)in-S)    d*y 
1  .«;  3.4....a«      *  3?    • 

2a«  ' 
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and  y  s  4-  ^^^^^^^^*'"!  {  sin  (a  jr  tan  £f)/Xdx  co«  {a  x  tan  0) 

-  cos  (o X  tan  e)fXdx  sin  (ax  tan  ^  }  -&c. 

writing  successively  for  0  the  arcs  —,—,—,  8cc.  as 

long  as  they  cootioue  less  than  3;  the  tenns  being  alternately 

9 

+  and  — . 

Un  =:<»,  and  ax=e  n,  the  equation  becomes 

Since  ^  is  in  this  case  indefinitely  small^  we  have  cos  Bs^l^ 
and  tan  $ss6 :  consequently 

y 

—  =  sm  i>/Xdx  cos  ^— cos  4>/Xd»  sin  ^ 

-  sin  3  ^fXdx  cos  3 0 +COS  8  ^fXdx  sin  S  0 
+  sin  5  ^fXdx  cos  3  ^-cos  3  ^fXdx  cos  5  ^ 
-•-  &c.  in  infinUttm^ 

m 

where  0  = , 

If  €  zz  b  >/(— 1),  we  have 

"       1  . 2  .  *•</«•       1  .2.3.  4  *•</*• 
and  the  integral  gives 
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where  ^  s  'itl^     Euler.  a.  Arte.  121 1.  1214. 


XI.  On  the  integration  of  equations  of  the  second  and 
higher  orders,  which  satisfy  the  criteria  of  integrability. 

If  'u  be  the  complete  differential  of  u\  and  if  we  put  f  ^ 
jr.,  x„  &c.  5f..  5f„  5f„  8cc.  for  Jj?,  d^x^  4Px,  &q,  ijr,  ifj, 
^  y,  &c.  we  shall  find 

^  ^  rf^  +  J.^  «  d-:^  +&c.:;:a  (J). 

dx         dx,  rfr,  dor,  : 

Oy  O^i  ^».  rfj^3 

the  number  of  equations  being  equal  to  the  number  of  vari- 
ables in  u. 

If  u  result  from  ttuo  successive  differentiations  of  t/,  whose 
order  is  therefore  inferior  by  two,  we  shall  likewise  find 

dx^  4x^  dXi  dx^ 

3 2tf--—  +  Sd*^ 4d*-,—  +&c.=0.         (4), 

^Vi  dy^  rfr,  d^, 

If  u  result  from  ^Ar^  successive  differentiations  of  ti'y  we 
shal)  find,  in  addition  to  equations  (1)^  (2),  (3),  (4), 

^  -  3rf^-  +6d'^  -  10</»iL  +&c.=0,        (5). 

0*a  »J^3  WJT^  aXj 

du       o  jdu    ^  ^  j.du        ,^  jidu       «         ^         .^^ 

«i^«        tfy,         "5^4  «y5     • 

and  so  on. 

These  equations,  which  are  denominated  equations  pi  C9n^ 
dition^  were  discovered  by  Euler. 


1 
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^78),    Let  ussxd^tf—yd^x; 


du  du      ^   du 

du  du  j^^    du  _ 

dy  dy,  rfy. 


Coniequently 


du         jdu      ,    i,<i«  »2  ri 

rf  - —  4-  cT-p-  =— jr,  +  a*xssO. 

«y       dyt        ay^ 

The  function  i/  is  therefore  a  complete  differential, 

and  i/ssxdy^ydx. 

(79).    Let  i/=dp*£?^+(a  +  2)xij/djr  +  (ay  +  2*)f/jr« 

+(axy  +  aF*)i*jr. 

rf4^  =:(a  +  2)(«Jy,  +yrfx)+2(ay +  2  jr)rf^i 
ax, 

-^9  Ti{ady  +  2  d  x) 

rf*  :r^=  a(xi*y+2  dxdy+yd^x)  +2  xd*x+2  rf x*: 
a  X, 

//^  =  (a+2)  (xdx.+x,*)  =  (a  +  2)  (xx.  +  ri-) 

«yi 

rf*  T^  =  2  (x</x.  -f  j,»)  =  2  (x  X,  +  Xj*). 
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It  is  readily  shewn  that>  by  the  ^ubstitutiQn  of  these  quan- 
tities^ the  general  equations  (1)  and  (2)  are  satisfied :  and 

(80),    Let  «^  =  (a  jr  —  2^)  ^^-2  dy^  +  ^a  dy  dt 

In  this  casej  we  shall  find 

du       jdu    .   j^du       ^ 
ax         ax^  axg      * 

d  u  id  u 

yL^  2d!t!L  =sO: 

dx^  dx^ 

du        ,du    .    j^du       ^ 
dy         dy,  dy^ 

consequently  u  results  from  two  difierendaticHis  of  u'\  irfiidi 

=oxy— y*-fC. 

The  test  furnished  by  these  equations  is  of  uqiver^ 
application,  but  the  laborious  operations  which  it  usoallf 
requires,  render  it  expedient  to  seek  for  other  conditions  of 
greater  simplicity,  at  least  for  those  cases  which  are  of  most 
frequent  occurrence*  Thus,  if  we  take  the  general  equatioii 
of  the  second  order, . 

u^Edx^^ildxdy+Rdy^+Sd^x^Td'y, 

we  shall  find,  from  the  preceding  general  eqf^atiom  of  C9n^ 
tiony  whenever  u^di/,  that 

Pd  S     T>       dT      t  ^      dT      dS  ... 

dx  dy        •  dx      dy 


407 

If  5  SB  0)  or  if  dx  be  cionstaat,  tbe  equations  of  condition  are 

dy         dx        ay        dar 
(81).    Letti=:(jr*  +  a:y)*»y-y»rf*« +*<fy» 

+  (2  dP  —  y)  dydx. 

d  S 
In  this  case  Ss  —  y^  and  P=  ^aO:  the  other  conditions 

(a)  ate  also  verified^  and 

u=z{x*-{-xy)dy-y*dx  +  C.     - 

All  the  conditions  (a)  are  satisfied^ 

and  i/=  2x^y''dx  +  ^dy  +  C. 

X 

Any  equation  of  die  second  order,  and  of  the  first  degree 
with  respect  to  d^y^  in  which  dx  19  constant,  is  reducible  to 
the  form, 

^Pdp'{'Qdx)dx^9udx^f 

by  making  dy^pdx  and  therefore  d^y-^.dpdx :  the  function 
P  dp  -h  Q^x  win  arise  from  the'  differentiation  of  u'  ai 
/^  P  dp^Vj  where  F"  is  a  function  of  x  and  y  only,  whenever 
\re  have 

i/»0       rf»P     .  2rfP  ^    £fP^  ,    . 

dp*       dxdp        dy         dydp 
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(85).    Let  uda:^-{2»^d^'^x^^dx)iPji+xdy*^ 
(y+x^)dy*dx  +  (2  +  3y)*yrfy</x*+j/»d«», 
•'.  P«2  xyp+a/^y  and  (2«=*p'+(y  +  x*)p* 

The  equations  («)  and  (/?)  are  satisfied  and  therefore 

u^^fVdfAt  V 

Differentiating  i#'  and  comparing  it  with  u^  we  find 

dV        dV 

-J—  (2  :r+-7—  dy^^dxAr  S  xy*  rf  v,  and 

a  A*  dy 

.*.  V-rzx^  +  C  :  consequently 

*(84).    Let  ttssS  ax*p*dp'-bxdp'\-Sax*f^dX''bpdg 

-i-expdx+cydx. 

The  equations  of  condition  are  satisfied  and 

u'^fPdp-\-V^ax^f-bxp^V^  and 

- — dx  +  -y^dysscxdy-k-cydy;   •%  ?^sic4Py+C. 
ox  ay 

Consequently  w'zzn  x^p^ — ^  x/>+r  x  y+C. 

Particular  equations  of  condition  have  been  investi^ited 
for  the  equation  of  the  third  order, 

Pdx^+Qdx^dy+Rdxd'y+Sdxdy* 
+Tdyd'y^Vdy^  +  Zd*y=0, 
and  formulae  given  for  its  integration,  when  these  conditions 
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m 

ite  Mtisfied :  this  subject  hbweVer  has  sdfeady  exceeded  the 
limits  consistent  with  the  object  of  this  work,  and  we  are 
therefore  compelled  to  omit  them. 

XII.    On  the  Integration  of  Differential  Equations  of  the 
second  and  higher  Ordersi  by  means  of  Multipliers. 

The  equation 

where  Q,  R  and  S  are  functions  of  «  and  y  ovlj,  is  integrable 
when  multiplied  by  the  factor, 

*  =•  » 

where 

fp     ^^*  ^  ^y  dy        dy^       dxdy 

/  d^  dx     ^ 

if  the  fdUowing  equations  be  satisfied : 

1st,  -7—  c=  Jfe  and  therefore  Tdx  -^^  Qdy  intigraUt 
ay       ax  •%•    ^         o 

Si, 

2d,  OS  +  i?  =r(ij-r)  +  4^  - 1^. 

dy  dx        dx 

(85).    Let  ^•yd'y+2iifVrfy«  +  (2x+Sxy)<ixrfy 

•••  fi=  - »  -R=» ^ ,  5  SB      5  consequently 

y  xy  x^  ^       ' 

T-\f/{TdX'\'Qdy)^logx*y*ziidz9X»t/'. 

S  F 
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Maltiplytng  the  equation  hj  t^y*  and  integndng  ai  in 
Ex.  8S,  and  84,  we  find 

(86).    Required  the  factor  necessary  to  make  the  equation 
d^y-^Jdydx+Bydx^zz  Xdx* 

m 

integrMe  per  se. 


Make  d'y  sspdx  and  multiplf  hj  V  ss/(x)%  then  we 


hare 


F'dp  +  JFjfdx  +  BFydx^FJTdic; 
the  integral  of  which,  by  the  method  in  p.  408,  is 
Vp-^SzsfVXdx:  consequently 

dSsz-pdF+JFpdx+BFyd* 

dF^ 


dy(A  F-iL^  +  BFy  dx. 


which  is  integrable^  when  F'sc'%  which  gives 

S  m^A'^d)^  y,  if  we  likewise  hare 
M— fl)tfr:B  or  a^-^Ja-^B^O. 

We  thus  get  the  first  integral  of  the  equation,  which  ifi 
making  A^a^b, 

dyJ^bydx^€-"dxf^Xdx^ 

which  is  linear  and  of  the  first  order :  consequently  multi- 
plying by  €**,  >where  b  is  the  second  root  of  the  equation 
a^  —  Aa-^  BzzOf  we  find 

y  =  _L_  «— /€«  J[Jx  +  — L_  .-Vf**  X  dx. 

Euler.  Calc.  Integ.  Tom.  II.  Art.  865. 
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(«7).    LctX=^y  +  B*^+C**^  +  2^x>^.  (a). 

ax  dx^  dx^ 

Let  the  factor  which  renders  the  equation  integrable  jty/r  se, 
be  x^ :  suppose  the  integration  performed,  and   we  get 

fx'^jrdx^A'x^^'y  +  B'x^+^^^C^'^^^.    (3). 

dx  dx* 

differentiating  thij  equation,  dividing  by  x*'dx,  and  com- 
paring the  result  with  equation  (a),  we  find 

C  =  (x+3)C'+B' 

D  =  (A  +  4)  Zy  +  C-  C :  contequently 
<A  + 1)^=4 

<A  +  l)(A  +  2)B'=(X+l)5_^ 

(A  +  1)  (A  +  2)  (A  +  3)  C'=(A  +  1)  (A+2)  C-(A+1)  B  +  ^ 

(A+  1)  (A  +  2)  (A  +  3)  (A  +  4)  lysrfA  +  1)  (A+2)(A  +  3)  D 

-(A  +  l)(A  +  2)  C+(A  +  i)  B-i4»0. 

If(A  +  I)(A  +  2)(A  +  3)I>-(A+l)(A  +  8)C  +  (X  +  l)B-4 

=  D  (A-ra)  (A-*)  (A-f)=P,  then  x*,  a*,  «•, 
are  severally  the  factors  inquired. 

If  we  divide  equation  (^  by  «*  +  %  we  get 

an  equation  similar  to  (a)  in  form,  but  whose  dimensions  tre 
inferior  by  unity. 
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If  ve  treat  equation  (y)  in  the  same  manner  as  (o)  we 

thall  find  that  the  values  of  \,  in  the  factor  f\  are  determined 
from  the  equation 

which  results  from  the  division  of  P  by  A  — a  :  consequently 
QtaD  (A— A)  (A  —  c)  :  and  the  factors  are  x*  or  af.  We  thus 
get  the  equation 

ax 


X— *— * 


which  is  of  the  first  order  :  a  similar  process  will  give  us 

or  jDj?t/  =  — r-^ + 4 r 

If  XsOy  the  equation  becomes 

the  denominators  being  included  in  the  arbitrary  constants 
C,  C,  C". 

It  is  evident  that  the  same  method  of  investigation  noj 
be  pursued^  whatever  be  the  order  of  the  original  equation. 

This  very  elegant  process  is  given  by  Euler^,  who  has 
developed  the  complete  integrals,  when  any  number  of  the 
roots  of  P=:0,  are  equal  or  imaginary. 

The  same  illustrious  analyst  by  the  research  of  factors  of 
the  form  PdxA-  Qdy,  Pdx^  +  Rdxdy-^-  gJy%  &c. 

*  Cah.  hueg,  Tom.  II.  Art.  122(J. 
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where  P,  Q^  Ry  &c.  are  functions  of  x  and  y,  has  sncceedad 
in  the  integration  of  several  equations  of  the  second  orderi^ 
which  resist  all  other  methods :  ve  shall  subjoin  two  or  three 
of  the  most  remarkable,  omitting  all  detail  of  the  processes  of 
deducing  them^  which  do  nojt  admit  of  any  material  abridge- 
inent. 


(88).    Let^  +  2dy(i+-^) 


n(n^\)ydx      ^ 
«*  +  *•       *    ' 


The  m\dtiplier  is 


and  the  integral  * 
Euler.  It.  Art.  89S. 


»~i 


<89).   Let 8 iiyd^y-4jiirfy*-y  +  *^** (!+«*)  *   -lO. 
The  factor  is +  i— ^ — 2 — S.,  and  the  integral 

y  f 

adx*      2axdxdy       a  (1  +  j?*)rfy* 

y*  J/*  y* 


n4-1 


L.y»  +  «Jj«(l+:r*)  «    =CJx\ 

Euler.  Nw.  C«wm.  P^njp.  Tom.  VII.  1761.  p.  17S. 


(90).   Letrf^y  +  ,    v'^/^/'l^    ^.«0> 
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The  h(Mf  is  ^  dy (a  +2 bx  +  £ X*)  -  Syrf*(4  +  c«) 
and  the  integral 

ax*^  dx 


J(tf  +  2ftj:+rx«) 


+  cy'  ^  a 


t    d*y         fl'y         ^ 

If  the  equation  be  —  +  ^-^-j^  =  0, 
the  first  integral  is 

if  we  make  y=MX,  we  shall  find 

rf£  du  »y(l+u*) 

where  the  yariabjes  are  separated,    Euler.  Ofpascula,  Tom.t 
p.  8«.  Calc.  Integ.  Art.  906. 

(91).    Lety^d'y'hydy^^axdx*: 

^The  factor  is  Sydy^Saxdjc^  and  the  integral 

y^df'-'Saxy^dx^dy+a'fdx^+a^x^dx^zz  CdxK 

Euler.  iVw.  Comm.  Petrcp.  Tom.  VII.  p.  IQO. 


On   the   Integration  of  Simultaneous   Differential 

# 

Equations. 

fXh    ^^"^  ^^  simultaneous  equations  of  the  first  order  be 

Adx-\-Bdy^{Cx-;^Dy)dt>sTdt\ 
jl'dx  +  B'dy+{C'x+D'y)dt  =  rdt) 
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m^eie  Af  A\  B^  B^  C,  C,  D  an4  ly  are  constant  qiian* 
titles^  and  T  and  T'  are  functions  of  t. 

Eliminate  dy  and  dw  successively  from  these  equations 
(a\  when  n^e  get 

da'\'(flx  +  hy)dt^  edt\ 

09). 


^S 


^{a'x^b'y)dt^e'dJ^ 


Multiply  the.  second  of  these  equations  by  m^  and  add  the 
result  to  the  first :  assume  m^  and  m^  to  represent  the  two 
values  of  m  in  the  equation 

*  +  »'« 
m= J 

and  make  tf+^^a^rx,  tf+^ifi^ztrg,  B-^tn^&^V^ 
and  ^  +  w, ^=:F, :  then  we  have 

from  which  the  functions  of  /  which  are  equal  to  x  and  y  may 
be  found. 


(2).    Let 

Adx^9dyJ^{4i^X'¥4t9y)dt^tdt 
S  if +7  iy  -t-(S4  ar+d8y)  d 


t;=^^dt) 

x  +  {^x  +  %/)  dt^O  /— 9  eO  dt\ 
+  (Ax  +  5y)dt^{4^'-St)dty 


I*)- 


OJ). 


If  in  m  *"»  we  find  miesli  and  iii«s  —4,  and 

5  +  m 

...  y+xzi€-f*f%*'(AtS^di 

=  ^'*     -T  +  T-9' 
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y^4  xa/.f-'/**  (40  e'-51  <)  i^# 
Consequently 

If  the  two  diflPerential  equations^  (o)  for  (fi)  correspond  to 
two  curve  surfaces  whose  co-ordinates  are  «»  y  and  /  respec- 
tively) the  equations  (y\  (^^  are  tho^  of  the  curves  resttldng 
from  projecting  orthographically  their  conunon  intersecdoa 
upon  die  planes  of  y  /  and  x  t. 


(S).    Let  dx  +  {5x  +  y)dt  iz  ^ dt 
dy  +  (Sy  —  x)di  ■=  €^d 


')■ 


In,  this  case,  we  find  m  =  -^ ,  and  therefore 

HI,  =  m«  =  1 :  we  thus  get 

ar+y  =  C€-^  +  -  +  -: 

o        o 

Find  the  value  of  x  in  terms  of  y  and  /  from  thb  equa^ 
tion>  and  substitute  it  in  the  second  ttf  the  two  difierential 
equations^  and  we  find 

dy  +  4fydt  ^ce^^dt  ^ — -  +  ~- — , 

and  /•  y  =:  - — ! +  —  +  I — . 

(4).   Let  us  take  the  linear  equations  of  the  second  order. 
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2d^x   .  dx 
d 


r    ^  dt  ^     ^  df^ dt  ^  ^        ' 


^  +  96  4f  -  9  X.  +  ^  +  50  4ii  +  1 5  y :.  a 
df         .    dt  di^  dt^       ^ 


m*  +  m  +  I  +  o  (w»  +  m  +  1)  =a  Oi 
i*  +  96m-9  +  o  (!»•  + 50111  + 15)  =  O)/ 


Make  j=€*»,  and  y =a  c"^ :  we  thus  get 

2  m*  +  m  +  I  +  o  (w»  +  m  +  1)  =a  0] 

Eliminating  a,  we  get  the  equation 

m*  +  4m»— 7  m*— 22111  +  24=0. 

The  values  of  m  are  1,2,   —  3,    —  4,  and  the  correspond- 

,          r             -4— U-16          .—29 
ing  values  of  a  are ,  ,  ,  and :  conse- 

3  7  7  IS 

quently 

4       ,       11       „       16       _«      27     ^_^^ 
^  3    '  7  7  iS   * 

(5).    Let  us  take  the  three  linear  simultaneous  equations 
of  the  second  order ; 

df^  dt     ^  ^    de    ^   dt 

_48y+— --^  +  2«=0.       (1). 

+  250  y  +  ^  +  ly^  ^  36  2=0.        («). 
ar         at 


dt  di^  dt 


dt^ 

So 
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Make  *  =  €^,  yssa  e*',  x=i3^,  which^ve 
2i»i»— 18m  +  58  +  a(3f»«  +  3f»-48)  +/?  (m*-3  l»  +  2)=0,' 
l«•+4S  m-2S4 -a(23iw*— fii-250)+i3(m*+17i»-36)=0,>. 

3iii*+n  m-  )28-a(l2iii»~2iii-  130)-/8(m*-  18m+18)a:0 
Eliminate  a  and  /9  from  these  equations  and  we  sliall  find 
iw*- 7  m*  +  7  w*  +  35  m^-^SS  m*-28  m  +  48  z=  0- 

The  values  of  m  in  this  equation  are 

1,  2,  3,  4,  —  1,    -»  X, 
from  whence  we  find  the  values  of  a,  which  are 

*>  *1*  **        If  *>  3f 
and  of  0  which  are 

1,  2,  I,  -1,  3,  2: 
consequently 

Paoli.  EUm.  J*,  ^/j^.  Tom.  II.  p.  236. 


.— ' « 


(6).   LetiAx  +  By+Odf^  +  AteCx  +  B^efyiBO] 
{J'x  +  Ry  +  C)dt*  +  J.'d^x  +B, 


Eliminate  d^  y  and  cf"  x  successively  from  these  equations^ 
when  we  get 

(ax  +fty  +c)di'  +  d"  X  =01 
{ax+  l/y  +  /)dt*  -f  rf»y  =  0^  * 
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Multiply  the  second  equation  by  m,  add  the  result  to  the  first, 
when  we  find 

Make  m  =  i±Jl!?,  and  ii=x  +  my  +  i+Jjl^  con- 
a  +  a  m  ^       a  +  a' m 

sequently 

If  we  make  a^afm^  — *%  we  shall  find 

«  =  C€»'  +  C'«-*'. 

« 

If  ifij  and  m^  be*  the  two  values  of  iw,  we  hare 

a  +  a  Iff,   ^ 


-  (3  X  +  4y— S)  rf<'  =s  O,  ^ 
+  («  — 8y  +  5)d/*=0  ) 


(7).    Let  d^  J?  -  (3  X  +  4y— S)  rf<'  s  O, 

The  values  of  m  are  —1,  and  -  4  :  and  therefore 


X  ss  i  H-4r,€«  +4f.€-~  — arjcv/rr  _^^^^v^ 


(8).    Let  (2ox +  36 y-7S)rf/»-lld«x-8d*yaO 
(l6x  +  23y-46)d/»  -  7rf"x-5d»y=0 

Eliminating  J^y  and  d*  x  successively,  we  get 

d*  X  -  (3  X  +  4  y  -  3)  rf/»  =r 0^ 
rf*y+(x+y  +  5)d<«  =  0        r 
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In  this  €a6e>  we  find  f9f|S=m,s=£:  consequently 

In  the  second  of  the  given  equations*  substitute  for  x 
its  value  derived  from  this  equation,  and  we  get 

d^y  —  ydt*  +  (18  +  <:»€{  +  c^€-')dt*  =0, 

the  integration  of  which  gives 

+  Sl^l^K-'  ^  IS. 
4 

It  would  occupy  too  much  space,  if  we  were  to  attempt 
to  exemplify  all  the  forms  and  cases  of  simultaneous  equa- 
tions which  admit  of  integration,  which  is  less  necessary  as 
the  methods  generally  resolve  themselves  into  those  which 
have  been  given  before  for  the  integration  of  linear  equations; 
the  subject  however  is  of  considerable  importance,  as  such 
equations  frequently  occur  in  the  solution  of  dynamical 
problems. 


On  the  Integration  of  Differential  Equations  by 
Series  and  hy  Approodmation. 

( 1 ).     Let  dy+jfd  x=ax^dx,  in  which  x = c,  when  y =4. 
Assume 

where  /=x  —  f,  and  therefore  xzzc  +  t. 
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Substituting  for  y,  dy  and  x^  in  the  original  equation 
and  equating  corresponding  coefficients^  we  find 

a  =  1, 

B^  2 . 

C  = ^-^ ,&c. 

(2).     Let  dy+x dy—my d x=:0. 

Making  the  same  assumptions  as  in  the  Jast  Example,  we 
find 

=  C(l  +«)*. 

(3).     Let  d*^  +  «ia;*-'rfA*=  0: 
Assume 

y  =  ^  *"  +  5x"  +  ^+  Cx^  +  ^^  +  Stc. 

Substituting  the  value  of  y  and  (2*^,  in  the  equation,  wq  find, 
by  a  comparison  of  the  terms  of  the  result,  that  we  must 
make  a=0  or  a  =  l,  and  also  Z  =  m:  from  these  two  hypo- 
theses  we  deduce^two  series  for  y^  which  combined,  furnish 
the  complete  integral  of  the  equation :  or 


(2rw— l)i»* 


1.2.3.  («f—  1)  (2  OT-  1)  (3  m-  I)  i?i» 


+  &C. 


} 
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C.         («  +  l)m       1.2     (i»+l)(2f»+l)j«* 

^^"^ +&C.? 

1  .2  ,3  .  (iiH-l)(2m+l)(Si»+l)«'  } 

Euler,  Calc.  Integ.  Tom.  !!•  Art.  931. 

Mr.  Spence,  the  author  of  an  Essay  on  Logarithmic 
Transcendents,  has  deduced  the  same  solution  of  this  equa- 
tion,  by  means  of  his  General  Series  for  the  integration  of 
linear  differential  equations  of  the  second  order,  of  which  it 
affords  an  easy  and  satisfactory  exemplification  :  he  has  ap- 
plied the  same  method  to  several  other  cases  of  the  general 
equation,  which  have  been  considered  by  Euler,  where  one 
or  both  of  the  series  for  y  fail,  in  consequence  of  involving 
terms  which  are  infinite  :  the  Memoir,  in  which  this  method 
is  explained,  may  be  seen  amongst  the  Posthumous  Works* 
of  this  original  and  able  Analyst,  which  have  been  arranged 
and  published  by  Mr.  Herschel. 

Both  the  series  for  y  fail,  when  fi}=(0);  in  this  case  the 
equation  may  be  integrated  by  the  method  given  in  Ex.  38. 
p.  384,  which  gives 


y 


^Axi^^^i-Kj^x^'^^*-^, 


which  becomes,  when  tf  =  •-  , 

4. 


y  =  {A  +  A'logx)  ^x. 
If  i»  ss  h  9  where  i  is  a  whole  number,  the  first  series 


f 


fails  and  the  second  when  m=  — : :   in  both  cases,  assume 

t 

y^p+cq  +  qlogxs^p  +  qlog  C x, 
where  q  is  the  particular  integral  of  the  equation,  furnished 


*  Spence^  Mathematical  Essays^  p.  315.  IS  19. 
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by  that  series  which  does  not  fail :   the  substitution  of  this 
value  of  y  in  the  original  equation  gives  the  equations^ 

tPq  +  aqar-^dx^-O,  (a.) 

d*p+  -^^11^  +apjr-^dx^:::0.    03) 

the  second  of  which  will  determine  the  value  of  p  by  means 
of  a  series.    Euler.  3.  Art.  934, 

(♦).    Let  ^/•y  +  ^Jd£  =0,  where  «=  1. 

X 

In  this  case 

*  I  1.2       l.fi'.S        1.2«.3«.4^  V 

The  equation  to  determine/?  is 

ax*      xdx      x^        X  ^ 

Assuihe* 

p=:J  +  Bx  +  Cje*  +  DA^  +  &c. 
and  we  shall  find 

2*  P.  2*'  l».ft'.3« 

making  £  =  0}  and 

y^p+cq-^qlogx. 
Euler,  i?.  Art.  9S5. 

(5).    Let  d-y  +  ^|^*=  0,  where  f«  =  -  1  . 

If  y^p-Vcq-Vq  log  X,  we  find 


4^4 
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^*'*  X-I  +  &C. 


The  equation  for  the  determination  of  p  is 

If  p=ir*+^V*'+^+Cj:-J  +  Dx-'+£x-f+&c., 
we  shall  find 

.,      ^      -r       ^       r-       ^  '^-'^^ 

K!?!iiil?li,&c.if  B=o. 

Euler.  /*.  Art.  938. 

(6).  Let  d'y-'C^x^ydx^zzO,  which  is  the  same  equation 
as  in  Ex.  3. 

becomes 

^     d^q-^^cafdxdq+mcar-'qdx'^O.  (/5.) 

If  we  assume 

y  =  iljr  +Bx  ^         +Cjp  +olc. 

and  make  o=0  and  assl,  successively,  we  shall  find 

^  -  "*  1         mCi»+l)       1  .2.m(2wi  +  l)(w+l)' 
1  .2  ^3  .  ni(2w+l)(3m  +  2)(»f+l)'  > 
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L  («  +  2)(w  +  l)  "^  1  .2(w  +  2)(2i»  +  8)(m+l)* 

_        (i«  +  g)(8m+4)(5ifi  +  6)c»A^"  +  ^  g^^  > 

^  1  .2.d,(wi  +  2)(2iii  +  3)(3m  +  4)(m  +  l)»  "*"       '5 

If  we  make  m=  —  2  Aj  the  equation  becomes 

•  and  we  find  y  zzq/^  *r=^x«        ^^^^     :   ^ 
if  we  assume 

^  z=  ^x'^  +  Bx^^^-^H-  Cx^'^-^  +  2)/^""^+  &c. 
and  determine  q  from  the  equation 

rf*j+2fx""*^dxJ^-2\fX~^''""^^dx«  =  0, 
we  shall  find 

^      x(x-l)x^'''"^ 


=  ^{x^- 


2(2A— l)c 


X(A-l)(3X-l)(8x-g)  ^5X-« 

x(x-1)(3X-1)(3x~2)(5a-2)(5\-S)t^^~'  j.  *  ^ 
—  «,4.6.(2X-1)»<»  +  »c-  ^ . 

The  last  series  is  finite  whenever  x  =  — - —  •  or  m  = 

. :  in  all  these  cases  therefore  we  derive  from  it  a  par- 

ticular  integral  of  the  equation,  in  finite  terms. 

If  we  denote  those  terms  of  this  particular  integral,  which 
involve  the  even  powers  of  ^  by  P  and  those  which  involve 

3  H 
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the  odd  powers  of  r  by  r  Q,  we  shall  find  the  complete  in- 
tegral or 

C  iF  «  mm  i-f     ■   ■     ■ 

1/     /'U-1 


since  r  must  have  a  double  sign. 

The  integrable  cases  of  the  equation 

depend  upon  those  of  the  equation  of  Riccati :  for  if  we 
make  ysze^^,  we  find 

du  +u^dx  =  (*x^dx^ 

which  is  integrable  whenever  »  =  —  ^  .  ^    , .     Euler.  iJ. 

Art.  944. 

« 

(7).    Letd?^y— c*ar-"*yiiar*=:0: 

In  this  case  a  =  1,  ^  =  Axyfpdx  ==  —  -,  Pzix^  and 

C  =  o. 

.•.  y  =  j  ilc  — '  +  JU'  }  X. 
Euler.  /i.  Art.  946. 


(8).    Letd^y-^yx-'^dx' =0: 

P  =:  ri,  and  g  =  — j:  consequently 

9  C 


i 


.1 
1 
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Iftf*a:-^,  we  find 

yss{J  cos  3(xi  +  ^  sin  3ixi)j:i 

+  ^  (A'  cos  3  b x^-  Asin  S  i x^). 
Euler.  jS.  Art.  947. 

(9).    Lctd^y  +  *»yar""'''ydx*asO, 
.'.  y=  (x^ -j)  (-4  cos  5  ft  x^  +  -4'  sin  Skx^ 

4-  —7  jf'"  (ui'  COS  5  6  x^—jI  sin  5  ft  x"*"). 

* 

Euler.  It.  Art.  9^9. 
.    (10).    Leti*(fl+*x»)rf'y  +  x(f  +  ^jf")djrrfy 

If  ve  make  x" = z,  this  equation  becomes 

we  may  therefore  confine  our  attention  to  those  cases  of 
equation  (fi),  in  which  na  1. 

Assume 

y  =  ^x"+5x"+VCx"+%&c.; 

and  substituting  for  y,  dy^  d^y  \n  the  original  equation  (/?), 
when  nsl,  we  shall  find  A  indeterminate,  and  that  o  must 
be  determined  from  the  equation 

a(a-l)fl  +  ac+/=0:  (3). 

the  two  values  of  a  furnish  two  series  for  y  which  combined 
furnish  the  complete  integral  of  the  equation. 
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One  of  these  series  will  terminate^  when  we  find  that  in 
addition  to  equation  (3)^  we  also  have 

Euler  by  diflferent  transformations  of  the  equation  (fi)^  and  the 
theory  of  multipliers,  has  found  9  different  cases  in  which  this 
equation  admits  of  complete  integration  in  finite  terms*. 
The  same  subject  has  also  been  completely  discussed  by  the 
German  analyst  Pfaff,  who  has  generalized  some  of  the  inte- 
grable  cases  of  Euler  f. 

The  integration  of  differential  equations  by  means  of 
series^  of  which  we  have  given  several  examples^  will  likewise 
be  a  method  of  approlimation,  when  those  series  are  con- 
vergent, at  least  for  those  values  of  the  independent  variable, 
which  come  within  the  limits  of  the  calculation  :  this  how- 
ever is  not  always  the  case,  and  the  series  rarely  admit  of 
such  modification,  as  may  increase  their  convergency. 

Methods  of  approximation  were  made  use  of,  even  in  the 
very  infancy  of  the  Integral  Calculus,  particularly  by  the  two 
Bemoullies,  and  Taylor,  which  principally  depend  upon 
what  has  been  termed  the  geometrical  construction  of  differen- 
tial equations  :  however  elegant  some  of  these  methods  are, 
they  cannot  be  considered  as  a  substitute  for  the  processes  of 
exact  calculation. 

Euler  has  given  methods  of  approximation  dependent 
upon  the  series 

V  =  A-k-  A^ -+  A^ ^  +  A. f-  &c. 


*  Inst.  Calc.  Integ.  Tom.  II.  Cap.  VIII.  Comm.  Petrop.  Tom. 
XVIL  1773. 

f  Disquisidoncs  Analytiac^  HelnisM.  1797.  p.  135. 
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where  A^  J^,  A.  A^t  8ic.  are  the  values  of  ^,  -^ ,  —-^ ,  &c. 

ax     ax* 

when  X  =s  Uf  and  where  two,  three  or  a  greater  number  of 
them  are  considered  as  arbitrary,  according  as  the  differential 
equation  is  of  die  first,  seconds  third  or  a  higher  order.* 

(11).  Let  dyssdx  (x^  +cy)f  and  suppose  y=&,  when 
X  =  a ;  then  we  have 

A^b 

"^  sz  x^^cVf  .:  A^ssa^-j-cbf 
ax 

ax*  ax 

4^  =  n(it-l)«*-'4-r^,  .-.  il,  =  n(n-l)a—-« 
Jx*  ox* 

+  nci^'-'^  +c^i^  +  c^b,  &c. 
Consequently! 

«=*  +  (a»  +  i'6)(x-d)  +  (ii«— '+ra«  +  c»ft)^^  +  &c. 

If  we  make  x  — o=:A,  a  very  small  quantity)  we  shall  find 
yssb'y  when  x  =  (i  +  A  or  a' ;  these  values  may  be  substituted 
again,  and  a  new  value  of  y^b"  corresponding  to  xs^  +  A 
or  a\  may  be  determined  :  it  is  evident  that  the  same  pro- 
cess may  be  continued  as  long  as  we  please.  Euler.t  Ca/c. 
Integ.  Tom.  I.  Art.  661. 

(I2),    Let  d*y  + =  0,  supposing  that  y  =  ft,  and 

€  X 

» 

— 2  — ^j  when  X  n  ay 

d{  X 
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ax*  ex  ea 

dy 

o'y                dx       '       .        b—ac 
-— —     juj  ^    _ j^g 

oa*  ex*      '  *  ffl*   ' 

Consequential 

^  ^  flf    1.2  fa»      1.2.3 


Making  X — a=A,  a  small  interval,  and  x=a'=:tf +  A|  we 
find  y^b'i  and  -^^  =  ^'>  and.  so  on  by  successive  substitu* 

dons^  we  may  find  an  approximate  value  of  y  for  any  given 
value  of  X.     Euler.  lb.  Tom.  II.  Art.  1098. 

This  method,  however^  though  of  easy  application,  fre^ 
quently  fails  in  giving  the  approximation  to  sufficient  accu- 
racy^  in  consequence  of  the  accumulation  of  errors,  introduced 
after  each  operation :  it  fails  entirely,  when  any  one  of  the 
coefficients  A^^  A^^  ^,,  &c.  becomes  infinite  or  extremely 
large,  for  any  value  of  x  employed  in  the  process  of  approxi- 
mation. 

Lagrange  has  attempted  *  to  remedy  these  inconveniences 
by  expressing  y  in  terms  of  a  continued  fraction :  this 
method  has  the  advantage  of  always  terminating  when  y 
is  expressible  in  finite  and  rational  terms,  and  leads  in 
general  to  a'  certain  and  frequently  rapid  ^approximation  :  but 
the  equations  from  which  the  quotients  as  terms  of  the 
continued  fraction  are  obtained,  become  very  complicated 
even  in  the  most  simple  cases)  The  integrals  of  some  equa- 
tions which  he  has  expressed  in  this  manner  lead  to  results  of 
ancommon  elegance. 


*   Metiioircs  dt  Ber/in.   177(5.  p.  236. 
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The  method  of  approximation  which  is  commonly  caOed 
that  of  successivi  substitutions j  combined  with  the  ordinary 
processes  of  integrating  linear  and  other  equations,  is  that 
which  admits  of  the  most  extensive  and  important  applica- 
tions :  it  is  this  method  that  is  so  much  employed  in  works  on 
Physical  Astronomy,  in  which  alone  it  can  properly  be 
studied. 


On  Partial  Differential  Equations, 

In  a  subject  of  such  difficulty,  as  the  integration  of 
partial  differential  equations,  it  would  be  useless  to  multiply 
examples  to  any  great  extent,  unless  they  were  accompanied 
with  the  principal  steps  in  their  solution :  we  are  compelled 
therefore  to  omit  the  exemplifix:ation  of  several  important 
parts  of  this  subject,  or  at  least  to  notice  them  in  so  slight 
a  manner,  as  to  serve  rather  as  a  guide  to  the  student  in  the 
course  of  his  reading,  than  as  furnishing  the  materials  from 
which  a  perfect  knowledge  of  the  theory  may  be  obtained. 

A  considerable  number  of  examples  with  their  solutions 
have  been  given  by  Mr.  Herschel  in  Note  O,  to  the  Trans- 
lation of  Lacroix. 

I.     On  Equations  of  Total  Differentials,  of  the  form 

Pdx  -h  Q^dy  +  Rdz  =0, 
which  satisfy  the  criteria  of  integrability. 

^  a-^z      a-^z       (fl  — z) 

In  this  case,  we  have 

dP  _  ^  _  _i.     IZ  =  £:^  =    y 

dy   ^  dx       a — z*    dz        dx       {a  ^  zf^ ^ 
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and 

dQ      dR  X 

d  z        dy       (fl  —  z^  ' 

consequently,  considering  z  as  constant,  we  have 
and 


-=/{«-^:i='^- 


therefore 


tf  —  Z 


V^{x'  +  y*+z»{  x*+z* 

Considering  z  in  the  first  place  as  constant,  and  proceeding 
as  before,  we  find 

n/  U'  +  y*+  2*  J  +  tan-»  f  +  i*  =  C. 

II.    When  the  equation 

Pdx  +  Qdy  +  X</z=:  0,  (a). 

« 

does  not  satisfy  the  criteria  of  integrabiUty,  but  may  be 
made  to  satisfy  them  by  means  of  a  multiplier,  ^iirhich  can 
only  be  the  case,  when  the  equation  of  condition 

Idz         dy  i>      ^  Idx       dz  3 
obtains. 
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Or,  if  the  equation  (a),  is  reduced  to  the  form 
dz  =:pdx  ^qdy,  (7.) 

the  equation  of  condition  becomes 

from  which  the  equation  (/?)  may  be  readily  deduced. 

For  it  b  evident,  if  ;;  be  a  function  of  x  and  y  considered 
as  independent  variables,  that  the  second  member  of  equa- 
tion (7)  must  be  a  complete  difierential :  and  the  equation 
(2)  is  the  expression  of  that  condition,  p  and  q  being  con- 
adered  as  functions  of  2,  x  and  y. 

The  process  of  integration  is  to  consider  one  of  the  three 
variables  as  constant,  and  to  apply  the  rules  of  integration 
which  are  given  for  equations  of  two  variables. 

(S).     Letdxiy  ^  z)  -^  dy{x  +  z)  ^  dz(x  -{-y)^  0: 

The  equation  (fi)  is  satisfied :  make  therefore  s  constant, 
and  we  have 

dx(jf  +  z)  +  rfy(»  +  z)  =;  0, 


or 


+  Jl. 


Oi 


X  +  z     y  +  z 
therefore 

log  («  +  z)  +  log  (y  +  2)  =/(«), 
or 

(x  +  z)(y  +  z)=:Z. 
Differentiating  this  equation,  we  find 

rf«(y +  «)  +dy{x  +  z)  +  i/;r(x  +y  +  ^z)zzdZ; 

consequently 

dZ  ss  iz  dz,  and  Z^  z*  '\-  c:    . 

S  f 
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we  thus  get 

(*  +  y)  (y  +  2)  «s  z*  +  r,  or  X  jf  +  X  X  +  y  jt  a  r. 

Eulec^  Cole.  Iftiig,  Tom.  HI.  Cap.  l.  Art.  12. 

(4).    Let  rfx  +  rfy  +  £/«  +  (X  +  y  +  z)dz  =0, 
therefore^  x  +  y  ssfiz)  =  Z:  consequently, 

dZ  +  Zrfa;  =  — rfjB  —  a;iiz. 

therefore 

Z=rt— '  -  «  esx  +  y, 
or 

(x  +  y  +  z)/  =  r. 

(5).     Let  «rfx(y  +  z)  +  iy  (x  •*-  Sy  +  « z)  +  rf«  (x  +y)  bO  : 
therefore 

(a?  +  y)*  (y  +  «)  =  ^-    Euler.  i>.  Art.  11. 

(6).    Let  'rfx(fly  — 6z)+rfy(rz— flx)  +rf»(**  — ry)asO, 
therefore 

iJLzlj  =  r.        Euler.  /*.  Art.  13. 
cz  —  ax 

Other  examples  are  given  by  Euler,  which  are  remarkable 
for  the  artifices  of  analysis  which  they  exhibit. 

III.     When  the  equation  (/^or  S)  is  not  satisfied.  • 

In  this  case,  the  second  member  of  the  equation 

dz  zzp  dx  -f  qdy, 

is  no  longer  a  complete  differential,  unless  we  cease  to  con- 
sider X  and  y  as  independent  variables,  and  assume  one  of 
them  equal  to  an  arbitrary  function  of  the  other ;  it  then 
becomes  an  equation  between  two  variables,  and  may  be  inte* 
grated  by  the  ordinary  processes  for  such  equations. 


The  integral  will  thus  be  exhibited  by  a  system  of  two 
equations^  which  are  necessarily  indeterminate^  as  they  both 
inyolye  an  arbitrary  fanction. 

As  the  integral  in  the  former  case  might  be  considered 
as  the  equation  of  a  determinate  cunre  surface,  so  in  this  case 
it  may  be  considered  as  the  equation  of  an  infinite  number  of 
curves  of  double  curvature.    ' 

(?)•     \j^^t  dz  ^ayix -V  hdy. 

The  equation  of  condition  is  not  satisfied ;  assume  there- 

d  X 
fore  y  s  -j-r  s  X\  where  X  is  an  arbitrary  function  of  jr ; 

dx 
therefore 

dt^aX'dx  +  hdX\ 

and 

z  =  tf  X  +  6  JIT'. 

The  system  of  equations 

y  B  X'  and  2  e  a  JT  -h  i  X', 
constitute  the  integral  of  the  proposed  equation. 

(8).    Let  %dx  +  xdy  +  ydz  =  0. 
Make  y  ss  X,  and  we  shall  find 

(9)-    Let  rfs*  B  ^{dx^  +  dy").        {«.) 

Make  y  constant ;  consequently  we  have 

dztsady^        .\  z  zzay  +  JIT,  where  X m/(x), 

zni  dz=ai/y  +  rf2r=:tfrfjf-f  X'dx; 

substitute  this  value  of  d  z,  in  the  given  equation  (a)j  mid  we 


2dy  = 
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adx      X'ds 


X'  a     '  . 

The  condition  expressed  by  the  equation  (a)  is  satisfied 
by  any  curve  of  double  cunrature,  whose  tangents  male  a 
given  angle  with  the  plane  oi  xy\  thus  the  straight  line 
determined  by  the  system  of  equations 

X  ss  bz  -^  c  ♦ 

zji^iijz^n  ^  d, 

a 
will  satisfy  the  equation. 

Monge,  in  the  Mimoires  de  PAcadcmiedis  Sciences  icfr  17S4» 
has  given  general  solutions  of  this  equation  and  of  others  of  the 
same  class,  which  do  not  involve  an  integral  sign,  and  which 
therefore  furnish  any  number  of  algebraical  solutions :  the 
reader  who  wishes  thoroughly  to  understand  the  theory  and 
geometrical  character  of  those  equations,  would  do  vrell  to 
study  this  Memoir. 

IV.   Partial  differential  equations  in  which  the  differential 

dz 
coefficient  -;-  is  given  in  terms  of  j:,  y,  and  s. 
dx 

(10).    Let  4^  «  a, 
dx 

Euler,  Cole.  Integ.  Tom.  III.  Art.  $3. 
(11).    Let^  = 


m 

,••  «=j^.ifitt— 'f  +  0».        Euler, /i^.  Art.  48. 
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(1«).    Let  li  =      ** 


dy      a"  +  y 


t» 


•  • 


=  xtan— '2  +  ^x. 


(13).    Let^^y, 
ax      z    - 

.'•  :s  s  v^  }  2 xy  +  02^  I  •      Euler,  Ji(.  Art.  d6. 


(14).    Let^«JS!:<2lzJl), 
ax  z 


.*•  dx  ss 


zdz 


Euler,  lb.  Art.  57- 


(15).    Letjf«lf, 

.-.   ;«  =  «» ^y.        Euler,  li.  Art.  61. 

(16).     Let  *T-  s:  n  X  -  2.  See  Ex.  p.  329. 
ax 

.\   z;  -  » (x  —  1)  4-  •"•'* y-        Euler,  B.  Art.  62. 

(17).    Let  -f  =  -T~.  •  See  Ex.  p.  325. 
ax      X*  +  «•  "^ 

.•.  log  z  =  —-.  +  0y.  Euler,  3.  Art.  6S. 


(18).    Let  ^=  if. 
ax       ay 


.-.   log;! 


2ay 


+  ^yi  or  if  z  s  ^,  when  x  s  a, 
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then  we  hare 


log! 


x^-ra' 


£uler,  I^.  Art.  69. 


2  ay 


-  -f  ^y. 


(19).    Let^'«-JL- 
ax      f  +  s 


or 


dx  — 


jtdz      zdz 

y 


•'.  •    9{x  -^y  +  r)  ss  0y,  or  if  z  «  *,  when  x  as  «, 
the  integral  may  be  put  under  the  form 

€— r(«  +  y  +  z)—  «"r(a  +  6+y)  =  ^y. 
Euler^  JJ.  Art.  70. 

(«0).    Let^^  =  J^., 

.-.  tan— f-ton—f  :*tan~«!LL=J^r=^« 
y  y  y^-^xz       ^^ 

or  if  z  ss  1/9  when  x  =i  a, 

tan—*  ^4 ^  -  ton—*  ^ if  =  ^  v, 

y«  +  x«  y*  +  X*  "^^ 

Euler,  J0.  Art.  71. 


V.    Equations  of  the  form 

where  p  =^  >  q  ^  3"***^  ^>  ^  J^  ^'^  quantities  any  Imw 
involving  the  variables  Xfjf^  2. 

The  following  theorem  of  Lagrange  will  enable  os  to  inte- 
grate a  great  number  of  equations  which  are  included  tinder 
this  very  general  formula ;  **  if  we  integrate  the  equations 
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Pdx^q^y^O.  (a). 

or  Qdz  --  RdyzzoS         ^' 

and  make  the  integral  of  the  first  (a)  s  a,  and  of  the  second 
09)3=3,  then  the  complete  integral  of  the  proposed  equation  is 

where    ^    denotes    an   arbitrary    function."      See  Lacmx, 
Art.  314. 

The  success  of  this  method  will  depend  upon  one  at  least 
of  the  equations  (a)  or  (/d)»  involving  two  variables  only  :  the 
integral  of  this  wilt  enable  us  to  exterminate,  if  necessary, 
one  of  the  three  variables  from  one  of  the  remaining  equations, 
after  which  it  may  be  integrated  in  the  ordinary  manner. 


::} 


(21).    Let  aj9  +  ftf  =  1  ; 

The  equations  to  integrate  are 

ady  "  bdx  =:  0' 

adx-^     dx 
and  therefore 

ay  ^ix  S3  a 
az  —    «  s  /9. 
Consequently,  since  P  ^  ip  («),  we  have 

X 
2f  5=  -  4-  ^'(a  y  —  ft  x). 

The  solution  is  the  equation  of  all  cylindric  surfaces 
whatever  be  the  nature  of  the  base.  Monge,  Applicaiion  de 
rAnahfSi  i  la  Giometfit,  p.  5. 

(22).     Letp  =  2:£; 
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.•.  z^ipfU^  log  jV 

Euler,  Cak.  Jnteg.  Tom.  UL  Art.  97. 
(23).     Let  px  •¥  qy  ssO. 

.-.  a  a:  ^  V  /  •        E^er,  3.  Art.  139. 

This  equation  expresses  the  condition  which  is  fulfilled 
by  all  curve  surfaces,  which  are  generated  by  the  motion  of 
a  straight  line,  which  is  always  parallel  to  a  given  plane,  and 
which  always  passes  through  a  given  line  at  right  angles  to 
that  plane.    Monge,  A.  p.  22. 

(24).  Let  Xp  +  Yq  =  Z,  where  JT,  Tand  Z  are  func- 
tions  of  X,  y  and  z  respectively, 

(«5).   Let  «»^  +  »•  f  =  ^^!^^i-±-^ ; 

2 

...^(l+z-)+i  =  ^(^y). 

(26).     Let  />  +  7  =  -  i 

.•.    z  ss  i«0(jr  —  y).         Euler,  /A.  Art.  129. 

(27).    Let  mpx  •\-  nqy  ^  a^ 

.-.  5?  .=  ^ .  log  y  +  ^  (  —  )  .        fiuler,  U.  Art.  141 . 
n  ^y  ^ 

(28).    Let  q=^^  +^i 
^  y      ^ 

The  equations  to  integrate  are 

ydx-\-xdyss:0,  and  dz-  U  ,dy  ^0, 


• 


441 

Conaequently  or  y  s  a»  and*  the  second  equation  becomes 

1/2  —  y    y  cc  0,  which  ff^es ; 

.-.    ;r  s=  Jl  +  0  (apv).  '  Euler,  /i.  Art.  152. 

The  same  process  is  foUowed  in  most  of  the  eiamples  which 
follow. 

*(29).    Let  p»  -¥  g  z  4-  ^  s  0 ; 


(SO).    Letp-f-%  =  ', 

»        2 


*'«'*  +  ^(D 


(31).    Ltty*q-xyp^~^; 

(3«).     Let/iy  +  jrJt -Bz; 

.-.  za=<*  +  y)4>(x»  — y"). 
Euler,  3.  Art.  195. 

(33).    Let  ;>(*  +  y)  +  j(y  -  *)  «  ». 
The  equations  to  integrate  are 

(x  -h  y)  dy  —  (y  -  x)d»  «  0. 
(x  -¥  !f)dz  —  «i/t  s=  0, 

(y  —  x)  rf  z  —  z  d  y  =  0. 
3  K 
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The  first  gives 

tan—* log>/  {  ^  +  y*  i  =?  «. 

the  form  of  which  prevents  our  exterminating,  without 
extreme  difficultyt  y  at  x  from  the  second  or  third  equa- 
tions ;  make  therefore,  since  the  equations  are  homogeneous^ 

xssi z  and  y  zzuzi  the  first  equation  gives  —  =  ^-^  >  smd 

the  second  —  =  . : 

z  t 

consequently,  we  have 

ii^^^,  or /•4-«*=:^^^-i^=/5j  therefore, 
u  t  z* 

2  =  v^(x>  +y)«  { tan-'^-  log  >/(x'  +^')  \ . 

Euler,  a.  Art.  196. 

(S4).    Let  /?  (x  +  y)  —  g  (JT  +  y)  =  z. 
By  a  similar  process,  we  find   • 

2  =  i^^» 0(x  +  2/).     Euler,  J>.  Art. 206. 
(35).     Let  p(x  -  2y)  +  9(2*  -  Sy)  =  «; 


# 


.•.2;=:  Jl_L^  (r  -  y)\     Euler,  /*.  Art.  207- 
*  -  y 

(56).     Let  pxz  -h^yz  =«y; 

...    2.=:xy  +  0(p. 

(57).     Let  r  -  z  =  (/I  -  x)p  +  (6  -  y)  y  ; 
...   l:ii  =  ^{iJI^|. 
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The  solution  is  the  general  equation  of  all  conical  svr- 
faces.    Monge,  App/icatiott, p.  10. 

(38).    Let  (y  —  ^ z)p  --(x  --  az)  q  zzbx  ^  ay  \ 
we  hence  get, 

(y  —  b%)dy  +  (r  - /i  z)  rfj?  =  0,  (1). 
(y--  iz)dz  -  (]bx^ay)dx=iOf  (2). 
{X—  az)dz  +  (bx^  a y)dy  =  0,         (3). 

Multiply  (2)  hj  a,  and  (3)  by  b,  subtract  the  products, 
divide  by  6  j:  —  a  y,  and  we  get 

dzA-  adx  +  6  Jy  =0,  or  z  +  ax  +  *y  =o. 

Again,  multiply  (2)  by  x,  and  (3)  by  y,  subtract  the  pro* 
ducts,  divide  by  *  «  —  a  y,  and  we  have 

z  dz  -{•  X  d X  +  ^  </y  =  0,  or  i*  +  y*  +  z'  :^  /^. 

consequently 

X*  +  y*  +  z*  =  0  (z  +  a  X  +  ^  y) 
which  is  the  general  equation  of  all  surfaces  of  revolution. 
Monge,  /6.  p.  21. 

V.  Partial  differential  equations  containing  four  or  a 
greater  number  of  variables. 

The  principle  and  method  of  integration  employed  for 
equations  of  three  variables,  may  be  readily  extended  to  those 
which  involve  four,  or  a  greater  number  of  variables. 

dz 
(39).     Let    nu  +  px  +  qy  zs  az,   where  n  =  -j— ,   and 

du 
«  =/(^j  Vf  «)• 

In  this  case,  we  have 

udx  ^xdu  =  0,  (1). 

n  J  y  "  y  d  u  s:  Of  (2). 

udz—a  zdu  =i  0,  (S-). 


from  vkkh  we  gttt 

^  rs  a,  2  =  ^,  -   =  y, 

consequently^  since  7  ss  ^  (a,  /3),  we  have 
(40)*    Let  tf/7  +  *f  +  r»=:0i 

■ 

(41).    Let  p*  '¥qs  -fn«=:aa  +  fJ^; 

(42).    Let.(i/  +  w)/>  +  (or  +  t<)  ^  +  («  +y)»  =  O; 

.•.  dx  ^dy  ss  yLZ — .^  rf«,  or = -^' 

^       jT  +  y  *  +5        y-* 

Also  dl^4-<fy  +  Jtf=:^^^"^J^"*'^^^",  and  therefore 

j?+y™    2(*H-y  +  z)  y-«    ' 

.-.  (x  -^  y)*  (*  +  y  +  ti)  =  a,  and  in  the  samfe  manner, 
(x  -  tt)*(*  +  y  +  a)  =  /3,  and  since  dz  =  0,  and  2  =  7, 
we  have 

2  =  0  H«  -  yyc*  +  y  +  «*)»  («-«)'(«  +  y  +  «)  I  • 

Euler,  B.  Art.  488. 


(43).    Let  (z  +  y)ii  +  »p  -h («  +  M)f  =  i#  +  y ; 
.••  «  +  y  +  «=:y»0  [(xz-^xy)^  (xy^xu)\  . 
Paoli,  Elementi  {  Alg.  Vol.  IL  p.  874. 

VL    Equations   in  which  the  differential    coefficients 
p  and  q  exceed  the  first  degree- 
Consider  f  as  a  fttnction  of  p^  x,  y^  z»  and  substitute  for 

--£  and  •>  in  the  equation  of  condition, 
dx     •   dz 

we  thus  get  a  partial  differential  equation  of  four  yariables 
Pf  X,  y,  Xf  which  being  integrated  will  furnish  us  with  a 
▼alue  ofp,  and  therefore  of  q  in  terms  erf  jr,  y,  2,  and  an 
arbitrary  constant  a ;  substituting  these  values  of  p  and  ; 
in  the  equation  dz  =^pdx  +  q dt/i^  and  integrating)  we  shall 
find 

/(^>  y,  2:,  aJ  =  ^Bs^aj 

from  which  a  may  be  eliminated  by  the  ordinary  processes  of 
the  Differential  Calculust  when  a  particular  value  of  <p  is 
assigned.    Lagrange,  Mem' di  Berlin,  1774. 

Other  methods  of  solution  have  been  given,  particularly 
by  Ettler,  which. thoi^h  less  systematic  and  general  than  the 
preceding,  yet  frequendy  lead  to  the  results  in  a  more 
simple  manner. 

(44).     het  pq  as  I. 

Making  -^  =s  &,  and  -r^  es  q',  the  equation  (2)  becomes 
dx  ay 

consequendy,        dp  bs  0^  and  p  =^a. 
Again,  since  rf«  —  ^rfx  —  ydy  »  0, 
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we  have  dz  ^  adx ^aO, 

a 


and  a  —  o  x  —  ?f  =  0  =  0  (a). 


a 


and      X  —  ?L  +  0' a  Bs  0,    where   ^'^  =   jl^^** . 
Thus,  if  ^  a  =  a,  we  find 

Euler,  JJ.  Art.  8S. 

(45).     Let />•  +  5'*=  1- 
By  making  -^  =  i/,  we  get 

consequently  Jp  =  0,  p  =  a,  and  the  integral  is  found  by 
eliminating  a  from  the  equations 

Z  ^aX  -^\/(l  —  a*)  -  0a  =  0, 
X  — jSl +  0'  a  &=  0* 

Euler,  2}.  Art.  90. 

(46).     Let  q  =  xp  +p*i 

.'.  j'  -  (*  +  ^p)p  -p'rl  ^  p, 
we  hence  get  y  —  log/?  =s  a,    » 

2-A/>-^    =0o  =  0(l/-  log/?) 

and  J^  +/?+-.  0'(2/  -  log  p)  =  0, 
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(47).    Let  y  =5  p»  ;5 ;  eliminate  o  from  the  equations 

(48).    Let  q^p^xt^T^, 
consequently 

q'  -^xy^z^pp'  ^p^xy'x'fif:=zp*xfz^  +  Sp'xy^z\ 
from  which  we  get  the  equations 

2x«— £  +  (a  '^3px)dx=z  0, 
P 

2dz  —pdx=z  O; 

putting  — -  for  p  in  the  second  member  of  the  first  equa- 
tion^  and  dividing  hj  %x  z,  we  get 

dp      dx   ^    3dz 

-i-  +— -  +  =  0} 

p        ^x  z 

.'.  pxi  z^  ^  a,  and  q  =  — |L ;  substituting  for  p  and  jr  in 

z 

the  equation 

dz  -^pdx  —  qdtfssO, 

and  integrating,  we  get 

z*      -        ^        a*t/* 

4  ^  3  ^  ' 

2  v^  X  +  ^-^  +  0'  a  =  0. 
3 

The  same  method  of  solution  will  apply  to  any  equation 
of  the  form 
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,  =  p»X  r  Z,  where  X,  r,  Z, 

are  functions  of  x,  ^,  z,  respectively. 


(49).    Let  z 

==apq. 

we  hence  get 

which  gives 

% 

—  ss  a* 

and            2  ^/z 

X 

2  at      ^ 

y       -  A'a  =  0. 

Thus,  if  ^  « 

=  ^a,  we  get 

,  =  ,+£lt.        Eul< 

Euler,  /6.  Art.  1S6. 


'  (50).    Let  y  ?•  =  x^fj 
by  the  common  process,  we  find 

jj;  — alog«— 2av^y  -  *«  =  0,1 

log  j:  +  2  v^y  -h  ^'«  =  0,J 

* 

or  ar  =:/(logjr  +  2v^y). 

This  example  properly  belongs  to  those  given  in  Sect.  TV. 
p.  4<38. 


r.4..% 


(51).    Let?=^; 


3<^ 


Euler,  /6.  Art.  166. 
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(52).    Let  J  sr  -Lf  +  -  ; 

y      P 


s  ^  a  X  y  —  -  log  y  —  ^  o  =  0,  i 
xy  —  —  log  y  +  ^'a  =0.        J 

a 


(53.)    Let  p  ar  -H  j^  =  if  p  9  ; 

^  '^  ^p  —  J/       ap  -  y 

consequently  ^  —  j/  p  =  a, 

al«o/{  J2-/>i/x  -^rfy  }  =  2  -xp  +/(jvdp-qdy) 
as  z  —  x  p,  since  jp  rfp  —  g  rfy  =  0  ; 

/.   z  -  or/?  -^  ^  (^  -  yp)  =  0, 

^  +  (^/^-y)«'(^  -^p)  =0.1 

Euler,  It.  Art.  139. 

(54).    Letpy*y  =  fl«; 

.'.  dz==  pdx  -^  dy;  maket—  = /, 

^  />iy    ^  z 

and  f  =  — 7-  ; 

,                   iii/y      tii/jr       u*dx  ^ 
we  thus  get        ^-il  =  -v- 5 

*  y  ^z  X 

.-.  fllogy  =  2«v^2-t*Mogar-/dw{^-/«-2t«logx}  . 

Make  v/z  —  i*  log  j  =  ^'  w ; 

'  3  L 
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.'.   alogy  ^2u ^z  —  «• .  log X  —  2 0 1/, 

=  rf"  log  r  +  2  ti  0'  u  —  2  0  f/. 
Euler,  a.  Art.  218. 


On  the  Integration  of  Equations  of  Partial  Diffe- 
rentials of  the  Second  and  Higher  Orders. 

I.    Equations  of  the  form, 


dxdy  dx  d  x*  dx 

where  P  and  Q  are  functions  of  i:*and  y, 

m 

/i\     T  ^     d*z 

%^fdxfdy(x^y)^^ll^^  +4>x  +  ^y, 

where   i>x  and   yf^y  are   arbitrary  functions    of   x  and    y 
jrespectively. 

(2).     Problem.     To  find  the  tolume  of  a  cone  whose 
altitude  is  h  and  the  radius  of  whose  base  is  a. 

Let  z  =  w  v^C-J?'  +  y*)  =  -  \/(j^  +  y')>  be  the  equation 

of  the  cone ;  then  if  u  be  the  volume^  we  have  (Lacroix, 
Art.  246.) 


d  X  dy  a 
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du 


•  • 


^^=W(a  -0  +  27^°8{ ST 5' 

integrating  between   the    limits    y  :=  +  V  (a*  —  *•)  and 
^=— V^(fl*-x*)5   and 

u  =: ,  the  integral  being    taken  between  the  limits 

«  =  +  fl  and  X  =  —  a* 

(3).    Prob.    To  find  the  volume  of  an  ellipsoid^  whose 
equation  is 

X*       V*       z*        , 
«»  ^  4'  ^  c«  -    ' 

du  _  wci  /     _  x^X 

(*»»l=V(-?)"l=-\/(-?)' 

f*  =  -i I  from  -=:+lto-=:—  11, 

S        V  a  a  / 

and  for  the  whole  ellipsoid,  on  both  sides  of  the  plane  of  xy, 
we  have 

^  ^ir  ahc 


(4).  Prob.  The  axes  of  two  equal  cylinders  intersect 
at  right  angles  ;  to  find  the  volume  of  the  portion  which  is 
common  to  both. 

Let  z*  +  y*  s  0*,  and  x*  +  t/*  s  0%  be  the  equations  of 
the  cylinders ; 

jy-^-z-v^l^  -y  }, 


•  • 
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%'*^'-M^=*:^^-p,]^ 


U  = 

S 


'- h=ii}- 

and  the  whole  volume 

16  a* 


(5).    Pr.ob.     Wkh  the  data  as  above)  to  find  the  sur- 
face of  one  cylinder  which  is  intercepted  by  the  other. 


If  »  be  the  surface  requited^  we  have 
dxdy       V  \     "^  dx*      dr/'y       ^(a^-r/')* 

dy-^'^' r--v/(«*-»*)5' 

2»  =  8«s...*. {y=l;}. 

(6).  Prob.  Two  paraboloids  of  revolution  have  their  axes 
coincident^  but  the  vertex  of  one  of  them  is  upon  the  base 
of  the  other ;  to  find  the  volume  of  the  portion  which  is 
conmion  to  both* 

Let  x^  +  y  =  ^  8>  be  the  eijuation  of  the  first  psurabdoidi 
then  X*  +  2/*  =  a'  {b  —  z),  is  the  equation  of  the  second ; 

dx  Sa         ^'  V       -  \/(^  -^)S 


wheKe  ^  =   ;  ——7 1 


u  zz. 


f\1 


3  (a  +  a') 


•{'^-'l' 
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(?)•  P&OB.  The  axis  of  a  given  cylmder  passes  through 
the  centre  of  a  given  sphere ;  to  find  the  volume  of  the 
portion  common  to  both. 

liet  x*  +  2/*  +  z'=fl*  arid  i''+2/*=^%  he  the  equations  of 
the  sphere  and  cylinder  respectively  ;    , 


dxdy 
du 


(8).  Pros.  The  axis  of  a  cylinder  bisects  the  radius 
of  a  sphere  at  right  angles,  its  radius  being  one-half  that  of 
the  sphei^ ;  to  find  the  surface  of  the  sphere  included  within 
the  cylinder. 

If  jr'+  y*+  2'=  fl%  is  the  equation  of  the  sphere,  then 
;c*  +  ^*  =  c  «r  is  the  equation  of  the  cylindef ; 


dx  y   a -h  X     t^       -  >/(«a:  — a-«)3 


tf  s  fr  A  ^  —  2  a 


{'-'-•A 
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If  similar  portions  be  cut  out  from  all  the  four  quadrants 
of  the  sphere,  the  whole  remainder  will  be  equal  to  twice 
the  square  of  the  diameter  of  the  sphere. 

(9).  Prob.  With  the  same  data  as  above,  to  find  the 
volume  common  to  the  sphere  and  the  cylinder. 


•  • 


dxdy 
d 


X  V    a  +  X 

**"    3     i       "F**    C     ""  -  a3  ' 

consequently  the  portion  of  the  hemisphere  which   is  not 
included  in  the  cylinder  is  an  algebraical  quantity  and  equal 

to  ::  of  the  cube  of  the  diameter  of  the  sphere. 

9  '^ 

(10).    Prob.    With  the  same  data  as  above,  to  find  the 
surface  of  the  cylinder,  which  is  included  within  the  sphere. 

Let  i  s  arc  of  the  base  of  the  cylinder 


— rfa: 


.'.   ds  = 


and  uzzfzds^'    I  ^tll-^ --- 

•^  s2*/       y/(ax  —  x^) 

=«•• {'=*-\\- . 

or  the  whole  cylindrical  surface  enveloped  by  the  hemisphere 
is  equal  to  the  square  of  the  diameter  of  the  sphere. 

(11.)      Let    - — —.=:-  -T h  -.;    make  -—.  =  V;   and 

d xdy      y  d  X       x  dx 

integrate  considering  x  as  constant  ; 
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integrate  again,  considering  y  as  constant 

Euler,  Cfl/r.  I„teg.  Tom.  III.  Ai*.  299. 

(12).     Let  -£f_  =  _y_  If  .       « 

dxdy      3*  +  y'dx     1^~+J*' 

Euler,  iJ.  Art.  280. 


(13).    Let^-__if__. 
d  x»      ^^*«  +  y>) ' 

•••    ^=->/(^*  +  y*)  +  1^5', 
z  =  J«ar^(x.+y.)  +  i«y  log.  I  ,+  ^(:t«  +y)  { 

+  X0y  +  ,^y. 

Euler,  JJ,  Art.  23 1 . 


(14).     J^ttl^^_,dz  dj^ 


z  = 


.    d\)       n 
ox        X 


£uler>  7>,  Art   258. 


(15).    Let^ 
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n    dz       a  ^ 

'  -  •  •y-  +  ^-^  \ 
X    ax      xy 

ax      r*  +  ' 

ny       n+l^  ^ 


Euleri  lb.  Art.  259. 


(16).    Let 


d^z 


^x       dz   ,    X 


Jjt*      X*  +  y*    dx      ay 


dfl^ 


9a^ 


Gy'tan-'f) 


Euler.  3.  Art.  260. 


(11).    Partial  differential  equations  of  the  form 


dxdy  dy* 


cTx* 


or  r  -{-  Ps  +  Qt  zzR, 


where  r  = 


d'z 
dx^ 


d» 


d^z 


=:  -= — --  ,  /  =  .,, — ,  and  where  P,  Qi 


dxdy'  '      rfy 
JS  are  functions  of  .r,  ^,  z,  jp,  ^. 

The  following  process  of  solution^  first  given  by  Monge, 
is  of  very  general  application :  Form  the  two  systems  of 
equations. 


dy  —  idx  s=  0 
kdp  +  Qdq  —  Rkdx 
dy  -^  k'dx  =  0 
k'dp-^Qdq-  Rk'dx 


(«). 


(/3) 
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where  k  and  kf  are  the  roots  of  the  equation 

if  from  either  of  the  two  systems  (a)  or  (fi)  we  can  deduce 
either  separately  or  by  adding  any  multiple  of  one  to  any 
multiple  of  the  other^  two  primitive  equations  M^a  and 
Nssi,  then  JVs^(M),  wiU  be  a  first  integral  of  the  proposed 
equation ;  the  integral  of  this  equation  of  the  first  order, 
determined  by  the  ordinary  processes^  will  be  the  second  or 
complete  integral  required. 

This  determination,  however,  of  the  second  integral  from 
the  first,  frequently  presents  great  difficulties,  in  consequence 
of  its  involving  an  arbitrary  function  of  the  integral  of  the 
first  equation  in  the  systems  (a)  or  (^j  it  is  generally 
therefore  more  convenient,  to  determine,  when  jxusiUe, 
another  first  integral  ^  =  0.  (ilf),  from  the  second  of  the 
two  systems  (a)  or  (/3) ;  we  shall  thus  be  enabled  to  eliminate 
poT  q  from  the  two  equations  Ns  ^  (^^Of  ^^^  ^'  =  ^i  i^') 
and  the  resulting  equation  involving  only  one  difTerential 
coefficient,  may  be  integrated  in  the  same  manner  as  the 
Examples  given  in  the  last  Section. 

(17).     Let  ^=r*^.  or  r-r»/»0. 
ax*         ay* 

The  system  of  equations  (a)  and  (/9),  become 
dy  — ^rf  j:  =  0 


--  cdq  zzOj 


dp 


-k-  cdx  =  0^ 

+  cdq  s:  Oj 


dy  +  cdx  =  0' 


From  system  (a),  we  get  ^  -  ^ x  z:  a  and  p  --  cq  :a  b; 
..-./? —  fjf  =  0(y  -  fx),  (I). 


S   M 
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From  system  (/3),  we  get  y  -^  cx^  cfj  and p  +  cq  s:  V, 

.'.  f  -^  c  q  =  yl^  (y  -^  c  x)  •  (2). 

EHminadng  q  from  (1)  and  (^),  we  get 

.••   2  =  0.  Cy  —  ^  J")  +  >^i(2/  +  ^^). 

This  diflPerential  equation  is  that  which  occurs*  in  the 
solution  of  the  problem  of  vibrating  chords^  and  was  first 
integrated  by  D'Alembert  in  the  Berlin  Acts  for  17479  by 
a  process  extremely  different  from  the  preceding,  but  very 
simple  and  elegant'  The  same  equation  was  afterwards  inte- 
grated in  a  different  manner  by  Euler,  who  maintained  that 
the  arbitrary  functions  which  it  involves,  might  be  dis* 
continuous  ;  contrary  to  the  opinion  of  D'Alembert :  this 
circumstance  gave  rise  to  a  controversy  between  these  two 
illustrious  analysts,  which  was  finally  decided  by  Lagrange 
in  favour  of  the  opinion  of  Euler,  in  a  masterly  discussion  of 
the  problem  in  the  Memoires  de  Turin  for  1759- 

(18>     Let  r  ^  c^t  =  xy. 

From  system  (a) j5—ry-  s**y+ -  ra:*=0(y— rx),         (1). 

2  6 

for       /Rdx  z=^fxydx-^x^y^  -fx^dif 

Also,  by  system  (/?), 

/^  +  ^?  -  5  .,»3,  -  g  r  .1'  z=  x/^CV  +  rr) ;  (2). 
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s 

and  z  =  gor'y  +  *i  (y  -  ^  J?)  +  >^i (y  -f  r  jc). 


(^9).     Let  r  +  (tf  +  ft)/  +  a  6f  =  _£-, 

*  ^ 

.•.  (a  -  i)z  s  — ^tzh — 5l*  .  :rv  +  u*.  loe  («  +  y) 

-<-r^(-¥)-««(r^.) 


(£0).    Let  r  -  £i!/  +1^  =  0. 


In  this  case  i^  =  —  ^  =:  i'  and  the  two  systems  (a)  and  (yS) 
become  identical :  they  are 

dy 


•••  *p  —  a  j^  sss  ^  (a  J?  +  6 y). 
This  equation  must  be  solved  by  the  process  in  Sect.  V. 


(-)• 
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p.  438.  aa  we  have  no  means  of  deducing  a  second  eqoatioa 
of  the  first  order,  as  in  the  last  examples ;  consequently 

adx  +hdy  zzO,  and  dx<p{ax  +  bt/)  —  bdz  =  0; 
.'.  ax  •{•  by  ^  a  and  dx4pa  --  bdz  szO, 

or   X  (p  a  —  b  Z  =i  "4^  a^ 

or  2  =  X  0j  (tf  a  +  ^y)  +  >^»  (i» Jt  -f  b^y 
Monge,  Jpp/ication, ....  p.  64» 

(21).     Let  r  +  i^j  +-?Ly  =  0  f 

.\   dy  -r^dx  sz  0^ 

X 

and 

.*.   ^  ss  a,  and  jt?  +  fl  ^  =/?  +  2  y  =:  ^  (  ?  I  j 

and  in  the  same  manner  as  in  Example  20,  we  find 

Monge,  Jpflicatton^  p.  75.    Lagrange,  Mem.  dt  Berlin.  ]7T4# 
p.  278. 

(22).     Let  r  —  -?/  +  'Ct  =  0. 

^  9 

.-.   rf?/  +  ^  rfx  =  0,  or  dz  tsz  0,  and  .'.  9  ss:  cr, 

dp-^^d(p^Q,  or?  =^<z),    . 
7  9 
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and  as  in  Example  2 1^  we  find 

a  =  >^  {  X  0  («)  +  y  {    or  5^  =  V',  (2)  +  J  0,  (z). 


(23).     Let    r  -  f  +       ^  .  =:  O, 

.*.  dy  —  dx  ssO  "J 

<ip  -  da  -f  — ?^  dx  =0A 
dy  «f  dx  s  0 
dp  '^  da  -^  r-£ — ?  ss  Q, 


(«). 


05). 


consequently)  y^xssa  and  the  second  equation  of  system  (a) 
becomes 

'^^  - ''^  +  573-.  =  *>' 

from  which  subtracting 

^y     ((d  y  -  dx)  =  5£ili^  +  il^  -  Jif.  , 
2^  -  tf  2y-fl      2i/— a      2y  -  a 

we  get 

{^y—a){dp'-dq)  +  (2/>-2j)dy  +  2dr  =  0, 

^nd   ,..p-^4--^^  =  »^-^\  (1). 

'^       ^      x+y  x  +  y' 

From  this  equation  we  get 

ds+ds^O,  and  rf»-(^'-yy-^))i^^o, 

or  y  +  X  =  *, 

and  therefore      dz  —  >  ^,  ^  =  r^.^  (2  y  —  *); 

o  0 
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and  ^  =  «"^{>/^W      •J/«"'"^rfy«(2y-*)} 

where  *  =:  or  +  y. 

If  we  had  proceeded  with  the  system  0^,  we  should  have 
got  X  +  jr  =  *, 

and  dp  -h  dq  —,  -£--Z  —  0, 

which  cannot  be  integrated. 

The  differential  equation  in  this  Example  admits  but  of 
one  first  integral,  a  circumstance  of  frequent  occurrence  and 
which  may  have  been  remarked  in  Example  21.;  it  arises 
from  the  form  of  the  primitive  equation  which  admits  of  the 
elimiilation  of  one  pf  the  arbitrary  functions  only,  by  coin-> 
bining  it  with  the  derivative  equations  involving  differaitial 
coefficients  of  the  first  order ;  thus  the  process  in  question 
will  enable  us  to  eliminate  yfy  (x  +^)  from  the  complete  inte- 
gral of  the  preceding  equation,  but  not  the  other  arbitrary 
function  <p{y  ^  x). 

In  some  cases,  indeed,  we  can  eliminate  neither  of  the 
arbitrary  functions,  without  proceeding  to  derivative  equations 
involving  differential  coefficients  of  higher  orders  than  the 
first  and  therefore  the  partial  differential  equation  of  the 
second  order,  will  admit  of  no  first  integral  whatever ;  an 
example  of  this  may  be  seen  in  the  equation 

whose  complete  integral  is 

a:  =  0  (y  +  «)  +  >/r  (^f  -  JT)  -  X  {  0'  (jf  +  *)  -  ^'(y  —  x)\  . 

See  Paoli,  EUmenti  d^Alg.  Tom.  II.  p.  293. 

(24).    Let  jr4-ap  +  ft  j+tf*2:=  T,  where  T  =:/(jr,  y). 


I 
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d  Z 

Make  --=—  +  fl  z  =  v,  which  gives 
dy 

dv         d^z      .   adz 

dx      dxdy        dx  ^  ^ 

and  ''l^  +  iv^r; 

by  the  method  in  p.  329^  we  get 

dy 
and  repeating  the  same  process,  we  get 

z  =  i-— ^0*  +,-*'>/.y  ^%-'9-^*f%^ydyJt^rdx. 

Euler^  i^.  Art.  £92. 

(25).     Let/+f/>  +  *y +f!iz  =  r, 
where  V  =/(j:,  y). 

Make  ---  +  -a  =  v, 

Mrhich  gives  -7—  "*"'    ^  «=  ^; 

consequently 

Euler.  /(&.  Art.  293. 

The  same  method  is  obviously  applicable  to  the  equations 

and       x  +  P/^-f-Qy +  (Pe  +  ^)z  =  r, 
where  P,  Q  and  T  are  functions  of  x  and  ?/. 
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Laplace  in   the  Mtmoires  de  P Academic  tot    l773j  has 
shewn  how  to  reduce  other  cases  of  the  equation 

s-^  Pp-^  Qq  ^  Rz=:r,  (2). 

in  which  i?  is  not  =  P  O  +  ^,  or  P  Q  +  '^,  to  similar 
equations,  in  which  that  condition  is  satisfied ;   the  method 
.  consists  in  assuming  ^,  +  P  z  =  v,  when  the  equation  («) 
becomes 

^+Qi>  +  «2:  =  r,  (3). 

dz 
From  this  we  eet  values  of  z  and  of  — ,  which  substituted 

dy 

dz 
in  the  equation  _  +  P  ^  ==  v,  give  us  the  equation 


dxdy  dx  dy 

d  P 
which  if  jR,  s=  P,  Q  +  -t— *  >  may  be  integrated  in  the  same 

a  X 

manner  as  the  two  last  examples ;  if  not,  the  same  process 
must  be  repeated,  and  if  the  equation  be  integrable,  we  shall 
finally  get  an  equation  in  which  this  essential  condition  is 
satisfied.  We  shall  thus  get  a  value  of  v  involving  two 
arbitrary  functions:  the  value  of  z  is  easily  derived  from 
equation  (8),  at  least  when  the  condition  is  satisfied  after  the 
second  operation ;  the  method  of  determining  z  will  easily 
suggest  itself  when  a  greater  number  of  operations  are 
required. 

(26).     Let  /+ o+ 7+  "^ — ^^ iZssO. 
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Make  -J  +  -5^  «  v,  and  we  get 
ay       x-^y  ^ 

— T^  '  rf~  .    •^- «,  where  il  s  a  +  8  -  ^, 

^  -  (»+y)*    .^H_  4.  *<*  +  !')    rf»      *(£-j-y)   do      *w 

consequentlj  substituting  tbese  values  of  z  and  ,    in 

«y 

i^  +  ;;^  =  0,  and  dividing  by  ^£±2>1,  we  find 

(Pv         a+2    dv  h       ir       («A  +  afr-.tf-2) 

dxdy       3^+y    dx      '  -f-y   dy  (J^  +  y)* 

Make  ^-  +  '^ — I! — :  v  =  m, 
«y        X  +  y 

and  we  get  j-^  +  JiL^=0; 

dy       (x+y) 
.-.  w  =  (x  +  y)— —  {/(x+y)— *  +  •  ,Kj,)«r, +/(»)  I  , 

a  +  8  —  * 
which  becomes,  when  a  =  ^ 

3  N 
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The  equation 

Rr+Ss-^Tt'^Pp'{'Qq  +  N2^F, 

where  iJ,  S,  T,  P,  Q,  N,  and  F,  are  functions  of  x  and  y, 
may  always  be  reduced  to  the  form 

by  considering  x  and  y  as  functions  of  two  new  variables, 
u  and  v,  to  be  determined  from  general  or  particular  integrals 
of  the  equations, 

rfu  =  ^~  (dy  +  kdx)y  and  dv  =  -r— (^y  +  ^'  dx), 
dy  ay 

where  i  aiid  A'  are  roots  of  the  equation 

fip  +  s*  +  r  =  o. 

In  determining  particular  values  of  u  and  v,  we  must 
consider  —  and  —  as  the  most  simple  multipliei^  necessary 

to  render  dy  +  kdx  and  tiy  -^  k' dx  complete  differentials ; 
thus,  if  k  or  k'  be  constant  quantities  or  functions  of  x  alone, 

——  and  -T-  are  each  equal  to  unity ;  if  t  =  ?^  and  i'=  —  4^ , 
dy         dy  x  x 

then  .-—  =  X  and  —  =  -  ,  and  so  on  for  other  cases. 
dy  dy       X 

As  this  transformation  is  of  great  and  frequent  use,  it 
may  be  convenient  to  observe,  that  if 

d^  z         ,       d^z  ,    d^  z       ^,    dz      '  ,    dz 


du' 


du  dv        ,    da  , Jv        , 

ay  dv  ax  dx 


y  dy  dx  dx 

we  have 


467 

p  =  mp'  +  w'y', 
q-np'  +  n'q', 

/  =  «!«/ -h(w«'  +  m'/i)/  ^m'n'e  +—p'  ^  —  q\ 

dy  dy  ^ 

(27).     Let  r  —  fl*/ +  2rt6/?  +  2tf  3*^  =  0. 

In  this  case,  k^a,  and  i'=  -  <j ;  making  ^  =  1  =  ^  , 

dy  dy 

we  have 

du=z  dy  +  adx,  and  dv  =  rfy  -  arfiri 
particular  integrals  of -which  are 

f/  z=y  +  ax,  and  v  =  y_—  ax-^ 

/  =  r'  +  2  /  +  ^' 
pzzap'^aq,  and  y  «/  +  /j 
consequentljr  the  equation  becomes 


or 


d^z         hd 


z 


dudv        du 

du 
and  a  =  €*"  {  >/^  1/  +  0  V  } 

Euler,  /^.  Art.  316. 

<28).     Lctr-^V+f.;,  +^\^  =  0. 
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By  the  same  proccse  we  find 


=  0, 


Judv      u  +  V    du 
/.  z  =  (w  -f  v)yl/  M  —  >//•  U  +  ^  1? 

Eulet,  /*.  Art.  317. 


(29).     Let  r  -  '^^ .  /  =?  0. 

In  this  case  *  =  ^  ,  i'  :r  —  » , 

.-.   u  =  xy,  and  v  =  ^  ; 


«  =xV-h2/  +  i-^.«'. 


consequently 


cfjT         1     dz      ^ 


dudv      2u  dv 

Euler,  lb.  Art.  S07. 

(SO).    Let  r-^^+^.p-j.?  =  ^- 


469 

In  the  same  manner  as  in  the  last  Example,  we  find 

a 

Euler,  lb.  Art.  SI 8. 

(SI).     To  integrate  the  equation 

d^z      ,        a       dz   ,       a       dz   ^        bz 

+  — —  zj-  +  — I—  zr  +  7~rTi  ='^» 


dxdy       x-hydx       x  +  y  dy      {x -\- yY 

by  a  series,  and  to  assign  the  values  of  b  which  make  that 
series  terminate. 

It  is  evident,  that  x  and  y  must  be  similarly  involved  in 
the  integral,  the  form  of  which  may  be  conjectured  from  the 
result  given  in  Ex.  26  :  we  may  assume,  therefore, 

X  ar  il  (X  +  y){fx  +  /J-y)  +  B(x  +  y)''^\fx  +  F'y) 

+  C(x  +  y)'^^(f'x  +  F"y)  +  &c. 

or,  for  greater  simplicity,  omitting  the  functions  of  y  in  this 
assumption  and  replacing  them  after  the  determination  of 
A,  B,  Cy  D,  8cc.  we  have 

« 

d  z     d  z       d*  z 
and   substituting  for  ^j  ;r-  >  ;7"  >  t — -f  *"  ^^^   equation, 

we  get 

0=:bJ(x^y)  fx^bB(x^y)     fx-irbC[x^y)     /"'x  +  &c. 

+A(x-.l)^       +2fl(x  +  l)Ji       +2fl(x-|-2)C 

+  A^  +(\  +  l)JB 

-f  (A-I-I)XjB  +  (A  +  2)(A-i-l)C, 


470 

we  from  hence  get 

B  =  — \       \     = ,  since  ^  +  2a  x  +  x*— x=0, 

2(a  +  x)  2 

C  =    — i =   i ,   lffl  +  X=— I. 

•  2(2a  +  2X  +  l)       2.2.(2i-l) 

3(2tf  +  2x  +  2)       2^.2.3(21-1)' 

_g^  -(g-i-^  +  8)D_  4(1-2) (1-3) il 

4  (2  a  +2  X  +  3)      2»  .  2  .  3 .  4  .(2  ;-  1)  (2  i-8) ' 

^  ^(a  +  x-h4)Z>  ^  -(>-S)(/-4)^  . 

5(2ii  +  2x+4)       2*.S-4.5.(2i-l)(2f-3) 

The  series  must  terminate  whenever  a+x+nsit  —  r, 
is  a  whole  number,  n  being  the  denomination  of  the  last 
term  but  one  in  the  series  ;  the  constant  A  may  be  included 
in  the  arbitrary  functions  of  x  and  i/. 

Thus  let  X  =  —  a\  it  is  evident  from  the  formation  of  the 
series,  that  5  =  0,  C=  0,  &c. 

Let  X  =^  fl  -  2,  and  therefore  ^  =  (/»  +  2)(fl  —  3);   then 
2=  (*  + i/)——(/r  +  i^x)~  i(x  +  ^) —-«(/',+ F'*) 

2 

The  series  will  terminate,  whenever 

bzi(a  +  i){a  -  I-  1). 
If  ^  =  0,  the  equation  becomes 

s  + ; p  4-  q  =  0, 

.1  4-^'^        ^  +  J/ 
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and  we  must  have  a——i,  or  a  =  /  +  1,  or  any  positive  or 
negative  whole  ntunber,  and  therefore,  a=0,  or  As— 2i— 1 : 
in  the  first  case  the  integral  is 

z  =/(x)  +  F(y)  -  i  (X  +  y) (/'x  +  F'y) 

amd  in  the  second  we  have  (x  +  y)**  +  *  z  equal  to  the  same 
series.    Euler,  lb.  Art«  322. 

r 

(32).     Let  ^-f.;. ^  +  1^.^  =  0. 

If  we  transform  this  equation  by  the  method  given  in 
page  466|  we  shall  ^nd 

1  by         J  I  b'v  , 

M  =  -  X  +  :— «  and  t;  =  -x  —  --s^,  so  that  m  +  r  =:  j : 

the  transformed  equation  is 

d*z      ,      m       dz  m       dz      ^ 

dudv      tt  +  t)   du      tt -h  V   av 

which  may  be  integrated  whenever  m  is  an  integer. 
Thu8>  if  m  =  —  1,  we  have 

If  i»s2y  we  have 

Eulcr,  /*.  Art.  343. 
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(33).     Let^  =  r.^    ""'dV' 

Transforming  the  equation,  as  in  the  last  Ezamplef  we 
shall  find 

1     — -J by 


2  2(2i«— l)a 


and  V  ss  -  jc    nr^i  — 


1  ^-^^. ty 


2  2(2iw— l)a 


» 


SO  that  u+vsx    ««>-i;  the  original  equation  becomes 

d^z  m       dz   ^      m       dz 

+ : —  .  -7-  +  — : —  .  -^  s=  0. 


dudv       tt  +  v    rftt       It -f  V    rft? 

If  m=0.  we  have  i/  =  -  x ^  ,  and  v  =  -•  *  +  -J? , 

and  X  =/  (fl  *  +  *  y)  +  Fiax  —  &  y). 

If  m  =  --  I,  we  have  a  =  -  xi  —  — ^ , 

and  V  =  -  J^  +  ?:^  > 

If  m  =  3,  we  have  w  =  -  x~" i  +  — sL , 

V  =  - jr"" i  ---  — 2- ,  and 
2  10a 

* 

4.3  -^ 
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This  equation  is  evidently  analogous  to  that  of  Riccatii 
and  integrable  under  the  same  circumstances.  Euler^  jR. 
Art.  S45. 

(34).    Let  ^y^  =  a«-—  +— ^. 

« 

Make  uzny'^  ax,  vssy-ra  Xf  and  the  equation  becomes 


dudv      (tt  +  v)* 


=  0, 


this  becomes  a  case  of  the  equation  in  Ex.  Sly  when  a  =:  0^ 
and  is  integrable  in  finite  termsj  whenever 

Thus  let  f  =  I9  and  therefore  ^  r:  —  2 ;  then 

-  \f{y^ax)-\^F'iy-ax)\. 
Euler,  jf}.  Art.  SSS. 

(35).    Let  r — 7-  s  0  z  ;  a  plardcular  integral  of  this 
ax  ay 

equation  may  be  found,  by  making 

Z  =  •        J, 

d^  Z  ax^J^  ax  V 


=s  a  I 


dxdy  dy 


air  ,  V         ^    ,«^    ,  "'+^ 

..    _-«-  asfidy,     z  sac  1",  and  2  «  I         «, 


or  more  generally 

z  «  ^.   '      «  4-  -B.     *  ^  +  C.     ^  >   +  &c. 

3  o 
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where  ji,  a,  B,  fi,  C,  7,  &c.  are  arbitrary  constants.     Or  if 
mn  =s  a,  m!  ti  ^  a^  &c>  we  have  also 

2  cs  ^  sin  (m  X  —  n  y)  4-  JB  sin  (m' «  —  n'  y) 

+  C8in(m"x—  vt'y)  +  8lc. 

z  ss  ^co8(mj:  -  ny)  +  J3cos(i»'x  —  «'y) 

+  C  C06(«"jr  -  «"y)  +  Sec. 
Ettler,  76..  Art.  282. 

(36).    Let^=:ii-z.     Make4^=t;r; 

.'.  — -- =  4. -=- =  rz;        .•.*=«,  or -a, 
ax*  dx 

and  z  =  6"^y  +  ^^^'^y^ 

(37).    Let  ^  t|  +  B:y4i-  +  C-£i,  +  dJ;  =0; 

rfjT*  dx^dy  dxdy*  dj* 

where  ^,  B,  C,  D  are  constant  quantities. 

If  if  k^f  k^f  are  roots  of  the  equation 

Jl^  +  Ck*  +Ci  +  i>  =  0, 
then 

z  «  ^(y  +  *a:)  +  *.(^  +  *,«)  +  <>,(y  +  *.*)• 
Ettler,  /6.  Art.  421. 

(38).     Let^«-(«.-.*)^ 

dxdy*  i/y* 

In  this  case,  il«  =  6,  A  =  i^i  =  ^i 

.-.  z  s=  \K^  +  ax)  +  T>^|(y  +ax)  +^(y  +  *x). 
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« 

Therefore  i(  =  Ar^.  =  ii,  ==  a, 

and      «  =  x^  ( j^  +fl  JT)  +  a:  >^j(y  +  t)  +  x*  >^.(y  +  «/  -r). 

(40).    I^t^  =  ^».         Make£^«*z; 

cPz       1,  , 

consequently  I  =«,   ---i ^  a,     -Li ia^ 

and 

^^     .     —  i-x        ax^/S  ^      /    -.!«  •    ^*\/3  , 
:$  a  «^#y  +  c""2*'coa  — ^ — ipiy  +  e-^t"  sin — ^^— ^ijf. 

£uler.  i».  Art.  395, 

(41).    Let  -p-   +  ^  -r — -J 2  <i  -;-  —  <j  *--.  +  a*  2  s  0. 

dx*         dxdy  dx  dy 

Make  z^^v\  after  the  proper  substitutions  and  dividing 
by  €**!  we  get 

dx*  dxdy  ' 

.-.   z  =  •"{  <t>(y-afc)  +  >^y  I  . 
Euler,  /6.  Art.  403. 

(42).    Let(a  +  26)«-r2a+3*)£!  +  tf.4^ +tf^ 


dxdy         dx*  dx*dy 


Make  z  e  c  r,  and  proceeding  as  in  the  last  Example,  we 
get 
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Making  - —  s  ti,  and  integrating^  we  get 


y 


and  zasc^Jc  0(t»  —  Ay)  +  *^iy  +  ^^y  { • 

Euler,  n.  Art.  404. 


(4S).    Let'i.*i-r/fY=0, 


or  r<  —  J*  =  0; 


let  -  =-=«,  orrssv/,  j=stJ/; 

St 

.•.   dpsardx-^sdyasvi/dx-i-tdy)  ss:vdq  I 

and  the  complete  integral  is  found  by  eliminating  a  from  the 
equations, 

y  —  ^  a  =  (2  —  a)ip^  a 


This  is  the  equation  of  all  curve  surfaces^  which  admit  of 
developementi  or  which  can  be  spread  flat  upon  .a  plane 
without  tearing  or  doubling  ;  of  this  kind  are  all  cylindrical 
and  conical  surfaces.     Monge>  Application. . .  .p.  89. 

(44).    Let  f*  -  <•  =  r  f  -  /•. 

Makey  =  0(p),    /  =  r0'(p),    /=/«'(p)=r  f  ^'(;>)  }  M 
.-.   r^  -  /"  =!  r»  {  1  -  (^>)*  1=0;. 

I 

by  last  Example 

.*.   0'p  :s  ]y    and  q  sa/i  +  o 

where  c  is  an  arbitrary  constant ;  the  integral  of  this  equation 
gives 

z  -  c.t  =  >^  {x  +  y), 
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a  particular  integral  of  the  original  equadon,  inToIring  only 
one  arbitrary  function. 

This  method  of  solution  applies  to  all  equations  of  the  form 

P  =  (r/ -  j*y  (2, 

where  P  is  a  function  of/?,  ^,  r,  s,  t^  homogeneous  with  respect 
to  r,  s,  and  / ;  n  any  positive  numberi  whole  or  fractional,  and 
Q  any  function  whatever  of  jt,  y,  z^f,  q,  r,  /,  t,  &c.  which 
does  not  become  infinite  when  r/  —  x*  s  0 ;  it  was  given  by 
Poisson  in  the  Correspondanci  sur  tEcok  l^olytechntque*  Vol.  II. 
p.  410. 

(45).     Let  /  +  2 p5  +  (p'^'-a*)  r=0;   in  this  case  QssO. 

or  dq*  +  2pdpdq'\-{p*'~a*)dp*ss0j 
/.    dq=:'--(p:ta)dpf 

and  therefore  ^  +  5  P*  ±  ^/^  =  c> 

consequently  by  the  method  given  in  p.  445,  we  find 

z  zzpx'^(c±ap--^p')y  +  yp^p 

0=sx±aj^-j>y+  >^'p, 

which  is  a  particular  integral  of  the  equation.  This  equation 
expresses  accurately  the  law  of  the  propagation  of  sound  in 
an  horizontal  cylindrical  canal,  when  the  vibrations  of  the  air 
are  not  considered  as  infinitely  small  and  when  the  tempera- 
ture is  constant.    Poisson,  lb. 

(46).    Let  (l-f  9^)  r  -  2/1^/  +  (1  +/>*)  <  =  0  j 
in  the  same  manner,  we  get 

(l+9')d/*'-2p7i//>Jf+(l+p*)dy'=0.        (1). 
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by  differentiating  this  equation,  considering  d  p  as  constant, 
we  get 

ifq  ^  Of  or  f  =  a/7  +  ^9 

where  b  is  determined  in  terms  of  a,  by  substitution  in  equa- 
tion (l),  which  gives 

1  +  a*  +  *«  ss  0 ; 
consequently  ^  as  «/? + v^(  —  1  —  «»), 

and  2J=0(*+tfy)+y  v^(— l-fl*)  (2). 

a  particular  integral. 

The  original  equation  expresses  the  condition  that  the 
two  radii  of  curvature  of  a  cUrve  surface  are  equal,  and  upon 
opposite  sides  of  the  surface ;  the  second  equation  (2)  is  that 
of  a  cylindrical  surface  i  the  only  surface  which  answers 
both  these  conditions  is  a  plane  which  is  obviously  included 
in  the  equation  (2),  and  which  indeed  is  the  only  surface  it 
can  represent. 

The  complete  integral  of  this  equation  has  been  given 
both  by  Monge  and  Legendre  ;  under  its  most  simple  form, 
it  is  the  result  of  the  elimination  of  a  and  i  from  the 
equations  -  * 

X  zza  •\-  b 

jf  =  ^  tf  +  >/^  ^ 

The  extent  to  which  these  examples  have  already  pro- 
ceeded,  compel  us  to  omit  all  notice  and  illustration  of  many 
other  transformations  and  methods  of  solution  of  partial 
differential  equations  of  the  second  and  higher  orders,  which 
have  been  given  by  Laplace,  Legendre^  Poisson,  Monge, 
and  other  analysts ;  the  same  reason  induces  us  omit  the 
discussiop  of  their  geometrical  characters,  and  what  is  of 
most  importance,  the  exemplification  of  the  methods  of 
determining  the  arbitrary  functions  which  enter  into  their 


1 
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» 

complete  integrals ;  a  subject  which  has  been  noticed  by 
Mr.  Herschel  in  Note  P,  to  the  Translation  of  Lacroix,  but 
which  in  most  cases  belongs  to  a  different  branch  of  analysis* 

Partial  differential  equations  occur  in  many  of  the  most 
interesting  and  difficult  researches  of  Natural  Philosophy^ 
and  thus  the  most  important  results  are  connected  with  the 
improTement  of  methods  for  their  solution ;  amongst  these 
may  be  mentioned  the  ^brations  of  a  cord^  whether  of  uni- 
form or  variable  thickness^  in  media  both  resisting  and  non- 
resisting,  the  motion  of  waves  and  the  propagation  of  sound 
upon  all  hypotheses^  as  alone  sufficient  to  convince  the  reader 
of  the  importance  of  a  subject  which  is  hardly  noticed  by  the 
mathematical  writers  of  this  country. 


On  the  Particular  Solutions  of'  Deferential 

Equations. 

I.     OiVEN  the  complete  integral  of  a  differential  equa- 
tion^ to  find  it  particular  solutions,  if  any  exist. 

If  U=Oj  be  the  complete  integral  cleared  of  radicals,  and 
if  c  be  the  arbitrary  constant  which  it  involves,  we  must 
eliminate  c  from  17=0,  by  means  of  the  variable  values  of  c 

which  are  given  by  the  equation  -—  =  0. 

d  c 

(1),    Take   n/(x*  +  j/'  -  a*)  =y  +  o 
the  complete  integral  of 

xdx  ^-ydy^  ^y  \/(**  +  y*  -  «*)• 
Exterminating  the  radical,  we  get 

17  =  j:*-^  2^y-^*  -fl*  =  0, 

dV  ^        ^ 

— -  =  -  2i/-  2r  «0,  or  r=- y, 

ac 
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,    and  therefore 

r*  +  ^  -  a*  =  0, 

which  is  z particular  solution.  Lagrange^  Menmrts  de  Berlin* 
1774.  p.  199.     Calcul  des  Fanctiom.  Lifon  H. 

(2).    Take  x'^  s  sin  (2  y  +  c\  the  complete  integral  of 

.•.   -T-  =  cos  (8^  +  tf)  =  0,  or  «  y  +  ^  ax  3  or  ^ : 
dc  «         ^ 

the  first  gives  1  —  oi^zzQ^  and  the  second  1  4-  x^^  Oj  both  of 
which  zte  particular  solutions. 

(3).    Take  Ex.  67.  p.  345,  whose  complete  integral  is 
s/X  ±  v'  r  =  («  —  y)  v/(C  +  «),  where 

Exterminating  the  radicals,  we  find 

and  therefore  -—  ss  -  2  C  —  2  u  s  0,  or  C  =  —  u, 

consequently  JT—  7*=0,  is  z  particular  solution*  We  must 
except  the  case,  when  ^  =  0,  andjT^O,  as  in  Ex.  68.  p.  547, 
when  the  integral  appears  under  a  difierent  form,  but  of 
which  X  —  JT  =  0  is  a  particular  solution,  where  C  = 
-—  2b{x  +  y)—  cix-^-yY:  and  also  that  in  which  two  pairs  of 
roots,  or  the  four  roots  of  JT  =  0,  and  2^  ==  0,  are  equal  to 
each  other  as  in  Ex.  71.  of  which  the  integral  involves  no 
radical,  and  only  the  first  power  of  C,  and  consequetatly  admits 
not  of  a  particular  solution.  Lagrange,  Memoirei  de  BerUm, 
^     1773.  p.  206. 


481 

(♦).     Let  y-ax-1 »'  (r  -  /i)*  +  ^'  (r  -  «)•  =  0, 
be  the  complete  integral  of 

y  -  a  r  -  -  x(p  -  a)  -h  J— .  (p  —  a)»  =  0, 


an   equation   which   is  satisfied  by   making  r  •  ii  r=  O^   or 

the  first  giyes  z  particular  integral, 

y  —  flf  r  =  0; 
the  second  gives  a  particular  solution,  which  is 


X* 


H  "  ax =.  0. 


(5).    Let  «•  -h  **  +  ^  ^  +  ^  «  x'— ^=0  =  17,  be  the  com- 
plete  integral  of  the  equation  of  the  second  ord^r  and  degree 

or  3f  —  XjE?  +  -  x'y  -  (;>  -  xf?  --  9*  =  0. 

Let  ^  LT  denote  the  differential  of  U,  considering  a  and  h 
as  variable^  and  3  as  a  function  of  a  ;  then  we  have 

^  =  («  .r +*)-;,=  0, 

^=l.r'  +  2^+(x+26)l*  =  0, 
da    ^  Q.  da 

dd'U  db      ^        dh 

dxda  da  da 


4i» 

a  variable  quantity ;  eliminating  a,  b,  and  --—  from  equations 

U  zzO,  -—  =0,   -y-  =  0,  and  -^—^  =  0, 
ax  da  dxaa 

we  get 

by  solving  this  equation  (a)»  with  respect  to  ^ ,  we  shall 
readily  reduce  it  to  the  form, 

V^(l6y  +4**  +  j:*)  ^^ 

and 
.-.  v'(16y  +  4«»  +  **)=:rs/(l+:c*)  +  log{*  +  V(l+x«;}-|-C, 

z  particular  solution  of  the  differential  equation  of  the  second 
order,  involving  only  one  arbitrary  constant.  Lagrange, 
Calcul  des  Fonctions,  Lefon  14. 

(6).    Let   }/i-(x-.l)6}*  +  px-— -y  =  0=:l/a) 

and 

t-^tl^tZ^  ^^T(^-  ')  +  ^' (^-  ly  .^t.=o=r IT,  ■  {£). 

be  the  two  first  integrals  of  the  equation 

y  ^  px  ^^lA^  \p^(x-  l)y  j'ssO. 

In  the  first  place,  taking  equation  (!)>  we  find 
^  =  -2(x-l)f^-(*-l)*}  -|  =  0, 

and  eliminating  b  from  XJ  "SzO,  and  -r-—  s  0«  we  get 

(Jf  -  1)*!/ +  Y^  -  ^  (^  -  1)  (*  -  2)-0 : 
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if  this  be   reduced  to  the  form 

and  integrated  (see  p.  320.)  we  get 

a  particular  solution  of  the  given  equation. 

If  we  proceed  with  the  second  equation  (2)^  we  find 

da        9.         ^       i""  X*  ' 

and  substituting  the  value  of  a  deduced  from  hence  in  equa* 
tion  (2)  or  I7j  ==  0,  we  get 

(^-  i)*y  4-il-^(r~  l)Cr-.2)=rO, 

the  same  result,  as  deduced  from  the  first  equation;  this 
confirms  the  remark  of  Lagrange *,  that  it  is  indifferent  froih 
which  of  the  two  first  integrals  of  ^an  equation  of  the  second 
order,  the  particular  solution  is  derived,  as  it  is  in  both  cases 
the  same. 

11.  Given  the  differential  equation,  to  fitid  its  particular 
solutions,  if  any  exist,  withdut  tlie  intervention  of  the  com- 
plete integral. 

If  p  =  -—  and  -—  =  --,  where  M  and  N  are  in  their 
^       dx         dy      N 

lowest  terms,  then  all  the  factors  of  N  made  equal  to  nothing, 
which  satisfy  the  differential  equation,  ^te  particular  solutions 
of  it. 

There  may  however  exist  particular  solutions  which  this 
process  alone  will  not  ascertain ;  as,  for  instance,  in  the  case 

where /I  say  (x)  :  it  is  only  necessary  to  make/;,=  -—  and  ^y^ 

d  y         d  X 


*  Calcul  (iffa  FoncUoni^  Legon  It. 
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Af 
ss  _i  and  proceed  as  before^  in  order  to  derive  all  those 

solutions  which  are  not  determined  by  the  other  trial. 

If  U  =f{x,  tff  p)  =  0,  where  the  equation  is  not  solved 
with  respect  to  /?,  then  we  have 

dU  dU 

dp  _       dy         dpi  ^      d  X 
dy"^      dV  ^^  77'''' JU' 
dp  dp, 

the  particufar  solutions  are  determined  by  eliminating  p  from 
~ —  =  0  and  U  =  0,  provided  always  that  these  solutions  do 

not  make =  0 ;  they  may  likewise  be  similarly  derived 

dy 

by  eliminating  p^  from  - —  =  0,  and  17  =  0. 

dpi 

Lagrange  remarked  that  particular  solutions  render  -^  or 

■— ^  =  -,  a  test  which  is  a  necessary  consequence  of  the 

preceding,  since 

,  I  ax  +  dy  I 

^^  dx    ~  'dW  ' 

dp 

of  which  the  numerator  and  denominator  must  be  equal  to 
^thing  respectively  J  in  virtue  of  the  equations 

- — dx  +  -- — dy  +  - — dp  =  0,  and  ——-  =  0. 
dx  dy  dp  dp 

It  is  amongst  equations  of  a  degree  exceeding  the  first, 
that  we  must  look  for  particular  solutions;  for  if  the  first  power 

of  p  alone  enters  into  U  =  0,  it  will  not  appear  in  -^ —  =  0, 

which  will  not  therefore  enable  us  to  eliminate  je?  from  Us=.0 
ypon  which   the    determination   of  the   particular   solution 
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depends ;  the  same  remark  extends  to  equations  which  are 
linear  with  respect  to  p,  but  which  involve  radicals,  for  we 
can  only  consider  such  equations,  as  factors  made  equal  to 
zero  of  equations  of  higher  degrees,  depending  upon  the 
number  and  nature  of  the  radicals  involved.  Corresponding 
processes  for  determining  the  particular  solutions  of  equations 
of  higher  orders,  will  enable  us  to  extend  these  remarks  to 
such  equations ;  and  we  may  assert  generally,  that  no  linear 
equation,  properly  so  called,  whatever  be  its  order,  admits  of 
a  particular  solution. 

(7).     Let  dtf  =  dx  ^(y  —  a)  ;  in  this  case  we  have 

P  =  \/(y  -  ^)  and  j2  =  --— .  =  00, 

when^  =  a,  which  is  therefore  z  particular  solution. 

The  complete  integral  is  a:  =  2  ^(y — a)  -f-  r,  which  gives 
the  particular  solution,  by  making  c=sx,  z  variable  quantity. 

/«\        r     ^     J  ^dx  dx  v^(l— JT*) 

/.    U-x^p,^-  1  +  X*  =0; 

.-.  .^—  =  2  x*p,  =  0,  and  _-  z=  2 o,*  x  +  4  r*. 
dp^  dx 

If  p^  =  0,  we  have   1  —  i^  =  0,  which  does  not  make 

,- —  =  0 ;  it  is  therefore  a  particular  solution,  since  we  have 
d  X 

—  =  *-  f  and  therefore  y  must  be  variable,  otherwise  -J^ 
dx       O  ^  '  dx 

would  in  this  case  s  -  .     If  t  =s  0,  we  have  also =  0 ; 

0  dx 

also  in  this  case  dys^O^  or  y=ze  a  constant  quantity;  .rr=0, 
is  not  therefore  a  solution  of  the  equation. 
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(y).    Let  yrfj:  —  x^(jix*  +  dy^)  zzO, 
or  1/  =  y«—  T«  -  x*p^  zz 0, 

ap 

If  p  =0,  we  have  y*  —  x*  =:  0 ;  but  since  /i  =  0,  we  most 
have  ^  and  therefore  in  this  case  x^  a  constant  quantity :  it  b 
not  therefore  a  solution  of  the  equation. 

If  x=;Oy  we  have  also  ^=0,  tp  which  the  same  remark 
applies. 

The  complete  integral  of  this  equation  is 
i^^^^^^;^^^^  -  ^log  i  y  +  v/(y-x.)  {  -  |log  ,  =  C. 
Euler,  Calc.  Meg.  Tom,  I.  Art.  681. 

(10).     Let  i/"y  --  2xyp  +  ax  +  b^  ssO  sz  U y 
dU 


.'.  ^ 


=  2y>jD-2xy  ;=0, 


the  elimination  of  p  from  these  equationsj  gives  us  « «r  + 
6  2/  —  J?"  =  0)  which  does  not  satisfy  the  differential  equa* 
tion :  it  is  therefore  absolutely  necessary  to  examine  in  all 
cases,  whether  the  equation  which  is  the  result  of  the  elimt* 
nation  oip,  be  a  solution  of  the  original  equation  or  not. 

,(U).     Let  y  ^xp-  a{\  +/?•)  =0=  t/; 

and  4  /J  y  -  4  tf  *  -f  1*  =  0, 

is  a  particular  solution-. 

Or  thus,  ;>  =-  ^  ±  N/(^--f4^y-*"') 
'  o,a  ^a 
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and  ^  =  ± L___=oo 

when  «^  -f  4  0  y  -  4  «•  =  0. 

Euler,  H.  Art.  701. 

(IS).    Let  (x  —pYix^  -  2  :ty/7  +  fl«)  =  0  =  IT; 
.'.  —  sr  2(0?  -  ;>)  (*«  4-  fl«  -  ir  yp  -  x^^r)  =  0. 

If  p  =  jr,  we  get 

(x  —  jry^:*  +  4i»  -  2  «*  y)  =  0  ; 

from  the  first  factor  (x  —  «)*  b  0^  nothing  can  be  inferred  : 

the  second  factor  j^  +  a*  —  2  «^  y  =::  0,  is  no  solution  of  the 
equation. 

If  we  wish  to  extend  this  method  to  equations  of  the 
second  order,  we  must  consider  two  cases;  Ist,  when  it  is 
proposed  to  determine  a  particulair  solution  of  the  equation 
which  involves  p^  Xf  and  y  only,  or  whose  integral  involves 
one  arbitrary  constant,  or  2dlyj  when  the  particular  solution  is 
a  function  of  x  and  y  only^  and  involves  no  arbitrary  constant 
whatever. 

In  the  first  case,  if  q  s=  -^ ,  we  must  eliminate  q  from 

VszO,  and  -; —  =  0  ;   in  the  second  case>  we  must  eliminate 
dq 

p  and  q  from  f/  =  0,  — —  =  0  and  -^ —  as  0,    and    in    both 

dp  dq 

caseS)  we  must  try  whether  the  equation  which  is  the  result  of 

elimination^  satisfies  the  original  equation  or  not. 


«• 


(IS).     iM  y  ^  xp  -¥  —q^-pq  +Xj^*  =0=1/; 
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eliminating  from  these  equations^  we  get 

4  x^  —  Spx*  —  p* =  0.         (a). 

4 

a  particular  solution,  since  it  satisfies  the  original  equation. 

This  equation  admits  of  no  particular  solution  of  the 

second  kind,  or  which  is  a  function  of  «r  and  y  only,  without 

d  U 
an  arbitrary  constant,  since  the  equation  - —  =  0,  does  not 

>    dp 
involve  p,  and  therefore  does  not  enable  us  to  eliminate  it ; 

but  y  H s  0,  is  z  particular  solution  of  the  first  particular 

solution  (a),  but  which  does  not  satisfy  the  original  equation 
U  ssO;  an  important  remark  the  truth  of  which  has  been 
demonstrated  generally  by  Lagrange,  Calcul  des  Fonctims 
Legon  14. 

The  complete  integral  of  the  equation  17=0,  is 

'     1 
ah  •\'  hx  +-ax*— t/=rO. 
2  ^ 


(14).     Let  y  —  xp  +  —y  —  |?*+(2x—  \)pq 

-  (z*  -x  +  l)y'  =  0  =  I/j 
^—  =  Lx»  4-(2t-  1)i7-(2(x*  -  .r  +  1)^  =  0. 

Eliminating  q  we  get 

=  0,         (a). 


•^       16         2  4  ^4 

z  particular  solution  of  the  first  order, 

By  eliminating  p  and  q  between  the  equations  1/  =  0, 

dp  aq 
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a* 


we  get  ^  -f  J-  .(x«-2  X  +  4)  =  0, 

which  is  no  solution  of  the  original  equation. 
The  complete  integral  of  the  equation  is 

2 


(15).    Lety-x/? +  ^^^ilr-p*  +  2pjT-j*a»^ 

4 
where  r  =  --ii . 

Eliminating  r  from  the  equations  L  =0,  and  .^.  sOj  we  get 

at" 

*         3  6         36         ' 

a  particular  solution,  being  a  linear  equation  of  the  second 
order  only,  whose  integral  is 

1/  =  ci^  H-  ^,  •»*  -  -(1  +  log  x), 

o 

The  di£Ferential  equation  admits  not  of  a  particular  solution, 

whose  order  is  lower  than  the  second ;  for  the  equations  --; —  s=  0, 

dq 

J   WJ 

and  -T—  =  0,  are  inconsistent  with  each  other,   and  with 
dp 

d  U 

=  0,  and  therefore  cannot  exist  simultaneously ;  the 

dr 

reason  of  this  is  evident  from  the  complete  integral  of  the 
equation  I  which  is 

,)  o 
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III.  Given  a  solution  of  a  difierential  equation,  to  find 
whether  it  is  included  in  the  complete  integral  or  not. 

Let  2^=^,  be  the  given  solution ;  in  the  equation  reduced 
to  the  form  d  y  zzpdxj  substitute  X-^-hfoT  y  i  if  the  expan- 
sion involve  a  power  of  h,  whose  exponent  is  a  proper  frac- 
tion, then  the  solution  in  question  is  a  particular  solution; 
otherwise  not. 

If  the  given  solution,   involve  x  alone,  we  must  reduce 
the  equation  to  the  form  dx  =  p^  dy^  and  substitute  a  ±  A 
for  or,  where  a  is  the  value  of  x  deduced  from  the  solution 
^    X  =  0 ; '  the  test  is  the  same  as  before.  . 

.  From  the  principles  explained  in  Note  F^  it  is  obvious 
that  when  the  solution  y  =  X^  answers  the  preceding  con- 
ditions, it  must  also  make  r-?  =  qd  in  one  case,  or  ^^^  =  » 

dy  dx 

\^  the  other ;  or  if  C7=0;  be  the  given  equation  and  a  rational 
function  of  x,  y^  zndp,  then' if  the  solution  y  ^  X,  makes 

— —  =  0,  and  not  -y —  =  0^  it  is  a  particular  solution ;  other- 
dp  dy 

wise  not. 

In  equations  of  the  second  order ;  if  j9  =  JT,  be  a 
solution,  which  involves  ^r  or  ^  or  both :   for  q  substitute 

-:*-  +  ^,  or  JT  +  *,  in  the  equation :  if  the  result  involves 

dx  '  . 

no  power  of  A  whose  exponent  is  a  proper  fraction,  p  es  X 
is  a  particular  solution,  otherwise  not :  or  more  simply  thus ; 
p  z=i  X^  is  a  particular  solution   when  it  makes  U  =  0  and 

dp 

If  the  solution  does  not   involve  p,   it  is  a  particular 

solution,  when  it  makes  17=  0,  - —  =  0,  and  -e—  =  0. 

dp  dq 

It  would  perhaps  have  been  more  natural  to  have  made 
the  problems  considered  in  this  section  precede  those  given 
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in  the  last,  sucK  at  least  being  the  order  which  they  occupy 
in  the  works  in  which  they  are  investigated,  and  the  proposi- 
tions are  obviously  the  converse  of  each  other ;  in  the  exem- 
plification of  themi  however,  it  does  not  seem  to  be  a  matter 
of  great  consequence  to  adhere  to  the  precise  order  in  which 
they  are  deduced,  as  the  student  must  be  in  possession  of  the 
theory,  of  both  the  propositions  before  he  can  proceed  to 
apply  either  one  or  the  other. 

(16).     Let    a^dy  +  y*dx=^a*dx  •{-  xydXf  which   ia 
satisfied  by  making  y=-x. 

In  thia case  /?  =  1  +     ^  "^^  j   for  y  put  x  +  A j 


xk       h*    . 
/.  «'  =  1 ».  «-_^    in  which  no  power  of  h  is  involved, 

whose  exponent  is  a  proper  fraction ;  y  =  j:  is  therefore  a 
particular  intigral,  as  is  evident  from  other  considerations. 

In  order  to  find  the  complete  integral,  make 

y  =  j^  +  -  ; 

this  gives  v  =  €^a«Jf+/€     SaMx  }  , 

and  yasii'-f-— .  =  *+  5 p =  X, 

{c^/r^^dxl 

when  f  =  OD.    Euler,  Calc.  Integ.  Tom.  I.  Art.  544. 

(\7\    Let  v^x^ •  T^  ,    which  is  satisfied  by 

^     ^  ^         dx      4   dx*  ' 

making  y  ==  .r^ ; 


492 

.-.    U  =  y  -xp  +  -p*=  0, 

dp  2*^  dy 

by  making  y  =  x*,  we  satisfy  the  equation  ^—  =:  0 ;  it  is 
therefore  a  particular  solution. 

(18).    Let  dy  =      ^^^  ^  ,  which  is  satisfied  by  making 
1  -  ar*  =  0. 

.-.   «j  =  v^^*'^'^*^  ;   make  a:=a— A,  where  «  is  one  of  the 

a: 

roots  of  1  —  x*  =  0 :  we  hence  get 

,        ^  U  -   1    ■i-4a»A-6a*y  +-4ay-»| 

=:  2  ai^A  4-  &c.'j 
consequently  l— a*  =  0,  is  ^ particular  solution. 

(19).    Letady-adx=:dx  v/(3/"  -  ^)i  which  iss  satisfied 
by  makitig  y  ^  ^* 

—  =  a*  (p—  1) =0 ;  which  is  satisfied  by  making 
dp 

y  :=  jr,  which  is  therefore  a  particular  solution* 

(20).  Let  (xy  -  1)  (2  xy  q  -y p -V x p^ -- x  y  (y -¥ x pY ^0^ 
wluch  is  satisfied  by  xy— l=sO, 

^  =  2(jrj^-  l)(2xp-yH2^J/?-J/P  +  ^P*) 
-2arXy+xp)  =  0 
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d  U 
a  q 

and  both  these  equations  are  satisfied  by  making  xy—l  =0^ 
which  is  therefore  a  particular  solution. 

\ 

IV.  Every  particular  solution  must  render  infinite  a  muU 
tiplier  of  a  differential  equation ;  but  the  converse  of  this 
proposition,  that  every  solution  of  a  differential  equation 
which  renders  a  multiplier  infinite,  is  2l  particular  solution,  is 
not  generally  true*. 

(21).    Take  Ex.  p.  479,  of  which  —j— r  is  a 

multiplier,  which  the  particular  solution  **  +  y*  -  a*  =  0, 
renders  infinite. 

(22).    Take  the  equation 

2*1/  d  J?  »  ^     »         ^ 

whose  integral  is 

log  ly  +  v^a  +  ^•)  i  +  — ^^y^--  ,x  =  ^i 
^  ^"^      ^  '       2y  +  v^(l  +  !•') 

in  this  case  y  =  -  ^'(l  +  x*),  which  renders  the  multiplier 

-; ; -—-  infinite,  is  a  particular  integral  correspond- 

ing  to  f  =—  OD. 

(23).  Take  the  equation  in  Ex.  62.  p.  343,  whose  mul- 
tiplier 


{X  -  a')  s/{y*  +  9,ay  +  jr) 


*  Laplace,  Mimoires  de  I* Acad,  des  Sciences,   1772*. 
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becomes  infinite  by  making  j; — a*z=0,  or  y*  +  2ay+x=0; 
both  of  these  solutions  are  particular  integrals^  one  corre- 
sponding to  r  =  00^  and  the  other  to  ^  s  0. 

(24).    Take  Ex.  17.  p.  357,  of  which  the  multiplier 

1 

becomes  infinite  by  making  j:*  + j^*— .  fl'=  0,  or  «*— fl'=0; 
the  first  is  a  particular  solution  ^  the  second  does  not  satisfy 
the  original  equation,  and  is  therefore  no  solution  whatever. 

Legendre*  has  shewn  that  every  differential  equation 
admitting  a  particular  solution,  may  be  so  modified  that  the 
particular  solution  mca^  become  a  factor  ofit\  and  Poissonf  has 
shewn  that  any  given  particular  solution  may  be  introduced  into 
a  differential  equalion,  by  multiplying  it  by^  a  factor  con- 
taining that  solution,  and  subsequently  effecting  a  change  of 
the  variables  ;  though  these  problems  are  extremely  interest- 
ing in  the  theory  of  particular  solutions,  yet  as  they  are  of 
little  use  in  the  practical  parts  of  analysis,  we  shall  not 
exemplify  them ;  we  shall  conclude  with  a  few  remarks  on 
the  particular  solutions  of  partial  differential  equations. 

V.  Given  a  solution  of  a  partial  differential  equation, 
to  find  whether  it  is  included  in  the  general  solution  or  not. 

If  17  =/(«,  2/>  ^»  Vi  9)  —  ^>  ^  *^  equation  of  the  first 
order,  then  the  solution  z  =.  F(x,  y\  is  a  particular  solution, 

if  it  makes  -= —  =  0,  and  -- —  =  0 ;  otherwise  not. 
dp  dq 


*  Memoires  de  VAcadetnie  des  Sciences,  1790. 

f  Journal  de  VEcole  Pofytcchnique,  Cah.  Xlil.  p.  73. 
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If  U^f(jp,  y,  «,  p,  y,  r,  /,  0  =  0,  be  an  equation  of  the 
second  order,  then  the  solution  z  =  F(x,  y),  is  a  particular 
solution^  if  it  makes 

dU     ^   dU      ^  dlf      ^   dU      ^   dU      ^ 
— -  =  0,  -_    =0,  --r-=0,  — -  =  0,  -=-=0} 
dp     /       dq  dr  as  dt 

or  if  z  :=  F{Zi  y,  p^  q\  be  an  equation  of  the  first  order  and 
a  solution  of  UzzO,  then  it  is  a  particular  solution,  if  it  also 
makes 

ilL-o   i^-o  m-o 

The  mode  of  extending  this  rule  to  partial  differential 
equations  of  all  orders  is  obvious. 

The  solution  of  this  problem,  immediately  suggests  the 
solution  of  its  converse  ;  namely,  to  find  the  particular  solu- 
tions which  a  partial  differential  equation  admits,  without 
knowing  its  general  solution ;  thus,  in  the  case  of  equations  of 
the  first  order,  if  Fs  0,  be  the  result  of  the  elimination  oip 

and  q  from  the  equations  Lr=:0,  -; —  =  0,  and  -= —  s  0 :  the 

^  dp  dq 

factors  of  ^sO,  which  satisfy  these  equations,  are  particular 

solutions  \  a  similar  method  is  applicable  to  equations  of 

higher  orders. 

(25).    Let  z^px-\'qy'\-pqi  which  is  satisfied  by 
making  x  s  —  j?  y. 

.-,    U  ^  z  "px  —  qy  ^pq:=  Of 

dU  ^    -r 

dp 

dU  ^   T 

dq 

the  requisite  equations  are  therefore  satisfied^  and  z^^xy 


4% 

IS  a  particular  solution,  not  included  in  the  general  solutioOi 
which  is  the  result  of  the  elimination  oi  p  from  the  equations 


z  =px  +  y<l>p  -¥  p(pp 
Oss    x+y^'p+     ^p 


+  P«>.  J 


(26).  Pbob.  To  find  the  nature  of  the  curve  surface, 
so  that  the  perpendiculars  drawn  from  a  given  point  upon  its 
tangent  planes  may  be  always  of  the  same  length. 

Let  the  given  point  be  the  origin  of  the  co-ordinates, 
jL^f }/,  z'y  the  co-ordinates  of  the  tangent  plane,  and  i*,  y,  z, 
the  co-ordinates  of  the  surface ;  the  equation  of  the  plane  is 

and  at  the  point  of  contact,  we  have 


z  =:  z,  a-  =  1-,  y  =  y 


t 


die'''     "dx'^^'    df7""^"rf^""^' 
and  therefore  its  equation  for  that  point  becomes 

or  fl  =s  z  —  px  —9^. 

Again,  if  u  be  the  distance  of  the  given  point  and  the 
point  of  contact,  we  have 

M»  =  x'^  +  y"  4.  z'\ 

and  since  this  line  is  perpendicular  to  the  given  plane,  it  is 
a  minimum,  and  durzO*^   consequently 

udu  z=.  x' dx  +  y'^y  +  z  dz  =  0^ 
but  dz  1^  b  dx'  +  c  dt/ ; 

therefore        (r"  +  *  :^)dx'  +  (y'  +  <^  «')^.V'  =  ^f 
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or  ar'  +  *  z'ssO,  and  j/'  +  rz'  =  0, 

or  X  ss  —  bz,     and  y  &-^cz 

at  the  point  of  contact : 

.•.  z  as  a— &*z  — r*z,     or  z  ss — — ^j 

1  +  6«  +f* 

and  i/  =  A= g  z--xp-yq 

or       z  -  «/?  -y  jr  —  *  ^/(l  +  p*  +  j*)  =  0  =  U, 
dU^     ^  *P  _^ 

and  the  elimination  of  ^  and  q^  gives  us 

X*  +  y*  +  «•  as  *• 

which  is  the  equation  of  a  sphere^  and  z  particular  solution  of 
the  difierendal  equation. 

The  general  solution  is  derived  from  the  equations 
z  =  ft«  +  y*ft  +*^/  [  1  +  6*  +  (*6)M         (1). 


(2). 


If  in  equadon  (1.)  we  make  ^  ^  =s  ^,  we  get 

z  c=  6jp  +  ry  +  *  ^/(l  +  *•  +  ^),  (S). 

the  equation  of  a  plane,  involving  two  arbitrary  constants  and 
which  is  evidently  a  solution  of  the  difierential  equation,  as 
it  gives 

-r-  ^P^Of  and  -7-  =  0  =  ^. 
dx      ^  dx 

S  R 
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The  surface  given  by  the  particular  solution,  always 
touches  this  plane,  whatever  be  the  value  of  the  constants 
b  and  r.    See  the  remarks  in  p.  358,  359* 

Lagrange  has  denominated  the  equation  (3),  the  compku 
solution  of  the  differential  equation,  to  distinguish  it  from  the 
general  solution^  which  involves  an  arbitrary  function  ;  under 
this  form  alone  the  theory  exemplified  in  p.  479,  by  which 
the  particular  solutions  are  deduced  from  the  complete  inte- 
grals, admits  of  application  in  the  case  of  partial  differential 
equations. 

The  connection  between  the  complete  solution  and  the 
general  solution  is  very  simple  in  the  case  of  partial  differential 
equations  of  the  first  order,  and  the  second  may  be  always 
deduced  from  the  first,  by  making  c  =  ^  ^ ;  thus 

is  the  complete  solution  of 

z=px  +qy  -^  p^  4-  J*. 

If  we  make  ^  =  ^  a,  we  get 


and 


Z  s:  ax  +  y^a  +  a'  +  (^fl)*       1 


a  system  of  equations  from  which  the  general  solution  is 
determined. 

For  equations  of  the  second  order,  the  complete  solution 
{7=  0,  will  involve  ^vf  arbitrary  constants,  the  elimination  of 
which  from  the  equations 

£7=0,^=0,1^  =  0,^  =  0,^=0,^=0 
^  dx         *  dy         '  dx*         ^  dxdy       *  dy*         ' 

will  give  the  original  equation  ;  but  in  this  case  the  passage 
from  the  complete  solution  to  the  general  solution  involves  con- 
siderable difficulties,  even  in  the  most  simple  cases ;  it  is  on 
this  account,  that  we  can  derive  very  little  advantage  in  the 
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determination  of  the  general  solutions  of  equations  of  the 
second  and  higher  orders,  from  a  knowledge  of  their  cotn* 
pUte  solutions f  which  in  some  cases  can  be  determined  very 
readily.  For  further  information  on  this  subject,  the  reader 
may  consult  a  Memoir  of  Lagrange  in  the  Berlin  Acts  for 
1774,  p.  266. 


(27).    Letr'-2r,(p-j^) 

dU  /  z    \ 

J  rr 

■eliminatmg  r  from  17  =:  0,  and  -r~.  =  0,  we  find 

dr 

and  since  the  factor        p =  0, 

1  -¥  X 


makes 


=  rT^(p-iTi?)=°' 


it  satisfies  both  the  equations,  and  is  therefore  a  particsdar 
solution^  its  integral  being 

z  =(l  4-  x)<l>y. 
Poisson,  Journal  de  PEcole  Polytechnique,  Cah.  XIIL  p.  1 15. 

(28).     Let  #*-/•  +(£-2\«  -x-y)  =  Oa  J7; 

dr  dt  dp  X 

,  dU      z — x—y 

and  -7—  =: ^ ; 

dq  z 
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and  all  these  quantities  vanish  by  making  z  =  or  +  ^ ;  it  is 
therefore  a  particular  solution  involving  no  arbitrary  function. 

(29).    To  find  whether  J=  —  -p'+rp+a,  which  is 

a  solution  of 

t-^-^ps  +  (p*-.c*)r  =  0  =  17, 
is  a  particular  solution,  or  a  particular  integral : 

••  ITr  -P      ^'    17      ^^'    IT      ^* 

which  the  solution  in  question  does  not  render  severally 
equal  to  nothing ;  it  is  therefore  a  particular  integral*  See 
Ex.  45.  p.  477. 

There  are  many  circumstances  in  which  the  analogy 
between  the  arbitrary  functions  which  enter  into  the  integrals 
of  partial  differential  equationsi  and  the  arbitrary  constants 
which  enter  into  the  integrals  of  difierential  equations  of  two 
variables,  is  not  maintained,  some  of  which  have  been  already 
noticed  (p.  462.) :  one  of  the  most  remarkable  of  these  ano- 
malies, occurs  in  a  class  of  equations,  whose  integrals  ex- 
hibited in  a  series  by  means  of  the  theorem  of  Taylor,  involve 
a  number  of  arbitrary  functions  less  than  the  order  of  the 

equation;   thus  in  the  equation  —^  ^'T"^  ^^^  Integrable 

under  a  finite  form  by  the  ordinary  methods,  if  we  assume 

where  Zo,  Zi,  Z,  &c,  are  the  values  of  z,  —-,  -r-^&a 
when  X  a  0,  we  shall  find 

which  involves  only  one  arbitrary  function. 


t 
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> 

But  if  Z^  Zif  Zai  &c.  are  die  values  o{z,  —  9  ~  &c. 

dy    dy* 

when  2f  =s  Oy  by  proceeding  as  before  we  shall  find 

which  inTolves  two  arbitrary  functions. 

But  this  solution  (b)  is  not  more  complete  than  the  first 
(^a),  as  the  arbitrary  functions  may  be  reduced  into  one«  and 
the  solutions  made  to  coincide  with  each  other;  thusy  assume 


^x  s  ^'+  B'x  +  — 

1  • 


Ca»  .    Bfa* 


2        1.2.3 


+  &C. 


£jL 


1.2.S.4.6 


+  &C. 


+  -r^(C  +  Cj^  +  &C-)  +  &C. 

which  is  identical  with  the  first  solution. 

And  whenever  the  differential  coefficient  relative  to  one 
of  the  variables,  is  of  a  higher  order  than  it  is  relative  to  the 
other^  the  number  of  arbitrary  functions  which  enter  into  the 
integral  of  the  equation^  esdiibited  in  a  series^  is  equal  to  the 
exponent  of  the  lowest  order,  or  they  may  be  always  reduced 
to  that  number^  even  when  the  integral  in  the  first  instance 
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involves  a  number  of  arbitrary  functions  equal  to  the  ex- 
ponent of  the  highest  oirder  *• 

A  question  may  naturally  be  asked,  whether  such  inte- 
grals are  particular  solutions^  or  not ;  in  one  sense  they  might 
be .  considered  as  such,  though  in  reality  the  most  general 
solutions  which  the  equations  admit  of ;  they  more  properly, 
therefore,  constitute  an  exception  to  a  proposition  which  is 
generally  true,  that  the  number  of  arbitrary  functions^  which 
enter  into  the  integral  of  a  partial  differential  equation^  is 
equal  to  the  exponent  of  the  order  of  the  equation. 

I 

*  PoissoD,  Journal  de  rJScolt  PolyUchmque,  Cah.  XIII.  p.  109. 
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ADDITIONS  AND  CORRECTIONS, 


PART  I. 

P^^      line 

2.       3  from  bottom^   for  d  ti  9.   read  —  =: 
•^  u 

21.  IS.  This  theorem,  though  usuallf  attributed  to  Mac- 
laurin,  is  certainly  due  to  Stirling,  who  gave  it  in 
page  32  of  his  L'ttie^  TertH  Ordinii  Newtonians^ 
published  in  1717»  two  years  after  the  appearance  < 
of  the  Methodus  Incrementorum  of  Brook  Taylor : 
he  has  given  Several  applications  of  it,  including 
the  Binomiat  theorem  and  the  series  for  an  arc  in 
terms  of  its  cosine. 

67.       &  This  theorem  is  deduced  as  follows  :   if 

X  11  1 

tan  as  ^,  tan  3s  -.,  tan  3,s—  ^  tan  3«s  -  ,  &€• 

y  ^  ^i  ^ 

then  since 

tf  55  (a  —  *)  +3, 

t  ss{b  -  *i).+  *i,  &c. 
it  is  obvious  that 

x_  1 

tan-^-stan-'2 — 1  +  tan— i 

a  tan— *.^^-:=J^  +  tan— i  , 

ey  +  X  e 

1       1 

•  

tan-'i  wtan-'-i — fi  +  tan-'l 

=  tan-'-!^^ L  +  tan-»  i, 

3  s 


504  ADDITIONS. 

Pa^       line 

tan-'i  =  tan-'  ^ %-  +  tan-'i 

^.  14-  — 

=  tan-'-^i-H^  -f  tan-'i, 

and  substituting  successiyely  for  tan— *->  tan*"'-^ 

tan— *^,  &c.  their  values  given  in  each  succeeding 
equation^  we  shall  get  the  expression  in  the  text. 

90.  5Si3/hm  htttom.    We  cannot  consider  these  equations 
as  arithmetically  true  in  all  cases ;  this  is  obviotts»  if 

we  make  x^  -^ .  in  the  first  of  the  series  to  which 

we  refer :  the  reader  will  find  an  explanation  of 
this  paradoKj  which  has  long  been  a  source  of  em- 
barrassment to  Analysts,  in  some  series  of  this 
kind,  in  a  Paper  by  Mr.  Babbage  in  the  Philoso- 
phical Transactions  for  1819. 

108.      4.  for  tia— 27,  read  «fi=-.26. 


123.     18.  for 


be 


,  read  


x» 


—  19,  for   X  =  - ,  read  x  =  -  . 

c  2 

—  last  line,     for  tt  =,  read  Su=. 

127.       5  from  bottom,   for  Prop.  16.  read  Theorem  l6. 

.«.    ■«.  for  .  .  '.^(|i).  ,»d  .  =  I  v/G^)  ■ 

132.    21.  for  CM,  read  CM\ 

e        ,  ab   ,         .1  a  b   ,   ^  9,ab 

142.     11.  for  V  =  -  If  x',  read  y'  = ^xf  -f  — —  . 

•^  x*  x"  X 
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Page       line  ( 

148.     17)  18.    Instead  of  the  expressions  in  the  text^  reai 

162.     19.  for  y=  ±  \/(— )  ,  read  y=  ±  s/ {^  . 

168.  15.  for  tf  =  a  cos  20,  read  u*  =  a*  cos2  ^. 

175.  17.  for  TM,  read  Tm. 

176.  20,  21.    for  MH  read  MT,  and  for  -AT  read  J  Y. 
183.  2.  /or  in  both  these  cases,  read  in  the  two  first  cases. 
186.  20.  for  A  EM,  read  JEQ. 

188.      5.  for     .^^     ,read      ^*     . 

^^^^*  2tant 

4 

190.       5.  Where  a  is  the  radius  of  the  generating  circle, 
and  b  the  distance  of  the  describing  point. 

210.     14.  for   -  ^T-r*  read  -.?1?^£. 

262.    20.  /or  equal  to   the  square  of  the  diameter,   read 
equal  to  twice  the  square  upon  the  diameter. 


5o6  ADDrrioNi. 


PART  II. 


Page  267.  Ex.  3.  It  ought  to  be  remarked  of  thi* 
integral  and  of  many  others,  which  are  contained  in  this 
collection,  that  its  form  is  modified  by  the  addition  or 
subtraction  of  some  constant  quantity,  in  order  to  render  it 
more  simple :  thus  the  ordinary  process  of  integration,  would 
give  us 


/ 


+  -5:  --n-log(ii  +  6ar). 


(o  +  hxf      b{a  +  bx)       **        A» 


and  by  subtracting  .-^  from  this  result,  we  get  the  expres* 

sion  in  the  text ;  a  similar  process  is  followed  in  Exampleft  4, 
7,  &c. 

In  Ex.  56.  p.  276,  the  constant  quantity  added  is 

w 
COS  - 

2   •    «^    ,     _.          S 
-  sm  s  •  tan*"  . : 

sm  - 
8 

similar  additions  are  made  in  Ex.  57,  58,  59f  62, 64,  and  65. 

We  have  been  prevented  by  the  short  time  which  has 
elapsed,  between  the  printing  and  the  publication  of  the 
latter  part  of  this  Work,  and  other  occupations,  from  giving 
« a  sufficiently  minute  examination  of  it  to  form  a  list  of 
errors,  of  which  it  is  very  probable  that  the  number  is  con- 
siderable I  we  hope,  however,  that  they  are  not  so  numerous, 
or  of  such  a  kind,  as  to  cause  much  embarrassment  to  the 
student. 
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